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MATHEMATICAL QUESTIONS. 

To he answered in Number XIV. 



L QUESTION 33t, ly Mr. John Hyices, Dublin. 
To find any number of squares whose sum and product are 
equal. 

IL QUESTION 33fl, by Mr. John Hynes. 
To find two fractions such, that the sum and sura of their 
squares shall both be rational squares ; and either of them being 
added to the square of the other shall make the same square. 

III. QUESTION 333, iy Junius. 
Required the general value of x in the equation a?*— 23)^*211 ? 

IV. QUESTION 334. by Mr. W. Callow. 

\ There are two such quantities that the sum of their squares 

V exceeds their sum by a, and that the sum of their fourth powers 

together with their sum, exceeds twice the sum of their cubes by 

^ ^ : It is required to find them without resolving any equation 

^ higher than a quadratic ? 

c^ V. QUESTION 335, hy Mr. Callow. 

^ Having given y^-\-qy^ + ry •{- s:=.Oy and y — (x + wi) = : 

^ It is required to assign such a value to w, as will enable us to 

Q determine x and y^ and thus to resolve a general biquadratic, 

supposing the solution of a general cubic to be known ? 
VI. QUESTION 336. by Aieyoyo. 
Demonstrate the following Theorems : 
1. If three circles be situated any how in a plane, and through 
the centres of every two a circle be described to touch the re- 
maining one, the lines joining the centre of each of the circles 
with the point in which the circles passing through it meet each 
other intersect in the same point. 

s. If there be three circles situated any how in a plane, and if 
through the centre of each, a circle be similarly described to 
touch the other two, then lines joining the centre of each of 
the circles with the intersection of those two which touch it, 
(taking always the corresponding intersections) will meet in the 
same point. 

3. If through the centre of e^ch of three circles situated ia 
the same plane, tangents be drawn to the remaining two, either 
both to that part of the circumferences which is interior with 
regard to the three circles, or that which is exterior : then lines 
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drawn from the centre of each circle to the intersection of the 
two tangents drawn to it, will meet in the same point. 

4. If three circles touch one another, the one of which is a 
mean proportional between the other two, and if tangents be 
drawn to every two of these meeting their diameters externally ; 
then it is known that the three points of section are in the same 
straight line : and it is required to prove that the square of this 
line has a given ratio toM' + N*+MN; m and n representing 
the radii of the iirst and second terms of the proportion. 

VII. QUESTION 337, ^>r Mr. John CavilL, Beighion; 

From two given points equally distant from the centre of a 
given circle to draw two lines to a point in the circumference so 
that their sum or difFer ence may be equal to a given line. 

VIII. QUESTION 338, by L.G. 
Prove that the orthographic projection of any section of a 
spheroid upon the plane ot its equator is a circle. 

IX. QUESTION 339, by Mr. Noble, R. M. College. 
Given the base, the difference of the angles at the base and 
rectangle of the sides, to construct the plane triangle. 

X. QUESTION 340, by Mr. John Dawes, Birmingham* 
Given the base and vertical angle of a plane triangle to con- 
struct it, when the segment of one side, next the angle at the 
basc^made by a line drawn parallel to the other side from the point 
in the base where the perpendicular from the vertical angle cuts 
it^ is equal to a given line. 

XI. QUESTION 341, iy Analyticus. 
Required the fluent of t-^t- -r ? 

XII. QUESTION 342, by Mr. Cunliffe. 
Find the sum of n terms of the progression 

i\ 2*4- 3' . 4* + 5'- 6* + 7* . 8* &c. ? 

XIII. QUESTION 343, by Mr. Cunliffe. 
A grey-hound spied a hare at thedistanccof half a mile, which 
he immediately pursued; now the hare fled away in a right line 
and the grey-hound made directly tovvards her : how far did the 
hare run before she was over-taken by the grey-hound, sup- 
posing the grey-hound's speed to that of the hare as ^ to 4, 
and the shortest distance from the grey-hound to the line of the 
hare's course, a quarter of a mile ? 

XIV. QUESTION 344, by Mr. R. J. Dishneah, Trinity 

College, Cambridge* 
If the base of a cycloid revolve on the circumference of a cir- 
cle whose radius is equal to the radius of the generating circle* 
Determine the nature of the curve traced out by the extremity 
of the ordinate ot the cycloid belonging to the point of contact, 
and find the area (exterior to the circle) when every part of the 
base has been in contact with the circle. 
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XV. QUESTION 345. *> Amicus. 
Divide a given obliqae cone iota two equal parts^ so that tbi 
area of the seetion made by the cutting plane may b6 a minimum. 

XVI. QUESTION 346, by Mr. P. Barlow, RM. Academy. 
Admitting the masses, distances, and densities of the planets to 

be known, it is required to shew a direct method oi ascertaining, 
whether any law has place between the powers or roots ot those 
quantities, similar to that which obtains^ with respect to their 
distances and times of periodic revolution. 

XVII. QUESTION 347, ^j' S.H. Christie, RM,Academy. 

Letp=:cos -a.sin^ -a, p zicos— di.cos -r^i.nsm^ -stf, 
a n n n ir 

p''^z:cos - a . cos -r a . cos --a •«* sin' — ^ a ; p^'^n&c. 
n fi n n 

Q=:cos -a. sin* -^i, o zzcos-fl.cos-rC.w sin' -^tf, 
^ n n n nr « 

of^zzco^^ a . cbs — „ a .cos -5 a.n^sin^ -« tf ; q'^=:&c. 

R=cos ^a.sin' -df, R ncos— flf.cos-aa.ffsin^ -ra.&c. 
w n n IT vr 

Shew that 

s«3 ■•3*4'P 

4|^ — ■ . ■ ■ III* 

•■^ 11 1 1 1 o 

COS • a . COS % a . cos «-, a . cos * a . cos -, a • &c. 

n »' n^ «■» n^ 

when n is an even number, and that when n in is an odd number, 

<i=sma+ ^ (sin^ - a-k-n sin'-; «+n»sm' -^a + &c.) 

' 2.3 "^ « n n' ' 

_I!i^!llli^ (sin» i«+« sin' V «+«*sIn5 1^4- &cO+&c. 
2.3.4.5 . « «' n' '^ 

XVIII. QUESTION 348, by Mr. Lowry, i?. M.Colkgt. ' 
Let CD be a diameter of an ellipse or hyperbola given by po- 
sition, two points may be found such that, straight lines being 
drawn from them to any point in the curve, to meet CD in e and 
F, the segment £F shall be a mean jproportional between czandi 

D F. 

XIX. QUESTION 349, hy Mr. Lowry. 

In what curve must a body be constrained to move upon th3 
surface ot an upright cyliitder, so that when urged by the force 
of gravity, it may descend from one given point to another in the 
shortest time possible ? 

XX. PRIZE QUESTION 353, by G. V. 

Suppose a conical mountain of a given figure to be situated 
in' a plane. Find the length of the shortest road between two 
given points on the plane on opposite sides of the mountain. 

Solutions to these Questions must come to hand (post-p^d) iy 
Jfunei, 1813. 
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I. Maihmatkal Works lately PuhUsktd. 

IThe Mxfosophical Transactions of the Hoyal Society of London, for 181 L 
Tb« tttfthematiuil paper* contained in this volume ate, 1. On the Expansion 
«f *nv Fu actions of Multinomial. By Thomas Knight, Esq.--?. On the 
Hectification of the Hyperbola by means of two Ellipses, piovliig that method to 
be circuitous and fcucl^ as requires more calculation than is requisite by an ap- 
yro]iriate Theorem ; in which proce^ a new theorem for the Rectification of 
that Curve is discovered^ to which are added some farther observations on the 
Rectification of the Hyperbola ; among which the great advantage of descending 
Series over ascending Scries, in many cases, is clearly shewn ; and several methods 
are given for computing the constant Quantity by which those Series differ from 
each other. By the Rev. JohnHeUins, B. D. F. R. S. being an appendix to his 
former Paper on 'he Rectification of the Hyperbola, inserted in the Philosophical 
Transactions for the year 1802.— 3. On the Solar Eclipse which is said to have been 
predicted by Thales. By Francis Baily, Esqr^— 4 Astronomical Observations 
relating to the Construction of the Heavens arranged for the pi?rpose of a critical 
examination, the result of which appears to thiow some new light upon the 
Organization of the Celestial Bodies. By Dr. Herschel. 

An Elementary Treatise on Astronomy. By Robert Woodhouse, A M. F.R.S. 
Fellow of Gonville and Caius College, Cambridge. 

An Elementary Investigation of the Powers and Properties of NumberS| with 
their application to the theory of Arithmetic, the Indeterminate and Diophantine 
Analysis, the Division of the Circle, &c. By P. Barlow, of' the Royal Military 
Academy ,> Woolwieh. 

A Treatise on the Resolution of the Higher Equatkuit t» Ai|gebra.> By W. Lea. 

A Course- of Mathematics designed for the use of the Officers and Cadets of the 
Royal Military College. By Isaac Dalby, Professor of Mathematics in the said 
College. Vol. I. Third Edition, corrected, wivh adchtiOB». 

Outlines of Natural Philosophy ; being Heads of Lectures delivered in the 
University of Edinburgli by John Play fair, Professor -of Natural Philosophy, Stei 
Vo*. L 

Th« HUtory of the Rdyat Society. By Thomas Thomson, M.t>. F*.ft.S. 

If. Mathematictd Works in the Pnss, 

The Bi}a Ganlu, or The Al£<ebraof the'Hindoos ; Translated from the l^ersian. 
By Edward Sirache;f, Esq/ 

A new set of Mathematical Tables, containing Factors, Square^, Cubes, Square 
Root»,Cube Roots, Reciprocals) and Hyperbolic Logarithms of all Numbers from 
1 to 10,000, the four latter columiit title to9 places of figutes— An extensive Table 
of Fluents, some of the most useful Algebraical^ Trigpnometrical and Logarithmic 
^ Formuls, and several other new and useful Tables, with an Introduction shewing 
their various uses and applieai^ons. By P. fiarlow, of the Royal Military Academy, 
Woolwich. ^ 
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I. The Binder is desired to dbserve, that the Vol. consists of different 
Bets of signatures. The first set A, B, C, D> contains the questions^ and is 
to be placed at the beginning of the VoK to serve as a t^ible of contents to 
the first part. 
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II. The first and sec^ond parts of the Vol. must follow irt their onler^ 
The two sets of questions of Vol. 5 (viz. the signatures A and B] which arc 
stitched up .with themimbers forming the fourth Vol. must be pseserved 
apart till the fifth Vol. is completed. 
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i«IATHEMATICAL QUESTIONS. 
To ie answered in Number XV. 
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I. QUESTION 351) by Mr, John Eaim«8, Re&Hhtg, 

To divide a given numbfer into two pait^ such that ihe sum of their squares, and 
the difference of their cubes may be squares? 

f , • •• * 

II. QUESTION 352, h}f Redinteorator. 

Given the threp right lines bisecting the angles, and terminating in the opposite 
sides to determine the triangle. , , 

III. QUESTION d5d« by Mr. Jamcs A^dams, Stone Houscy near Plymouth., 

To determine that poitit in the curve of a given ellipse which is at tke greaMH 
distance from the extremity of the conjugate axis. ,j< 

IV. QUESTION 354, by Aliqui8. 

'Given the two' sides and the sum of the squares of the baw and psfpcndictttftr •€ , 
a plane triangle to construct it. , 

V. QUESTION 355, by Mr. S. Jones, UverpooL 

In a given circle to inscribe a triaUgle, such that the difFiirence of its sides shall be 
fai a given ratio to the difference of the segments of the base made by a perpendicular 
fram the vertical angle, and the prism whose base is the triangle-and alCitCide the said 
perpendic ular a maxim ui» , ^ 

VI. QUESTION 366, 5y Mr. Cunliffe, 

To find two rational fractions, either of which being ^dded to the fourth power of 
the other shall make the samd sum, 

Vll. QUESTION 357, by QuiOam, 

Given the.gfeate A 9nd least slant sides of an oblique cone, to determi^ lh« ^Rih. 
jneter of the biise, that its solid content may be the greatest possible. 

Vm. QUESTION 358, by Qvibam. ^ 

Jind the sum of the infinite sciics - -H+l^-^^^+&a 

IX. QUESTION 359, by Mr. R. J. Dishneagh. 

If any ctxAc section revolve upon an equal conic sectiofi, the itiotlon beginning 
from the vertex, it is required to shew how the {ocus of the vertex of the revolving 
«onic section may be determined: and apply it to the case of a paraljola. 

X. QUESTION 360, by the Rev. Mr. L. Evans, of the Royal Military 

Academy, Woohoich. 

In1ig.t45. pr. 4, which represents a vertical section of a pendulum invented bf 
Mir. Admn Reiii of Woolwich, for which he has received a premium of the society of. 
arts, Adelphi, AB is a steel rod,CD is a perforated cylinder of zinc supporting the bob 
s at its centre and festiog on the regulating nut f tufned by a screw at* the lower end 
of tke rod ab ;«o that as the siteed rod contracts or expands, the zinc will be also srf? 
afected, keeping Jbhe bob always at the same distance from the point of suspensii^n. 
Now^ippofttng the expansion o£fit«el-rod to zinc to be in the proportion of 1 14 47 to 
2343 and that the pendulum is intended to ribrate srecCndls, what must be the lenj^iH 
of the cylinder of zinc to effect the purpose of compemating for heat jind cold, tio^ 
talcing into coatidetation ihc qoiintity of .nactet in the metals ? ' 

VOL. IV. * 
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XI. laUESTJON 361, Jj G. V. . . 

^ ' ' * 4 9 

L*t CAF, «Bq be any two given semi-diameters of an elKpse ; from any point v ifi > 
the^ciirve let va be drawn parallel to a line gWen by position, to meet one of tlieni 
in A i there is another line given by position to which if vb be dfawn parallel, so a* 
to meet the other diameter in b, the line joining a and, b shall have* given ratio t© 
CF the semt-dianreter parallel to ab.. 

XII. QUESTION Q^2, by J. H. 

To express the ratio (2«) of the circumference of a circle to radins in a formula 
inyolvingonly powers and roots of 2. 

XllI QUEST1(»? Ste, iy J. H. 

If the series t, — ^ + ^^ &c, be denoted by *l (1+*0, it ifi required to sheir 

that the following equation holds, ^ ' 

XIV. aOKSTlON 364, by J. H. , 

If a cylindrical Tcssel placed vertically and kept full of water, be bored in inniln^ 
•rable points, the issuing fluid will be bounded by the surface of a conical frjustum. 
Required a proof. 

XV. QUESTION 56^, by J. H. 

Let AM be the axis, mp an ordinate and pt the tangent of a common catenart«| am 

suid the tangent of mft will be certain functions of Mt, which we will denote by c 

(Mpjand s (mp) 5 then supposing the length of the portion of chain equal in weight 

to the tension at A,to be unity ,the functions c and s will have the following properties^ 

1. c(a)« — s(a)*^» 1. 

2 8 (A 4. b) »=:8(A).c(B)j-CfA).«(»). 

S C (A-f b) s=c (A). c(b)+ s(a).S(b). 

4....... c (2 a) »=2.c(a)* — 1. 

XVI. QUESTION 366, by J. H. 
> If Peas be taken at random out of a bag, there is a greater probability of taking aif 
odd than an even numbt^r : A proof is required. 

XVII. QUESTION 367, by J- H. 
Lettssl-fr+r^ + TT^ + <3^c; It is required to shew th&t the dofinite in- 

1 /* 2 cos d € 1 

tegral- / rfD. 1 between the limits OtsO, 0««ae4J 1— i+J ♦— Sto, i 

h eqval to the series 1« + (1)% ( ^)% (.^)' + &c. 

XVIII. QUESTION 368, by J. H. 

Let s be the focus of a parabola P^ . v P.^v . . « « P^ > whose vertex is a^ axis am^ 
and latns rectum t. Draw any line SP^^n and maken angles P^. v SP^^v ^/o) 

8P/o\ P/ \ ^^(■t\ round s, all equal to each other. Draw aq so that the 

angle MSQesn timet the angle MSP ^ . \ : It is required to prove that 

t5P(,)X8P(2jXSP(3^X SP^„^«L«-lxs<^. 

3^IX. QUESTION S69, by J. H. 
To find the form of equilibrium of an arch built from one planet to another, con- 
ceiving ench patticle animated with a force directed towards the sun, and varying in* 
versely as the square of the distance from its centre. 

XX PRIZE QUESTION 370, by Mr. Lowrt. 
If two given weights be fa^ftened to the ends of a string, which passes over a fixtdr 
pNilley, and the greater weight descend by the jforce of gravity, and drawf up th» 
other along a curve, which is in the same vertical plane as the pulley : required tho 
nature of the curve when the time of ascent from one given point to another is tho > 
least possible 
The solutions to these questions must come to hand (post-paid) by June 1, 1814* 



THE 

MATHEMATICAL REPOSITORY, 



MATHEMATICAL QUESTIONS. 
To be answered in Hunger XVL 

I. QUESTION d71» hytkeReo itfir. W. Wooo. 
Giten to find » tnd^ th« two equations, a«*— y*a«, and *3— jr* — 2#y* * *• 

II. QUESTION 978» 6y B. A. 
L«t c be the etrcttmfcreiioe of a circle, v the diameter, c the chord of any arch a$ 

. 4ao(c— -a) 

then , ^ . ■ a c, nearly. 

|c'— (c — a)a * ' 

Beqmfied the inTeiti|atk»i? 

III. QUESTION 379, ly Z. 

Find what eeoditiofit mutt ha^e place among the co-effieienti of s* — jmt* 4- f* 
— r «9 that the roots may be in harmonical progression,, and find those roots. 

IV. QUESTION 374, by JoLiui. 

Exponential equations of the form «« es a, may be divided Into three classes, 
m. those haTiuj; only one real roq|, those having two real toots, and those whkh 
have no real root. It is required to point out the limits, and in the case of two real 
roots, to shew what functions they are of each other? 

V. QUESTION 375, ly Mr, Cukuppb* R4>^ MUiUiwy COhgt, 

It is required to find two such rational fractions, that the cube of either being 
added to the square of the other, shall make the same sum \ and furtheraore, that 
their sum and sum of their squares may both be square numbers. 

VI. QUESTION 376, by Mr. CuirbirpB, 

Find the equation of the curve whicii is the locus of the intersection of the dia« 
gonalt of a trapeaium whose sides are given in length, and one of the sides given 
by position. 

VII. QUESTION 377, ^ Jlfr. CoHurrB. 

What is the rdation of the diameters of the 3 circles, passing throng^ the extre- 
mities of the sides, and point of intersection of the perpendiculars from the ai^glea 
upon the sides of a plane triangle. 

Vfll. QUESTION 378, fy ilTr Cumufpb. 

Given the base, the line from the vertical angle to the middle of the baseband the 
line bisecting the vertical angle and terminating in the base j to eonstruct the 
plane triangle. 

IX. QUESTION 379, £y Pa lab a. 

Given that the distance of the centre of gravity of an area from its vertex is an 
nth part of the abscissa \ to find the distance 6f the centre of gravity of the solid 
generated by the same area revolving round Its axis. 

X. QUESTION 380, iy Palaia. 

^ind the distance from the vertex of the centre of gravity of the area of the c»> 
(ienairia without the aid of logarlthmi. 
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XL QUESTION 381, By Pa lab A. 

The equation to the lemniscata heini {te^ + y*)* = «» — y»; find Its area con^ 
tluned between the falues of «, and 1. 

Determine that point in a curve whose equation is a**"^ x as y" to which a Hne 
muft be drawn from the verteit, milrinf 4Am» freatcftt angle vrith the curve. 

XIIl. QUESTION 383, by Pa lab a. 

Two cylinders df %<[tfi^1 dlMkimr^ opfn af thetopi are fitted with water, and one 
of them is placed upon the otlier j H small orifice l)etng made in the base of each» 
it is required to ascertMBtke tiBne in which the lower cylinder will be completely 
emptied ? » • - 

XIV. QUESTION S84, by Palaba. 

Find the equatiM ef t^e €tirf«H>f i^hkhtbiiB i6thepi*)7e#ty ; if from a fixed 
p4iB« itt the <axis a perpendicular be drawn to it, and produced to meet a 
tangent to any point in the curv6, the leUgth of this perpendicular and tangent to« 
gether shall be double thtd lenigth of tAfe curte tetv^en the vertex and the 
point i'rom which the tangent was drawn. 

XV. QUESTION S«5, «5f. Palaba. 

If the sine of incidence : sine of refra(^on t : I : ft, t and r^ \he radii of the sur- 
faces, and t its thickness, the distance /of the principal fbcitt frCHB Ums ifbcal«eii»# 
maj be accurately determined from this expfcssiott, 

/. » if r/ rr > 

Required the investigation ? 

XVI. QUESTION sue, by Palaba. 

A.prisnaAic vessel of ^iven dimensions with its sides vertical is filled with watery 
tbereare twe given and equal orifices, one at the bottom the other bisecting the aiti-, 
tude; required the lime of emf>tyiag the i^>er half, supposing both ori&ces to be 
'opened at the same instant ? 

XVII. OutSYrdiir «87, % Palaba. 

iiy BC ai^ ihe Sul^angertt and tn^inate of ^tru/ve wUbse <t«itex M' a, and the 
ttrn^ewt trf (life ^ttgtfe tcA Is to th6 tangifthl of tfhe angle AtB inagivten ratio. 
What is the naturfe of the thrtfe ^ 

xvnt. iartLStioN s»6, % Mr. t. s. i«:tANs. 

Thfe riidW-^ipeldittotife ittettibfl df d«terthtnltt|r thfe latitude appears io Ire, by ob- 
ifet1ri<lg=a'ttnihbferttf ^ttttidi^ tifefartJiethferldiin, UlrWi a repealling tircte ; andthfefol* 
lowing pimple formula reduces them with great £icility to the meridisrn idtitude^ 

"^—^ " Sin PS sin ri 

sin 2«^> TeisiB p X — .. v - ^, AequiredMs MMK^tigalicm ? 

, XIX. QUESTION S8«, %«. V. 

Let a be an arc €tf a cirde 0f -wbich the isdltls is traity, tiieii 

^ fi37r-ct»s«4- W4cosia' ^ 

B equlred the proof ? 

XX. ptwit QthEStioK 390, hy^. o- e. 

Three circles being given bn thfe ianle phrie ; if tvfro tang**ots be drawn frott 1)ne 
of theffi ID each of tile biher Iwo, the lliie joining the intii'rsecVion^ of ihie chords 
of contact will meet the first ciiclb in tWo points which are the points Of ton tact et 
this circle with two other eircitis, one of wHich touct^« the -three given circles exter« 
nally, and the other internally. Required the demonstration ? 

Solutions io tktse Quistions must come to hand (Jpoitprnd^ by tke^firti^dtty^Aug* 181& 
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MATHEMATICAL QUESTIONS. 
To be anszetred in JNumier XVII. 

I QUESTION 391, by Mr. John Baines, Junr. 
^o find two rational fractions, either of which being adtfe 1 to the square of the 
Dther shall make the same sum, and also that their difference shall be a biquadrate 
number. 
II. QUESTION 592, by the Rev. Mr, L. Evans, Royal MiUtary Academy^ 

WoolvAch. 
The ordnance clock at this Institution, being placed in my observatory, for the 
intent of rating it, prior to its removal to Scotland, for an experimental purpose of 
ascertaining the true figure of the earth ; I adjusted the length of its pendulum pre- 
cisely to beat seconds, sidereal time. I would now request to know, how many 
seconds per day, will the clock gain or lose, in the latitude of 57« 5' north) being 
that of Aberdeen, upon the hypothesis of Newton*s consideration of the equatorial 
^ameter being to the polar as 230 to 229. 

HI. QUESTION 393, by Italicus. 
To describe three circles in a triangle, each of which may touch the other two 
and also two sides of the triangle. ' 

IV. QUESTION 394, by G. V. 
Prove, that if from the extremities of the side of a pentagon inscribed in a circle^ 
straight lines be drawn to the middle of the arc, subtended by the adiacent side 
their difference is equal to the radius ; the sum oif their squares is thrre times the 
square of the radius ^ and the rectangle contained by diem is equal to the square of 
the radius* 

V. QUESTION 395, by Math, Pemb. Caktab. 
An ellipse and a circle have the same centre, the axis^ major of the eHipse « 
I X diameter of the circle : to determine the points of intersection of the twe 
curves, supposing the foci to cut the distance between the extremities of the dia- 
meter and axis in a given ratio j and to determine that ratio when the elliuse and 
circle just touch each other. 

VI. QUESTION 396, by G. V. 
A horizontal dial constructed for a given latitude, is set up in a latitude a Utile 
different, what will be the error in the time it shews, at a given hour on a given day ' 

Vll. QUESTION 397, Ay Gallicus. 
Having given the position of any number of towns whatever, in the same plane, 
to connect them by a system of canals, of which, the total length shall be the least 
possible. 

VIU. QUESTION 398, by Vicinus. 
The extremities of a straight line on the ground are marked by two upright 
poles beyond which there is no acces-^ to any point in the line : shew how a peisoa 
by planting poles in the ground (but without using any other instrument) may 
determine aiiy number of points in the line between its extremities. 

IX. QUESTION 399, by Gallicus. 
Suppose that A a point in a line of the second order is given ; a point P may 
he found such that if any chord BC be drawn through it, the lines AB, AC 
^hall contain a right single 

X. QUESTION 400, by P«reorikato«. 
I^t there be a system of four points, accessible (and eitlier visible or invisible 
from one another) Let there be a system of fouT other points, inaccessible, but 
«ach of them visible from ali the four points of the first system. The angles are 
•observed under which the distances of all the four points of the second system are 
seen from each point of the first system : xequired the positions of these -eight 
joints in respect of one another ? 

XI. QUESTION 401, by Mr. W. Wallace, R.- M. C. 
A beam i» supported by resting on a prop, and with one end on a curve sur&ce - 
• Find the nature of the curve, so that the beam may be in equilibrio in any posi^ 
'*tion whatever. Also supposing the^ture of thecurire.given^ find the ^position <of 
^e beam when it is in equilibrio. 
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. At tlie t|m« of tbc. tqiti«pK» ii latiujje bO^, .su(>poie a pienon jietft otltaijuiofiy 
on a clear day, and travels till sun set» in the ilirection of his shadow, at! the uni* 
form rate of 5 miles an hour ^ how far will he then be from the place from whence 
he set out,suppteiliij the Journey ]>eifi>rmed iip90.«n hoiiaoAtal plane ; and what 
will be the area of the space included between the travelier^^ath and a right line 
connecting the two ^x^remitiea theiedf. 

XIII. QUESTION 403, by Aiucti«. 
If from a point tirithout a coni6 aecUontwo tangents be drawn tothe^surte^and 
also any other straight line to meet it in two points, the lines joining these points 
and one of the points of contact sihall cut off equal segments from the cho^d 
which passes through the other point of contact parallel to th@ .tangent, 
XIV. QUESriON 404, by Mr. Cunliffe, R. M. C. 
In a given hollow cone, it is required to place a solid, the -axis of which -shall 
coincide with the axis of the conej and the uroperty of the solid shall he suc||i, 
that the area of any ellipse, formed by, a plane touching the lolid, and outti^e 
the cone, shall be of the same given magnitude : Required the equation of the 
curve by whose revolutio)! the solid will be generated. 

XV QUESTION 405, by Mr. W. Wah-ace, R. M. C. 
Let a be an arc of a circle, and c Its chord, also let c', c\ e^", c^^ Sou be 
the chords of its half, its fojqtrth, its eighth, its «i?oteenth, &c. Prove that 



7: 



c"c'"c<v-. 



c c 
c 



' c' </' cjy cv 



€V» + &C 



c e <f* c'" <r«v ev 4- &c. 



sm a ■« c — c <r' c'' + 

cos a = I — c </ + c d c'' ii" ^"^ 

both series .being continued ^d injmtum. 

XVI. QITESTiON 406, by Mr, Hcmcvbl. 
AC^ CB are the major and minor semiaxes «f a conic section, €p any «eml- 
diameter. Draw APO parallel to Cp meeting CB^ prodaoed if necessary, in O. 
Jtis reqni/ed to prove that OA, Af* m ft Cp^. 

XVII. 'QUESTION 407, by Mr Hprschel. 

The wind bUMrs a «pid^t^s web hanging freely upon two points (and supposed 
deititute of reknive gravity} into a curvilinear form. Required the nature of the 
' isorve and the law of teh^n. 

XVIII. QUESnON 408, by Mr, Herschbl. 

To determine the nature of a curve such, 
that drawing any ordinate Pj M, aud tangent 

M, Pa again erecting a second ord'jiate P^ M, 

and drawing a second tangent M^ P^ if this 

f>e repeated n tines, the Iwt tangent (M . P, 

in the figure,) shall invariably meet the axis a 
at the foot of the first ordinate^ 

XIX. QUESTION 409, by Mr. Herschel. 

To determine the nature of a curve such, that any series of tangents bei n 
drawn as in the preeeding question, th^ subrangents PP. P. P- P. P, & in 

the same series shall be all equal, however they may differ in different series ori- 
ginating from a different position of PM. 

XX. PRIZE QUESTION 410, by Mr. Lowrt, R.Jil. C. 
Required a geometrical demonstration of the 
following method of constructing a regular polygon 
of seventeen ndes in a Circle ; Draw the radius CO 
at right angles to the diameter AB ; on OC and 
op, take OQ equal to the half, and OD equal to 
an eighth part of the radius ; make DE and DF each 

equal to DQ, and EC and FH respecti»ely equal j^ ^ - 

to EQ and FQ ; take OK a mean proportional be- ^^ E H J) f B 

tween OH and OQ, and throueh K.draw KM barallel fn kn m««*:*«»'iu • • 1 

described oa OG in' M, irnJ^Ms'fJLf^ ^'^^^g^T^^^eTs"''^ 
arc AN is the seventeemh put of £ whole cireiunfeelce! ^ ^' * 

aSHsw.*" '**" ^'""^ Kmtcomt^ kund (post faUJ hg thtjka Ja^ ^ 
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Vol. IV.- PART I. 

»CfiTHiE3^ATICAL QUESTIdltS. 



. " ARTICLE I. 

Solutions to Questions proposed in Numler XII. 



I, QUESTION: 33t, by Mr. Johk Hyhes, DubHn. 

To find any number of squares whose sum «vid» product are 
equal. .: ' ' , 



•/ 



. ;. Spiar-e^K, iy Mr. CvifLif in, JR.' Mf Cif 11^4^ 

In brd^T to make ti\t &olution quite easy, I fehall begin wiih 
finding two squares whose sum' and product f hall be. equsi} t^ 
each other; and afterwards proceed gradually to finding ihree^ 
four, and five- squares, whose suisn and continual product shall 
tie equal to each other, till the way of extending the solotioli to 
any number of squares, is sufficiently clear and evident. 

!• To fi«d two«qiiafe nwfibem whose <uni and prodiict waU 
be equal to each other. 

Let x^ and y^ denote the two squares ; then^ b^ tl^ q»C6tioi»y 
jK»y 5: y' 4- y\ wheooe «• zi "> ' _- ' 1= asquaup ; therefore 

j^* — a must be a square. Now y'-^i will evidentlj%be a square 
wlien y = {m^ + «') -^ ^mn where m and n may be tjJcen 

at pleasure. For then a?* r: — r*^^^ — - =: /J,x ■ ■ - /u • Jr* =5 
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Take III = a and n = l, then ^* rz ^and »• = ^. 

t. Tofiod three rational square whose sum shall be.cqual to 
their continual product. 

Liet the squares be denoted by x*, y^ and z* : Then, by the 

'" ' t/» + «» 
question, x*yV =: **+ >* +: 2*, hence :r;zz — ^i • whence 

it appears that y* + 2* wd jeV — 1 loiist be both squares. Put 

y* + «• = (y + X — -w/, whence z = /^.TTfi ^. and hence 

^ " ily-n)* 4(y-«)' 

zr a square ; therefore y* (any — «*)* — 4 (p^ *— »j* = 4«'>* 
— 4»V + »V — 4y* + 8v^'4^* ^ * square. Assume 2«y* 

^.^y^ - for its root ; that is, put ^n^y^-^ jj^n^+n^* — 4y* + 

8«y < — 4»« z: {2ny^ — n^y J = 4»V — 4'*!^' +.'*y — 

4y* + £»y + -j : whence 6ny "= 4»* + —» = 3 — JL — and 
y = ^ ^ ' — where n may be taken at pleasure. 

Take n =f 1, then y =• fy « =: B5?L~l5 j^a ^ g; a?« ==2 

o 2(y — n) V 

4-5 ' ^^^ '-?-^ • Therefore the three squares are -;?^1 -* 

^2^— I 64 ^ 64* 36 

ahd'4. ' 

' Take, ft = a, then v- r= -4% z =: ^ T = — ^. rf 

48 aCy — «) A^ 

.♦s pj^r^l and ihecefbre: the. thi«e squares io. this .case are 
(1034)' 

(1634)* (48? (30' ' 

3. To find four squares, such, that their sum and coatinual 
product may be equal to each other. 

Let »%.^% y' and s* denote the four squares : Then, by the 
question, rV/z* z: i;^ -H a;* + y + a* ; hence i;* =: (»* + j^* 
-h «*)-T- a:'y*2* — 1. The last expression will manifestly be a 
♦quare wher\ x^ + y' -+- 2* and a?'y V — 1 are both squares, 
tyt a?» + y* + z' rr (jt -f y — z)* = jc* + a;ry 4- y* — 
2z (a; + y) + «* ; whence j;? = ^y -^ (a? + y), and Af'y V ^^i- 1 
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= «y -f- (*•+•;')' — t = {a*y* ~ (« + «)») Ju /a; + «)« - 
« iquare j therefore «*y* — (* 4. y)* = **y* -.a* — txyl- y* 

= a square : Asmme *»y« — -I, for the root, that u, put «V 

Vbence « = — i— _ — , where y may be takem atpleasuiv; 

Takey = 1, then « =— |, 2 =_ 5 and »• = 49; and 

3 

therefore 49, ^, 1, and ^ are four squarei that will antwer. 

Or thus : 
Since a?* + y» + «» and x*ff*tt — 1 are both to be squaKt : put 
«» + y « + z« = (« + y — m)» = «» + a*y + y* _ ««, (Z^. 

y) + «*; then x = !2!1L+Jlzp!, ar.d *y .» - , = 

yV(g«y +»'—»♦) * __ __ yV(a«y+8*— iB«)« »4fy^a,)m 

4(y — «)* —■ 4 (y — «)^- 

== a square : therefore y*2* (amy + «• — «•)» — . 4 /« ^ ,„* 

sx^m'zY + 4»»2V («' — «*) + y '«•(«•— «»)'~4y» + 
o«]jf — 4«» = a square. Assume amzy* + zy (t* _ ««» __ «. 
for Its root ; that is, put 4«Vy* + 4»tx*y' (z* — «») + ^z«(^ 
~ «*C — 4y* + 8«y — 4"»* = {»mzy* + zy (z» — »•) — «^)« 
= 4»»Vy* + 4»M!*y» (z» — >»») + zV (z* — «»•)• — 4ffi«zy« 

-r- »^2y (z* — «•) -f. ^». Put 4ffmz = 4, or^ = -L., in or- 

dcr to take away all the terms in which any power of y above 
the first is concerned ; and from the equality of the remaininff 
terms, viz. %my — im^zz — 2gzy (2*~«i«) + ^^ y -? 

8»» + 2^2(;.* — w') "■ ^m + a(2* -r. m') Ju m' =*« 

4W1V + 1 _ 4^Vjf 1 

6mV + 2W2* "" 2;«^'{3«»+ 2*j» ^^"^"^ ^ •'^^ « »ay be 
taken at pleasure. 

Take z and m each =: i, then y rr f , ;c = — ^, and »* r: 

49; therefore 49» i, ^ and -i. are four squares that will 

"4 9 

9nswer. 

Take « i= i ahd»» = -, then y =z ^\ JC ?: ^ and t;* =: 

A3 
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(t87)" ' 7" 

that will answer. 

4. To find five squares whose sum and continual product shall 
be f qual to each other. 

Let the Squares be denoted by ^*, i/*, a?*, y*, and «*. By the 
question u^v^x^y^z* zz u^ ^ v* + x^ + y^ + z^ i whence u* = 

»* -4^ jtf* ••J^ V* ^ 2* 

Xw . = pati,' + «» + y»4.a' = (x + y-/»)* 

V X ^ A — — 1 

r: x* + ^xy + y' — am {x -f- y) ■+• w* : whence «? = 
— -? r---^- — J ^» and hence,i:;*A:'yV — 1 z: 

« (y — >«) 

t;>«2* (amy 4- w* + 2'— w')* _ 

■ ' j i I ■ ■ ■ ■ « \tt " ' ' 1 "~" 

A. ill ^'** Mt 1 

AV(««y+t>'+^'-f)'-4(y->»r ^ , ,^„3„, and 
therefore ©V** (2»«y + »* + ** — «*)* — « ^[y — m)* = 




+ g^* Puit 4g:«»z^« = 4f or^ = — -y in order to tAc away 

all the powers of y above the first ; and the remaining terms of 
the expression will be %my — 4m* = — 2gwy(v* + s* — 

i»*j + jf ; whence y = -q ; — 2 — JV 2 « — » — — 1\ = 

m^ V9 and z jnay be taken at pleasure. 

• • • » 

1 10 

Take m = 1, r; n2, and 2 =: -, then y = — , and 5c — -— 

M? ; »»4 hcntrc ut = ^^^^- Thfertfore 4,: -, JiSj, 
15a (1206) ^ 4' {29)''^ 

-; ^li » ii'^d ^ ' %.{ •' we fit* smiares that will answer. * • 

(152)* (1206)» ^ 

If the process and results of the two preceding cases are attten* 
.tivejy cpnsidercd, these will be no difficulty in extending 4he 
solution ta as many vquares as we piease, without any further 
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calculation. For Ut »*, K*, w*, x\ y* afl4 z* denote six squarei 
whose continual product is equal (o their sum ; then we shaii, 

have y n , J . ^ — 5-- — ^ ' a ^ ; — s* ^ = 

— ^5L_2 ^ and w* zr , , ^ ^ ^ ■ ■■ — ■ ■ • 

ft [y -^m) trxrxy^s — 1 

It also appears from what has been done, that all the squares 
exceptifig three, may be assumed at pleasure : and the roots of 
the three other squares ar« to be found by means of the preced* 
ing formulae. 

IL QUESTION 33a, ijyiltr. John Hywes. 

To find two fractions, such, that the sum and sum of their 
sqoares shall both be rational squares ; and either of them being 
added to the square of the other sbaJl nvake the same square* 

SOLUTION', hf Mrs CuffTLiprc* 

X V 

Let the two fractions \>e denoted by « , >■ and , ■ > for 

the sum of these is obviously 1, and is therefore a square num« 

iwr* The sum of their squares is ■ - ■■ ■■, /, , which will evident- 

ly be a square when x\ +>*is a square. Again either of the fnke« 

tion€ bcinir added to the square of the other is — ^IlJSLz^ill 

. \^^ V) 

which will also evidently be a square when x^ + xy + y* is a 
square. 

The question is therefore reduced to finding such rational 
values of x and y as will make x* +>* and x^ -{- xy + y* both 
squares. 

Put xzzm* — n* mAy=±mn, then x* + y^ z= (m* — n*)* + 
4wi*n* = w*-i- 2m V + «* = (wi* + n^)* =. a square: Also, 
X* -i- xy -{- y^ = irfi + san?u 4- a«*n' — am*' -4- «* is to be a 
square. Assume m* ■\' mn ■\- «* for the root of the preceding 
square 5 then m* -\- ^m^n + aw'w* — 2/w«' -4- n* = {m^ -J- 

«»+«*)• z:w*+2m'« + 3OTV+««iwi''^-i^:«wJience^ = — ^. 

Wherefore we may take m = 4 and n z: -r-. 1 ; h^ Ithese rvalues 
qi ta and n-^ . )Mould jxiapi£est]y give ihe value-of j/i fKf ^y e* In 
orxler therefor^ to ohtfdo a positive. yaJiMfi >Qf y^ take « rr.^ and 
»^ i ^ A;;rthe.n jf =:j»*-r«^ ;;; ^5 4r. ft^ V -l%.a»d j^3=^w» 

3:; 8 (J -r i), aud £rAm hence -r* + .*y. 4% jvV;=; 4^ '*-,8&* ^ 
6w* -T- Jf5lJ^ + J* wh«;h-is to.b« a aquare.^ AsiMm^iiS + ^s^ 
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i* for its root, that is, put 169 + 365 + 62i* — las^ + s^ zr 
(«3+ 6^ ^^*)* = ^^9 + ^5^^ + loj'— • 1^5* 4 j^; whence? 

13 13 169*^ 

=;: — 7^, and rejecting the common denominator, we may idj^e 
w z: 241^^ and y =: 1768, and hence the required fraaioas will 
fee * = llliand^ = 1Z«?. 

* + ;' 4189 «+j' 4183 

m. QUESTION 388, »y Jon f us. 
Required the general value of a? in the equation ** — 235* = 1 ? 
Solution, ly Mr. Cvm lit te. 




When 

piay be readily found, as appears from what follow^. 

Put q* ^ 2 for the coeincient of y* in the given equation, that 
is, let the given equation be 1 + y* (g* — 2) = ar. Assume 
w = qy — 1, then t -f- f («*— 2) =: {qy — i)* = 9»y* — 
«5y + t, whence y = y, and « = jy — 1 = g* — 1 • and 
comparing the foregoing expression with the pronosed examplcji 
we have q* — 2 = 23, ^* = 2^, J = 5 ; therefore y = 5, and 
X zz q^ — t =: 24, 

At page 383, art. 180, Barlow's Theory of Numbers, we 
have the follfoMring general formulae, expressing the values of 
X and y, viz» 

y — ^ 2^23 ' 

in which p and q denote particular values of x and y that will 
suiswer, and m is any integer number* 

In the present case p = 2^^ q z^ g^ and take m = 2; then 4p 
=: 1151 and y =: 240. 

But the most general and comprehensive method of proceeding 
for finding the values of p and 9, is by putting the square root 
6f the coefficient of y^ iiito a continued fractipn, and from thence 
forming a series of conveh^ing fractions, the terms of one of 
which will be the values Qtp mi q. The method of doing this 
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IS v^ fuUy explained anjd exemplified in Mr. Biurlow's Th^Qiy 
of Numbers. . 

IV. QUESTION 334. by Mr. Callow. 

There are two such quantities that the sum of their $quarea ex* 
ceeds. their sum by a ; and that the sum of their fourth powers to- 
gether with their sum exceeds twice the sum of their cubes by i ; 
it is required to find them without resolving any equation higher 
than a quadratic ? 

FiKST Solution, by Mr. Callow, ihe Propottr* 

• * * * . 

Put X and y for the required quantities ; then, by tbequeiti(m» 
«• -h y' — (* + y) = tf, and x^ + y*-+- {x + y) — a (af^+y'> 
zz b\ adding these two equations, we have 

«* + y* — a [x^ -+• y') + «* + y' = b + a. 
Put now X* — X :r.m^ and y^ -— y =:.«, then our first iuid last 
equations become m<?(^» = a, and m* + n^ = b.-^ a; i»aad# 
are therefore the iwo roots of the quadratic, n* — • a« Hh 't(«' — 
i— -a) z:o, and since x'f^-rx.zixi and y*! — jf = «, * and 
^ are also known. 

For an example,, let a xzSv and ^ .=r ga» then the c^aadiatic for 
determining m and n becomes n* — • 8» + la = o, oi which the 
two roots are a and 6 ". take i» ;= a, and n r= 6, then oUr quadra* 
ti<:s for^^determinittg ar and .y become «* — <x zl 2 and y* — y = 
6: whence iT ri + aor — « 1, and y =;+ jor— a : iherefore a, 
and Q I or -i— i, and — a 5 or + a, and -— a ; or + 3, and — i, 
are tour different sets of numbers which answer the conditions of 

4i^_qUf»jiop. 

. ^..i _, - . 

Second Solution, by Mr. CUjnliffe. 

Let z denote half the sum and v half the difference of the, 
quantities ; then z -{- v will denote the greater, and z — v the 
less ; a (2* + t^*) the sum of the squares, 22^ + 6zv the sum of 
the cubes^ and 22^ -f laz^v^ + 2v^ the sum of the biquadraies 
or fourth powers. From whence and by the question, 

2* -t- I/' — 2 = iUf and 
.s^ +-€2V + o^ 4- 2 — a2» - 6zv^ =r i*. 
The latter equation being subtracted from the square of the 
former, leaves 

42t;» — 42V + z^ — f = i (a*— 25) : 
tut, from the first equation, o' = !<* -t- ^ — ^\ ^Y means of 
which extenninating tr from the preceding equation it becomes 

• (42 — 42*) X (|a + 2 — 2'J + 2* — 2=i(a*— 2^k 
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which ^exptresskiti, when expanded fe j^t^ *^ St^ — • i* X (M — 

5) + 2 X (a^i — 1 ) =: i (a* — 2^) ; dividing by 4, r*— 2«^ --*• 
^ (Stf — 5) z^ + •jf(2a — i.) z zz TT [O'^ — 2?) ; completing the 
square by.adding^fzii*-- 1 )*|d ^cb iiHd, a^-^fiz'-^ |^ {2a — 
S)2«4- i(2« — 1)2 + ^(2tf_ i)>=z ^(8fl*— 4a+ 1 — 
wj, takiog the square roots. 

Frotti whence ' «±4'4iv^{i(ii^ + i')4-|V(»^^^^ 
Again, from the equation, «* + t/* — 2 = ^i," 

'=:\(^a+ i j — ii/(8fl' — 4a 4 1 — 8^*) ; whence 






V. QUESTION 33^, ^y Mr. Ca l i»ow. 



.J 



Having: given ^y* 4% ^yy* ^^fsy-.^..^ n o^and^ — {;i:' -H»)'=3.6t: 
It 3ft required lo assign such' at value to ift,- as 'WiU 'Stiadrie. .lis t» 
ifeterkti^inte jr and y, andthti&ta k^solvs a geiierd bt^uatltBticv 
tupposi^ the aokition of a general cubic to lie Scnown i -- 



EihsT'&ciLcrTioiii^ iy Mr. Caxi^oW,-^ Proposer^ ' 

From ,^h^ '.$^9M f^^tipP w& g$t jr ;=; ^^ » + m^ VM<^h. «^b4v 
tuted in tl|f9i.|ir6t, it bec«^€#r^r -ir (^^ +.4^««*;+ ^«a?.-fr ^Jw» 
+ (S'^^i-bf :-fc ia^>i»' -i*-^^ .4i r*+ X z= o : ieigi^Jcf +.4^*^ 

+ 2qx 4 r - o, whence m* ±1 — • U* + h.r^^ h^^ ^Vir 

last equation therefore becomes (by substituting thrs'Valhie for 

w*)> alter reductions^ x^ + iyx* + (tV?* — i^)**-'— irr^* = ^ • 
from which * is known by dissolving thi^'cqUsrtteA-fe a cubic^ 




^), wbdte 3^ w a rodt.df *^.+ i^^* + (irf -^4i)>t* 



L . 

^r» = o 



For an exanaple, let y^ r- a^jf' -f 6oy — 36 =: o,^be propos- 
ed : here 9 t= — ~^, r n fro, and x r: — gfr^ therefore our 

equation for finding jif* becomes a?' — * -^** + ^?^* "^ 

^^— == o, whence ^^ =: 4, or 5, or -^; tafce ;r* =: 4, then 
M ' 4 4 ^ 



{ 9 ) 
** = + a, olr — 2, and ^ = « ± /— (4 — ^ + ^V 

Therefore + 1 , + 3, + a, and — 6, are the four required roou. 

Second Solution, iy W. 

It is here proposed to determine the value of y from the two .. 
equations y^ + qy^ + ry + s zz o 

y —•*—» = o. 

Insert the latter value ofy in the equation and divide by ^r*, the 
result will be 

Now as 171 1$ an undetermined quantity we are at liberty to assume 

Urn' + 2gm -f rX' -- ^4 ^. ^^t ^ ^ ^^ ^^ ^^ch by reducr. 
\ 4m J . , 

tion gives the following cubic equation^ from which the vatuc of 
m may b^ calculated. 

Then if we assume z to represent x + 2 _i_ 

1. 11 i: J t . m* + qm*+rm'{-s _^ 4m' -4^ g^m 4- r 
we shall fina x* + ^—i : — » -^ ^ 'rr» 

and 2* + Amz zz ' — ^ , and from the value ot z 

we deduce that of-ar by the resolution of the quadratic 

a?— 2a: +2^ < =: o.. 

This method of resolving the ^ biquadratic is applicable to the 
complete equation /+ py^ + fj* + ry + s zz o. It occurred 
to me more than twelve years ago ; and, I think> speaking from 
recollection, the same or nearly similar results will be found in 
Dr. Waring's Meditationes Algebraica, although the Dr. derives 
them from a process altogether different. 

VI. QUESTION 336, 6y AiEYOYO. 

Demonstrate the following theorems. 

1. If three circles be situated any how in a planc,;aiidtbrough' 
the centres of every two a circle be described to touch the remain* 
ing one ; the lines joining the centre of each of the circles with 
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tbe ^oint ill which the circles passing through it meet each other, 
iattrsect in the saxiie points 

8. If thre^ chrcles touch -one another, the one of which is a 
mean proportional between the other two, and if tahgents be 
.drawn to ivexy, two of these meeting tbejr diameters externally \ 
then it is known that the three points of section are in the same 
Iftraight line ; and U is require^ to prove that the square of this 
line has a given ratio to M^-f-N^ -f mn ; m and n representing 
the radii m t&e first and Second t^ms of the proportion; 



Solution, by 



1. Let the points a, b, c be the centres of the given cirelesi 
and dyb^c the intersections oft he 

circles passingthrough the points f c 

A« B, c respectively ; then tlie 

lines Aa, b^^ and Cc meet in the 

samie point. For if the points 

C, P, C are not in a straight line, 

Itt cf ttieet the circle aca in h • 

;and the circle Bcb in m; then 

(Euc. 35. in.) AP X l»a :r bP 

X p3 J2: cp X Fti, also A p x 

pA 1= cp X Tn ; therefore CP X 

Vfn zz CP X pn, or vm = p», 

whi^ ill itiipossible ; therefore 

the points c, »i, n coalesce, and consequently the points c, p, c are 

in k ssrttght line, arid Atf, b^, cr meet in the $ame point. ^ 

2. Let A| B and c be the centres of the given curcles, and D£ 
the line in which the tangents intersect, 

thea if W be the radius of the etrcle 
^hose centre is a, n the rad. of that whose 
dstitt^ fo B, diifcl M the taf^vtisof the otheh-; 
iiiirie'bli^e, lyy siihif^ar triangles, M — M : 
W ^ W :: H t *E, and M ~M : M + 
U' U W : fe©*. But, since if x w = 




N\ W 



K 
N rr -^ (N "-Mdl 4nd w + 



N 



M = — {^' + m), therefore w — n 



• w + n:: n — m :H4- m, 
4l>di xbteequontly^ BB :£ bd =: m 




,: tWetore pe* = db» + bbi ^003 X bb X 

.9ps DBE = DB* (S — 8 cos DB^) = DB*(^ + 2tK)5 ABC^ But 



M 



( " ) 

n' n* 

AB n N + "jjj^ t BC == N + M, CA = M + ^, S COS ABC =: 

AB'^-f-BC* — AC« N? + M« 

AB X BC ™ (N ^-m)*"' « + « "S ABC _ 

+ M*), or DE* : N* + NM 4- m' : : fiN * : (n — m)^ 

I am not certain however that this is the proposer's meaning, 
as the proposition is rather indistinctly enunciated. 



VII. QUESTIOl^ 337, by Mr. John Cavili,, Beighton. 



From two given points, equally distant from the centre of a 
given circle, to draw two right lines to a point in the circum- 
ference, so that their sum or difference may be equal to a given 
line ? 

Solution, fty Aliquis. 

Let A and B be the given points, and ecf the given circle: 
Then the same construction being made as . 
in the second solution to question 308, of 
the Repository, we have ac« = 9A0 >c 
PD, and BC* zz 2AO x RE; therefore if 
R be put for the mean proportional be- 
tween PD and RE, AC* ± 2AC X GB + 
BC» = (AC ± CB) ' = 2A0 (PD + RE) ± 

ako X R, therefore when the sum or dif- 
ference of ac, and CB is given, PD + RE^ 
:t 2R is given ; but PD + re is =: 2RN, J^ 

therefore rn ± R is given : let this i=. D ; 
then ± R is itd — RN,or R*a=D« — 2DxRN + RN*; but R>is r: 
pdXRe=:rn* — ne'=:rn* — eg«+gk'; thcref. d*— 2DXRNrr 

GN* — fcG*, GN* + ftDXRN=:D*+EO«. But RN is =RO + ON, 

and the angle nog hei^g given^ on has to gn a given ratio, sup- 

posem to« : theref. RN =r to + - X GN and gn* -* x 

• ^ . n n 

D X OM = D« 4- eg" — D X RO, tlierefore gn tiiay be 

n ' ^ 

found by Prob» 18. V. of Simpson's Geometry, and the method 
ot construction will be manifest. 
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VIII. QUESTION 338, hy L. G. 

Prove that the stereographic projection of any section of a 
spheroid upon the plane oi its e<juator is a circle. 

Solution, by Mr. W. Wallace, R. M. College. 

This elegant theorem may be readily demonstrated by the fol- 
lowing lemma. 





Let PQ be either axis oF an ellipse, ^nd hk a chord perpendicu- 
lar to pa. Draw any other chord ab cuttipg hk in d, and join 
PA, PB, meeting HK in c and e: Then shall cd Xde — hdx dk. 

For conceive the ellipse to be the orthographic projection of 
a circle, whose diameter \% fq zz pq; and the hnes hk, AB, 
PC, PB, to be the orthographic projection of the lines Ai, aby 
pc^ph respectively : then by a well known property of this pro- 
jection, CD has to cdf HD to kd, D£ to de^ and dk to cf/the 
same ratio, viz# that of the conjugate to the transverse axis. 

In the circle draw the chord am parallel to hk and join pm. 
Tbeangle pha zz pma zz pam = pck^ that is the angle eba z= eca^ 
therefore the points ^, i, c, a are in the circumference of a cir- 
cle, and consequently cd X di =: ad x. db zz hd x di. But it 
has been shewn that 

CD I cd I : HD : Ad^ 
and Dfi : de : : DK : dk, 
therefore CD X de : ci x ^ : : ho x dk : A/x dk 3 
flence ci> X 0b=:hj> x DKas was to be demonstrated. 

Now to apply this lemma to the question, let avb be the line 
ih which any plane meets the surface of the spheroid, and let a^ 
V ¥ be the stereographic projection of this line upon any plane 
perpendicular to the axis. Conceive a plane paqb to pass along 
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the axis, and meet the planes KVh^a^ vb' in ab, a^ b' ; Take V 
any point in avb, and let a plane perpendicular to the axis pass 
through V, and meet the plane paqb in the chord hk, and the 
surface of the spheroid in the line hvk, which will be a circle* 
Draw a line from to v, which being the common section of 
the planes avb, h vk, will be perpendicular to the plane pab^ 
and therefore perpendicular to the line hK, the diameter of the 
circle HVK, Draw lines from p to the points a, B| d» v meet- 
ing the projecting plane in 4f h' d^ v the projections of these 
pomts ; let pa, pb meet hk in C and £, and join d v» Then^ 
because of the parallel planes hvk, a^t/^^ the triangles pdc« 
p<&s^ are similar : so also are the triangles pdv« pdv^ and the 
triangles pde, ?dy : Hence 

CD : a^d ( : : PD : prf) : : DV : dv^ 

and D£ : ^^^ f : : PD ; ?d) :i dv : dv; 

therefore, CD X D£ : a^d X d^ : : DV* : dv*. 

But, by the lemma, cdxdb = hdXdk, and again because 
HV& is a semicircle, and vd perpendicular to i^K; Hi) x dk 
zr dy'^J therefore CD X de == dv* and consequently *a^ J x 
dy = dv^. Now dv is perpendicular to a^K^ because the angles 
€DV« a^dv are equal, and the former of these is a right ansle ; 
therefore v is in the circumference of a circle of which a'^ r is 
the diameter, and as this is true of the projection of every point 
in the line avb ; the stereographic projection of that line is a 
circle. 

IX. QUESTION 389, by Afr. Noble, R.M. College. 

Given the base, the difference of the angles at the base, and 
the rectangle oi the sides, to construct the plane triangle. 

First Solution, by Mr* S. Jones, LiverpooL 

Upon any right line hf as a diameter 
describe a circle, in which draw the 
chord FC making the angle HFC zz 
half the given difference of the angles 
at the base, demit CD perpendicular to 
HF, and in the diameter determine the 
point £ (Leslies Analysis B. 2. Prop. 
18.) such, thut hfxde:hexef:: given rectangle : 
(\ base)'; through E draw bep parallel to cd, meetiqg tlie 
circle in r and p, in which take R 2 = given base; join c, K ; 
C, p; and from q draw qa parallel to cr to meet CP in A, gfid 
ab parallel to qr to meet cr ia b, and acb b tlie required 
riangle. 
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By parallel! the base ab r: qr == the given length, and tfie 
angle ABC — bag = prc — rpc = a hfc n the given inag- 
mtu4e, by the construction. Through e draw cei to meet the 
base AB in I ; then since pr is bisected in E, ab is also bisected 
in B ; and by similar triangles cp : ca : : cr : cb : : pe : ai ; 
therefore ca x cb : cp X en : : ai*: pe': butcp X cr = 
HP X BE, and PE* =: HE X ef ; wherefore by alternation, 
AC X CB : AI* : : hp x de : he x ef : : given rectangle : 
(;Jbase)s; but ai = ^base, therefore AC x CB ^j: the given 
pectangle* 

Seconb Solution, by Mr. Noble, the Proposer. 

Suppose it done. Bisect the vertical 
angle by a line CF meeting the base in F, 
Bisect the bate in c and make the angle 
X»B A = the given difference of the angles 
at the base. . Then by similar triangles 

AC CP , ^ « ^ AC 

ACT* ECB,-— =: *but£uc»Q.6, — =: 

BC CE ^ Cfl 

AF CF A F 

r , therefore =;:: . Now by Prop. B. Simson*s Euc, 6 

P3 C £ F B- 

lib. acxcb=:apx FB + FC«~tf. Again the triangle efb is isos- 
celes*, e, EB zr FB because Z-Ceb zz afc, therefore as Aebp 
is given the ratio of ef to fb is given. Let ef = w» . /b, and 
EC zz CF~~m. FB. Hence the following solution; af : fb : : 
C]f : c£ ::r cf — fn, fb, subtracting the consequents from the 

, - - »i\af*.fb' 
antecedents af : a fg : : cf : 7». fb therefore cf« = rr-* 

4 FQ' 
Now AP X fb iz gb' — GF*, so finally we get^ since af X fb 

-JrCY^zza, by puttmg gf = x, GBni, k — x^+ - — 5 — ^z: 

4 ^ 
tf : this equation determines the point f, therefore make ^ 
ABD == the given one : make be zz bf : join EF, then make 
FB 3 « CF : : FE : ec. g. £. /. 

Third Solution, hy Mr. W. Wallace, R. M. College. 

Let tf, A, t be the sides of the triangle, b being the given 
^ise; and a, B, c the opposite angles. By trigonometry, 

« sin A r sin c , ^ ac sin A sin C „ l 

-^^ 3: ..— * , -r 'zx ' , theret-ore -,r-r= ■>■■'■ . • — — . cut by 

p sm z . J>ui Ji b^ sm b 
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the arithmetic of sines, sin a sin c = | cos (A — c) — | cos 

(A *+ c), therefore^ obsetving that sin b == sin( A + c), we 

have 

2 ac cos (a — c) — cos {A + C) _ Cos (A — c) — cos(a4-€) 

"^ — sin*(A+c) "^ 1 _cos*(a + c) * 

Put A — c = Of, and let /3 be such an angle, that cos /3 =: 

-^TT* 50 ^^^^ « and j8 are,' by the question, both given ; then, 

from the preceding equation, we have 

cos ( A + c) J 1 — cos /S cos {a + c)l = cos a — cos /3, 
or, since cos a — cos /3 zz 2 sin | (/3 -4- a) sin y (/3 — a), 
cos(A + cj j I *— cos^cos(A + c)? =2sin |(iS +«) siuj^ (^— «). 

Assume «ow cos ( A + c) zz -^ — ^—^ , then the equatioa may be 

expressed thus 

4 cos* -I- <P sin * -1^ ^ = 8 cos fi sin -i- (^ -I- a) sin ^ (^ — «)• 
But 2 cos 4- <p sin 4* <P = sin f>, therefore 

sin* <p =: 8 cos (8 sin -J- (/3 •+• *) sin 4- OS— a) , 
and sin <J) = 2 y^ J 2 cos /3 sin i- (i3 + a) sin -J (^ — a) ?. 
Hence 9 is known^ and consequently A + c, from the equation 



. cos* -5- (p 

COS f A + C) = -2-21 



cos/3 ' . 

Now A * — C is given, therefore all the angles tnay be found, and 
one of the sides being also given the others may be found. 

X. QUESTION 340, iy Mr. John Dawes, Birmingham. 

Given the base and vertical angle of a plane triangle to con* 
struct it, when the segment of one side, next the angle at the 
base^ mad^ by a line drawn parallel to the other side from the 
point in the base where the perpendicular from the vertical angle 
cutsjt,^ is equal to.a^iven line^ 

First SolUTiok, by Mr. Daw£s, the Proposer. 

LetAGB )>e the triangle; ABthe hue given, 
ACB the given vertical angle; and ap the 
given segment ; join kp and draw ah at right 
angles to it, then will ah be given : draw 
8N perpendicular to AS ; then as : ak : : 
rad. : sin ask» and a«c : ah : : rad. : sin 
ASK (akh)» therefore as : ah :: rad*^ ; j^^ ask 
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Atl. R* , , , , %\ AH 

AS • ^ ' ^ AS 

zz ^.{NSB + NBs)=:{b)r a known theorem) ^•NSB X cos. NB& 

AH ^ 

+ COS NSB X X. NBS =: i/ • 

^ AS 



But AB : S» ASB 



S. ASB* A$( 

AS : 5. ABS = f. MBS =-— — I *-? 

AB 

J. ASB. AS 



e* ASB AS* 

therefore^, nsb X ^/(i * — )+cosnsbX 



AB 



AB 



AH 
AS 



Pttt AH = «, AB =: h, S. ASB ± COS. NSB = flf, 5. NSB = g, 

dx d^x^ 

AS = X; X. ABS = J. NBS = -T-f COS NBS = |/fl — "TT*)* 

then gy/(t — -rr* 1+ ~t- = 4/ - : from which the unknown 

quantity ;i; or AS may be found.^ 

Obs. It is evident that it cannot be constructed geometrical- 
ly, as it produces an equation of these dimensions a?^ — Ax^ + 
Bx' 4- ca?* — Da? 4- E ~ o, unless it be when the vertical angle 
becomes a right angle, tl^en sin nsb = g vanishes, and d*zz tz 
Then the equation becomes simply 

' X /a ^x^ a * 7« 

-r= 1/ — > or y=-zi ~, or x^ zzab ^ 
y X or a?* 

which is known to be true* 



Second Solution, by J. H. F. 



^ 



Let ACB be the triangle required; ab =: 
^, the given base ; ae r: ^ , the given segment ; 
and c rr the cosine of the given angle acb or 
its equal aed ; x zz ad, y zz ed. Then by st- 

piilar triangles x: y .:: b: BC =: — ^» and xi 

X 

ft :: bi AC = —: hut Euc. 13, 2, ab*+ac* = b ab. ad + 

X 

BC*; that is, 



;c 



a?' 



Again by trigonometry ae'-J-de* — 2 Ae. de X c z= ad*, that 
}^f a^ + y^ — 2 aye zz «*, or a'+y'— ar» =: b aye : multiply* 



( if i 

r 

ing this equation by £, aiid addingf ihif pkHtct idlXii ^ri^cf 
equation, we have a' 6a* =: a x' + a froyr, oryzz i* ' ■ ; 





that thd problem canttoc be coilstrucM ^eonftetrieaily. When 
ACB is a right angle, or c =: o, the equation becomes 4^— « aa 
bj^ ~^*cr^ :r 6, and the ^Oot it' X s=: V t^^)* 

XI. QUESTION 341, JyAnALYTiCus. 

RcquiKfd the fludnt of — .,*;; \ ^v ; ? 

Solution tyilfr. Cuhlifpe* 

Put « — 3fe« =r (f ^- iY= I - as 4: a§ - ^\' wwcb' 

*' * z/ z a« a 

ghrey ar = 3* fi + j^ _ 5? vr-(i«^ + ,g.^ |)^ Ji v'C«*H'- "*' 

— i) = — (i -fi' »•) — i *; squatiii^ both sides, 
s 

4 4 

3a«(i -+=-2*) — 3^*; 3 — *• = 3 + 8«* — 8*« (* + ^) = 
3(r+ 2«)(i-*'2)- 

Again (^t -»a»)(t--— ^jm — rr^-+a:*=ri-as- (rH-^'j+Safe 

(» + «')--32* = ^ — 3^' + r(* + *')(32"— ») = (a**— «) 

z 

^(r+V)-i|; .-. (3 -«.)V(t - 3x«) = (3 -i «») (I — fy 
= 3(4 + «•) (a?5* — ») j|{l + «'J— if; and hence 



{ 



^3 






-"•^^t^-a**) j3 _^, (. ^) 






(» + 2*)\8«''-o]j(i + «•}-»! 
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V 

Agsin from the above fouad value of x, . 

* ~ a V'(«*+2z»— 4^) * 



t 



■tx 



_Z ^ (* + 3»') V(«*+ 22*— 4) — (32* + *g^~ t) 



-/{«♦+ 22» — i) 



^(i+z»)— i=4(i+«»)' — |(i+s*)A/(2*+a2' — ^)— » 



= f (>+$«*+ 3Z*) —I (l + a*)\/l2*+22*— i) r 



and therefore 



T* 






i|(i + 32*)\/(2* + «2«— i)-{32*+4a'_^)J 

I. . I »|— ^— — i ■ ■ I II 1 I 11 1 ! .. Ill - J 

Ji + 6z» + 32*— 3(H-2»)\/(2*-|-2z*— i)(/(z*+a2*-i) 

multiplying both the numerator and denominator of the preced- 
ing expression by i+62*-4-32f*+3(i+2*) \/(2*4-22* — ^)^ to 
take away the surd from the first factor of the denominator, then 
the denominator becomes 4 v^(t*4"2 ^*"^t)» ^^^ '^^ numerator 
becomes 2z (t — z*)^{z^+2z^ — tJ — 2z (»*+ -y) ; and therefore 

and hence ■ ■ .. ' 



(l + 2*){32'— »){^(»+2*)--»J 

I (1 — 2')z ■ " 1 (3z^4-i)z 

fi+2*)(3?»-i) a/3 * (H-2')(3«*-- /(3**.+ 62'— ») 

' ' ' 

Now put » 2; = Vis ^ + ^ ? *)» '^ = -5^— 2 . then 



~ 2V(32*+6?'— ») ' t/(32*+62»— 1) 
(i+r*)(32»— 1)= 3a* +fl z'-- » = V^z' — it' =: 2»(»;»— 4) 
,. f (^z*+i)i -•• _ p 
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Again - — r"-^, — r =5—4 — : — rr-i* '*»^herefortf. th^ cx« 

prcssion is transformed to 



X 



the fluents of which are 

S-v/g^ 2>v/g+i V — 2> ^ ' 

==ir"r ^^* '• 1 ^ y^T >^ r J — tA, where a denotes 

the length of a circular arc to radius 1 and tangent z. 

XII. QUESTION g4a, ly Mr. Cunliffe- 

Find the sum of n terms of the progression 
1*. 2* + 3*. 4* + 5% 6^ + ^\ 8* &c- 

Solution, J)' Mr. S. Jones, LwerpooL 

It is manifest that the nth term of the series is (2 n — 1 )*+ j^n* : 
put therefore i\ a^+g', ^^+6\ 6*+ 7^ 8* &c. . . + (a «~i)% 
4 n' c= A n' + *B «* 4- c «3 4- D w* + E «; and writing n 4- 1 
for n it becomes i\ a*+ 3'. 4 + 5'. 6' + 7'. 8»&c. . .(a n—t)\ 

4 «« + J2« + 0'- 4 (n + l)*= A («^+ 1/ 4. B (If + 1)* + c 

the former ex« 
•=A((a+i)^ 

, , ,. ^ ,. ,, - , . ((»+!)•— n«) 

+ E, which, by expanding the terms and arranging them ac- 
cording to the powers of w, gives i6«'' + 48 »'+5J8n*+a4n+4=: 
5AnV(ioA+4B)n*+(iOA+6B + 3c)«*+(5A+4B+ gc+ao) 
;i + A + B + c + D+E« Equating the homologous terms we have, 
A = V%B=:4, Cz=— ^, D=a, E= TT- Hencei*i2« + 3*.4»-h 

5«; 6«+7*. 8^ &c.../.(2n— iJ'X4«* = ^+4«*-i^2«'+ 

sn 48«'+6«'— ao«' — QO«*+f« «» . / 4 . a 

~=^S _ ^ =_.X (24n*+30»'^iO»«- 

C 2 
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Xm. QUESTJO^f a48» h Mr. C|7if (.IFF! . 

A greyhound spied a hare at the distance of half a mile, which 
be immediately pursued { now the hare fled away in a right line 
and the greyh<)))nd mad^ difectly to^Mirds her : how far did the 
bare run before ihe was overuken by the grf!yl^^ix4* supposing 
the greyhound's speed to that of the hare as g to 4, aqd (he 
shortest distance trom tho greyhq994 to the line of the hare's 
course, a quarter of a mile r 

Solution, iyJIfr. Cunliffe, the Proposer. 

ft 

Let the points c' and h represent 
contemporary places of the grey- 
boimd a9d hfg^ ^^fip^' t^ c^e.; 
and let* tfie curve gC^p represent 
the track of the greyho)}n4> ^Mt^e^ 
right line r h p the track pi; the. hare^;^ 
the point p denoting t^e place where 
the greyhound overtakes the hare ; 

draw GR, 9V pejypcndicul^ t^ R^ifiA; »4Qi <inw ^^ "g^^ ^^^^ 
g'h. 

Put RG z= df rr'=;:x, r'g'= j(^ tapgent^ of, ^ 4^,''i|Q^ =/, 
jadijis. 1 5 also put curve GG'^4^ ;jind ^et t^<< \elocitjjr of the 
point o^ be to tl^at of the poifit h, as. 1 to n =: f. 

By a known theorem -S£- = tan. Z. r'h,q'; and therefore 

t^n 4 R,Va = —-.. anAifSjSccapt, = -^... %/t|ipi»tW^ 
of the problem Q;if is. a tftpgentjt6 tJiejCU^^^a^.G^.a^^bcpcc 
we shall "pretty obvipusly,h?^y,e ~}:i:i i^ - —^t.^^^^c^ ^ ^ 

— j^x — ^whichis propfcytional to the.vclocity of tfie ppint 0- 

in the direction <^f the curye QQr'. Agiin. it is. pretty obnouf* 

1—/* 1 — ^ 

that rV ; r^h : : 1 : -^^» M}J^eagc^ Rjiil s^Vg' Hi -g^» =1^^ 

X i^i and hence rh = rr'+r'h=: a? + y X -r— -and tbo^ 



{ «1 ) 

fluxion of BH is i +yx — r- y / x — y, whichis alsopro** 

poitional to the velocity of the point h in the direction of the 
ri|^tline rh. 

Again — ^ : i : : 1 : -^, whence i rr — y x — r-* by 

means of whichx-*-/ x — ytx. —^ = —y X -— — h 

1-/' • 1+/* • 1+/* , . t . , ,, 

jf X-' — j^^^yt X ^ i ■ =:— y/ X ' , ■; wbicbi at^tob* 

served, is proportional to the velocity of the point U in thcf di- 
rection of the right line bh« 
Then hy the question and the nature of ffuxbifs i :r -^f 

X — r-~»^ X^ -Tir- :: i i ^ whence— ^=:-—, and tak- 
iag sht^ fluemv h. U (j!^ = h. t (<) : but when y S3= dr, / 2: iir» 

•% the correct equation of the Azents: is^h. 1.-^:=: hI.<-^« and' •% 

a* ^ 

— =:X^ artrr^53L^ where m denotes die tafiMMtof half 
^ a a 

the eomplement of the angle which the tangent at G 
makes with the ordinate asu By means of what has jusi 



been deAiced —-,— s^-jSL- ^^^H^ henoe^^ — # x -J^^ 

^ %my 20." -^ a^ 

= - fX+'!^, taking the fluents x = — . -^fT!. + 
am/ %a a«s(L-») 

' — ^ ; and supposing the abscissa ta oominence^ when y/n^i. 

the correct equation o£ thft curve will be » =l u — 

ma ^ Jgjf , ff;^!(; ^ j^^j ^ijgn y =0 the expres- 

aipD) Im6i>iiiet.*-7r — -r — ■ ; ■ , ' \ = R^» 

2m(l— ft) a(l+«j. 

Again, By meant-of the eqiutfion t rr — ^,. — -1 — = — ;jf + 

■ ; hence x zz—y x — 7-= — ^-, and 

amy ^* aa amy* 
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I 

vnii^'*^ nil « ^""^ 

taking the fluents 3^ n — ■ ,, , - . — r ^- : but when 

° 2a''(l+n) %m{\ — n) 

y =: a, z = o, therefore the correct equation of the fluents is 

n+l _n..l — n 

; and when 



% n 



ma - • tf • my ay 



2(1+92) 2?»(l-rnJ 2fl"'(l+n) 2m(l—») 

vizo the expression becomes ->- — — r-^ ; r^ the lenctli 

^ ^ 2(l-t-») 2m(i — «j ° 

of the cuYve GC^p, the whole distance run by the greyhound be- 
fore he overtook the hare. 

Adapting the last expression to the example in the question, we 
ihall have a = i, « = 5^ and m = 2 — >/ 3 =: the tangent of 

jc^ radium I : then a x ( .^. . + — ;- — A =;: a X 
^* V2(l+;?) . 2m(l— «)/ ^^ 

52i^£X3-aa X 9*4045573 = 2.3511393 ™iJ^« = 2 nailes 

and 618 yards, the distance run by tte greyhound, and the dis*, 
tance ruhby the hare is f x 2-351 1393 = 1-881115 miles =r 
1 mile and 15507624 yards. 
The distance run by the hate expressed in general terms is an x 

^ — —-\ because the ratio of the distance rim 

by the greyho'uiid, is to that f'un by the hare as i to w. 

The curve go^'p, has the following remarkable property, 
namely ; The wth power of any ordinate as g^r^, is directly pro- 
portional to the tangent of half the complement of the angle 

r'^g'h; this rs manifest fronj the expression ^— = — , deduced 

in the forfegoipg soltition. • 



a ^* 



XIV. QUESTION 344, ly Mrl Rob. J. Dishneagh, 

Trinity College,. Cambridge. 

If the base of a Cycloid revolve on the circumference of a 
circle, whose radius is equal to the radius oi the generating' 
circle. Determine the nature of the curve traced out by the 
extremity of the ordinate of the cycloid belonging to the point pf 
contact, and find the area (exterior to the circle when every 
pai^t of th^ base h^s been injcontact with the circle. 
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First Solution, ly Mr. Rob, J. Dishneagh, the 

Proposer. 

Let the cycloid touch the circle in n, 
and every point of ^a! having been in 
contact with n a, an ts=: A^N« But there- 
fore a'nm is a tangent tathe circle at n* 
and CN and pn therefore both perpendi- 
cular to it, they are in the same straight 
line ; therefore P traces out a spiral about 
the circle ; and after a whole revolution 
M evidently coincides with a, therefore 
a'm = circumference of the circle. 

* Now by the nature of the cycloid a'n =: a'm — nm 
PM — PR = arc versed sine y — v^ (2 fly — y'). 

Now let CP = radius of spiralis u ziz .•• y +fl, ••• y : 
a, and an = angle described zz t; 
therefore / = arc versed sine (a — a) — •(fifl (w— a) — {u — a)*) ; 

au au — (a — a) u 

v/(2a(tt — a) — (tt — a)*) \/{ta{ii-a)— («-«)•) 

{u — a)u . . . . , . * a'^ 




urc 



u 



therefore t =: 



;now (Area)^ of the spiral 



2 a 



y(2a(« — ^tf)— (tt — a)*) 

r^ i 

therefore the area of the spiral for half a revolution = / := 



/ 



(U d)M*W 



-i^9 between the values oi uzza 



and tt = 3a ; or if y = i* — a, area for \ a revolution = 

/ y\y "*" ^^ ,y between the values of y s o and y = 2a =2 
2flv/(2fly — y») ^ ' 

V y. 12221 between the same values. 
2flv'(2fl;'— /) 



Now 






and the first vanishes when y = o and when y = aa ; therefore 



/; 



a • 

yy 






V(8ay— y*) ~ 
In the same way/-^^^^^ = t /^(J/-/) ' "^ 



r yy r y^ f ^^ 

y/(2ay ~y»)— ^J ^['m—\t) ^J^i^^y—f) 



cir- 



t C4 ) 

cular art nctint a and vefsed tme =l.$p =r arc :^m r: fdr | a rc^ 
volution =: semi^circumfercnee bfm. 



BPM« 



Therefore /L-Z^L— = Jf . 8 « . ^^ =, ^^ 

and HI* /■ ^ ^"^ ■ «; =: a* . »pm. 
Therefore the area for | a^^vokitionss — ■ — - — "^ 



■ I It 

2a 



"— X BFH=9|aKfi^M=:^ X area of the generating circle* 

Therefore the area for a comprete fcvaTution n 6| >t area of thre 
generating circle. Therefore the exterior part rrjf X' sirea of the 
generating circle, 

Sejcout^ Solution, hy Mr. S. Jowrs* Liverpool, 

%fi^ QPER be the cycloid, r the middle of itS' bate ; B9» the 
diamet^ of its generating circle = a AC, 
the ladius of the- circle, abeut wbidi it re* 
volv«»<; C3P an ordinate through the point 
of contact b, and APSA the locus of p; 
dtayr pu parallel to qh cutting^the circle in 

I,, and: put. ^V ZZ 2AC.C=u8i^, HF = x^, 

€? = y^ and the arc A^ = ^b iz z; then 
y.=: ai-h Xt and; bjr the pvotpow of the 
cycloid, QB =z arc PI -— Hi| thereiore i zz 

ai ai^^txioi ^_^ xx _ , 

Vi^ax^x^y y/{2ax — x^) "~ i/{2ax — x*)' "* 

fluxion f6rtbeacfiaCAPC=: ^= f^ + ^^x ^ --=: 

2a za^ ^i^ax — ^), 




iaxx ^^ 2X^x XX 



tatiog the flueflts we ^'^ ^^f^_J^ - = circular sector casc 

/^ 2X*X 

— l^avlU** — *')'/'T775ii~r]?) = ^ >? circular ^sector ' 
CABC T-(3<x+a')V(MX— «'), and 
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• ^ • 

J — X \/(2ax — A^*) = \ segment fihp - 

— a:*) ; whence the area c APC = sum of the first and second, mi- 
nus the third =: 7 x sector Cabc — \ circular segment fihf — 

^^ ^ X '/[zax — A2j ; wherefore the area apba 

iz 6 X sector cabc — | segment fihf — —^ — x 

^(2ax' — x^) ; but when p comes to s, then i coincides with 
E, and the segment vanishes ; therefore, the area of the semicurve 
apslba = 5f times the semicircle alba, consequently the area 
of the whole curve, exterior of the circle, is 5 J times its gene- 
rating circle. 

Because the cycloid is given zz 3 times its generating circle, 
we may obtain the same result rather more concisely : For, ab 
=: {iB,and cp'^ r= (CB +bp)' z: cb' + 4CB X bp — (acB x 
BP — Bp') zr CB*-t- 4CB X BP — HI*, the fluxion for the area 



CP* X 



2CB 



' -i- Z= |CB X (ab)' + 2BP X (ab)" — 



2Cfi 



I (if)* — (hi)- J = |CB X (ab)- + 2BP X (QB)' — |HI X 



HI 



(hf)*-J X (hi)* 5 the fluents of which give the area apca 

IT circular sector abc4- 2 cycloidal segment qbp — | segment 
FHi + Hi^ -T- 6CB ; and the whole area, exterior of the circle, 
= 2 X cycloid minus its generating semicircle r: ^{ times the 
generating circle, which was required* 

XV. QUESTION 345, hy Amicus. 

Divide a given oblique cone into two equal parts, so that the 
area of the section made by the cutting plane may be a mi- 
nimum ? 

Solution, by Amicus, the Proposer* 

Let ACB be the given cone, and aebh the required section. 
Conceive a pUne to pass through the longest 
and shortest sides of the cone, and meet the 
base in the diameter Ali, and the section in 
the line ar. Then it is obvious that the ter- 
minations of the greater axis of the elliptic 
section will be in the lines ac and cb, or 
that ab will be the transverse axis of the 
ellipse. Let co be drawn to bisect the 
angle acb, meeting the base oftheconein o, 
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and the cutting plane in o, then because the content o{ the part* 
acb, cut off, is a constant quantity, namely half the given cone» 
and the area of the base aebh a minimum, the perpendicular 
from c upon the plane aelk must be a maximum, and this will 
evidently be the case, when the cutting plane is perpendicular to 
CO ; for it is obvious that the perpendicular drawn from c to any 
other section of equal area with aelA must be less than the per- 
pendicular CO. Let a plane pass through co and cut the base 
AEBH and the plane aebn in eh and ^A, perpendicular to ab and 
ab^ and put x = ac, c =: aco half the angle of the cone, d = 
AB the diameter of the base, m = eg z= oh, n =: oc, h = the 
perpendicular from c upon the base aebh, and p zz y^Q^; 
then ao zz X sin c, and co zz x cos c, and by similar trianglesi 

m 
CO : OE ;: Qo ; oe zz --^x cos c : therefore the area of the 

n 

ellipse aebh is = ~px*- sin c cos c, and the content of the cone 

ficb = — ^x' sin c cos' c ; but the content of the whole cone 

acb is = -jhpd^ therefore ^ px^ sin c cos* c = ^hpd^^ and 

o'* 

consefluently a?' = r: — ; r-, or if a and b be put for the 

^ ^ 8» sm c cos c '^ 

slant sides AC an^ bc respectively, we have (because AO ; 03 
; : AC : cb and ac X. cb = ao x ob + oc') 

I = y/ (^+j,)*-^\ therefore 

x' = v/r(a + by — d*) X ^ . ^'^ , . There. 
^ ^^ ' 8 sm c cos c 

fore if ca and c6 be taken each equal to the cube root of this 
quantity, the points a and £, which are the extremities of the 
^iransverse axis, wiU he determined. 



XVI, QUESTION 346, by Mr. P. Barlow, floyal 

Military Academy^ 

Admi|:ting the masses, distances, and densities, of the pla<r 
nets to be accurately known, it is required to shew a true 
method of aspeftaining whether any law has place between the 
powers or roots oi those quantities, similar to that which obtains 
ivith respect to their 4istances and times of periodic reyolutipn ? 



C ^7 ) 

Solution, by' Mr. P. Barlow, //5^ Proposer. 

Let M, M, w?, 11. represent the masses of any four planetJJ* 

R, -ff, r, p their mean distances, and 

B, JD, ^/, J their computed densities. 
Let also the required law be 

r'd*" : m'' :: R'^iT : M^ 

r"dw : mP :: ^*y" : fj* 
Then 

r"dV = uyr 

making now, for the sake of abbreviation, each of these quanti- 
ties to represent their respective logarithms, we have 

nn + mD + pM zzpM +nR + mD 
nR -^ mn + pm =: ^m + nr + i^d 
nK + MD + p(^ zz pM + np + mi 



or, 



R , D ^M 

R , D ^M 

r d '^m 

R , D M 

p ^ ^/x 



Whence^ again, 

RMDM RM DM 

RM, DM RM. DM 

T yt» a yi, q m dm 

Or, transposing 

cR M R m>__jd\ d mji 



^CRM RM> CD 



M D M 
7n d fjL 



X)2 
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Solution, ly Mr. Christie, thePtopcser. 

it A =r ■■ % A = i ' — i ^. &C4 

^•3 2.3.4.5 

' * * J 1 

p = cos - tf , P =: COS - tf X COS — a. 

n n n* 

"" 1 1 1 o 

p =: COS - flj X cos — a X cos — =• a^ &c. 
Then 
« = sin tf + A {sin^ ^ « + n sin^ * ^ + u* sin' %<« + &c.) 

~ A (sin'-.tf + n sin' \a A- n^ sin' ira-i- &c.) 

+ &c. 
when n is an odd number : and when n is an even number 

* * 1 « 1 

sin a + A(Psin^ ^a + pwsin^ a + &c.) > 

— A(psm5 -a 4- p«sin'- <x + &c.) + &c. > 



P 



which are equivalent to the forms given in the question. 

When ;2 is an odd number, 
sin nx •=! n sin x — a sin' a? + a sin' x — &c. 



6 



Let j« — — a, then 

n 

sin a zr n sin -a — a sin^ ?.a + a sin^ * a — &c. 

or »' sin - a — sin « n a 'sin^ - a -- a sin^ ^ a + &c. 
^* 3 « & « 



Substitute -a for ^, and we shall have 
n 

«* sin -, rt — n sin ^ a = « (a sin^ \a^ k sin' —a + &c.) 



( 31 I 
In the same manner, 

«' sin — a — n* sin — a ^ n^ (a sin'— -a — A sin* -3^4- &c.) 

&c. &c. 

» sm — a — » sin ::azzn (Asin^— ^ — Asm' — a + 8ccA 

Adding these values, we have 



n sm — a — sina=:A(sin^-<x + «sm'~rtf •,.4-« sm' — a) 

— Afsin* -a\n sin* -rfl . # .' + » sin' — <) 
+ &c. 
If now m be indefinitely increased^ the limit of sin — a is 



iT 



— a : and therefore n sin — a rs ^iu Consequently 
n fi 

<2 = sin A 4- A (sin' - a + a sin' -^^ ^ + &cj 
— A (sin*- a + n sin' -53 + &c.h 



« 



s 



When » is an even number, 

sin nx = cos x(n%inx — A sin' x + a «in' x — &c, j 

or ax = -a 
n 

* . 1 * 1 '^ . 1 

sin ^z r: p (« sin - fl — A sin' ^ + a sin' -a + &c.) 

n n n ' 

theref> pn sin - a— sin a = p{ a sin' - a — a sin' ^ a + &c.) 

/I ' » n ^ 

Consequently^ 

.1 ^ 1 ^^.1 ^ 1 

p»*sin--^ a^^?n sin-a:=p«.(A sin' ^^ — A sin^ -\a + &c.) 
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• l C J ss I *.i 

F» Sin — tf— p n Mn ■"■;;ji:4fl = 
n n 

Tn (A sin*^ a— A sin? -^ « + &c> 
Therefore, adding as before^ pn** sin — a — sin a rz 



sin' 

6 1 •« 9 4 m 



=: Af p sin' • a 4- p^ sin*—, a • . .+rn sin' — a) 



.1 1 1 1 

. — a(p sin^ - a + p« sin'—a •.• + ?»' sin* — flf> 

+ &c. 

Consequently^ reasoning as before, we have 

8 1 J a J 

sin a + a(p sin' -a + pwsin^ -^«+&c.) 

6 1 J 8 J 

— A(p sin'-fl + pwsin' -^a + SfcA + &c. 

ZZ ". f. •' ' " 



l » ■ I ■ I ■ 



In particular cases where n is smaM, some of these values of a 
are very simple ; thus, ii n =z^ 



sin a 

a ■=. ^ 

111 
cos -^ . cos --a . cos -ui •••••• 

3 a* a' 



wliich ii Euler^a expression. We msiy however obtaip a dif- 
ferent value of a, when « =: 2 : thus, 

• 1 1 • 1 .1 

sm a = 2 sin- a • cos - ^ • = a sin^ « (i — • 2 sin* -za) 

22 2 * 2 

theref. 2 sin — a—- sin azz 2* sin'— a • sin — a 

2 2^ 2 

2' sin -^a — 2 sin-a=:2'sin'~,a . sin-.^, 
2* 2 2^ 2^ 

&c. &c. 
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< 

a "" ^« «~a «n ^;;i:ii A=:a fin* „,+i « sm ^« a. 
And adding as before, ft sin — a — sin tf =: 

2 
11 11 *'+^ 1 ,1 

«• sin* -i flsin^ ^4- s^sin^iT asin Taa.,.2 sin "TXi^''^ — ii, 

2 3 8ft ft ^ ft 

and in the same manner as before, 

41 =: sin 41 + 2' sin» -. a sin - a + 2' sin* -• a sin —- « + &c. 

ft ft ft' ft* 

If » = 3, 

a z= ^ina + ^ (sin' - tf + 3 sin' —,41 + 3* sin' -^j tf + Sec) 

,3 3 3 

which is remarkably simple. 

If » = 4, 

tin«+ 8 (cos -a sin' -<i + cos-tfcos *,« isin' -«+&c 
^- 4 4 4 4' ^ 4' 

"" 111 

cos - a • cos **-« a • cos -^ a 

If 4 4* ? 

If » = S, 

4 =: sin 4 -f- 20 (sin' -a + 5 sin' -7. tf + &c.) 

5 S ' 

— 16 (sin' -a + 5 sin' -a + &c.) 
5 6' 

and so on for other values of n. 



IX. QUESTION 348. by Mr. Lowr y, R. M. ColUge. 

Let GD be a diameter of an ellipse or hyperbola given by post- 
tioni two points may be found such, that straight lines being 
drawn from them to any point in the curve, to meet CD in c and 
F ; the segment ef shall be a mean proportional between c£ 
and PF. 

Solution, by Mr. Lowry, M< Proposer. 

On the tangents to the curve at the extremities of the diameter 
cn^ take CA and ob each equal to the diameter which is conju« 
gate to CD, then are a and b the points requiredf 
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For, join A« and draw HP parallel to ca meeting cf in ii 
and AB in f. Then, because ca is parallel to 
BB and also to HI, AC : C£ : : hi : £i, and 
BD =: AC : DF :: HI : ir, therefore AC* : 
CB X DF :: Hi^ : £1 x if. Again, because 
AC-is parall(4 and equal to BB, ab is parallel 
ftndeqixad to CB^ ap =: c>i and bp = Bi ; there- 
fore AB : AP :: £f : £1, and ab : bf :: 
£F : IE ; therefore ab* = 'CB* : ap x pb 
S3: CI X IB ;: ef* : -£i x IP ; but, by the property of the 
curve, CB* : Ci x ib :: AC* (= square of the -conjugatfe) i 
Hi*$ therefore ac' : hi* :: ef* : £I X if, but it W9» 
proved above that AC* : G£ x BF :: hi* : ei >c if ; there- 
fore ac^ : ce X <bf :: ac* ; ef*, and consequently cE X 
DF =: EF*, as was to be demonstrated. 

It may be shewn in a similar manner, that if AC* of BB*be 
taken to the square of the diameter which is conjugate to CB a» 
i»Uo7!„ then^E X BF : EF* : : « : m ; therefore .if ^c* zz 
twice the square of the eonjugatey-a-CE X bf is =:.e.f% In 
this case cf* + be* is equal to the square of the diameter CD, 
which is also a curious enough fbeorem, and is analagous to a 
porism relating to the circle discovered long ago by Ferivat. 

XIX. QUESTION 349, iy »fr. Lowhy. 

In what curvJe most a body be constrainedto move upon the 
surface of an upright cylinder, so that when urged by the force 
of gravity, it may descend from-one given point to another in the 
shortest time possible f 

SoLUTiOK, by Mr. LoWk^y^ ike iFroposer. 

Since gravity is the only force that has any effect in accelerat- 
ing the motion of the* body, it is evident that the velocity at 'any 
instant, and the time requisite for dTcscribing aify particular 
space, will be Precisely the same as if the surface of the cylinder 
were extended on a Vertical phne, and the body were to de- 
scend from one of thfc given points to the other on that plane* 
The curve of quickest destent is, in this case, a cycloid^ as is. 
well known, -and all that is necfessary for r^^lvii^ the present 
question is, to trace that curve on the surface of the cylinder, 
which may be done by> first describing- the cycloid onaplaneand 
then trainjffering it to the cylinder, by drawing ordinates of the 
proper length perpendicular to the circumference of the base. 

XX. PRIZE QUESTION 950. hf G. V. 

St 

* I 

Suppose a conical mountain of a given figure to be situated in 





a plane. Find the length pi tbc shoiteit roaid bctweeQ^two given 
points, on the plane, on oppo&ite ^idesi of the mountain ? 

Solution, by Mr. W. Wallacje, R. M. CclUge. 

Let o be the centre of the base oi the mountain, A: and a^ the 
given points on the plane, and abh^'a' the shortest road ffom 
A to a'', the curve bhb' representing that part of it which passes 
over the surface of the 
cone, and terminates . y 

in tts base at b,b\ and 
the straight lines ab, 
A^B^ the two remain- 
ing parts. Let us sup«> 
pose the portion of the 
conical surface coa- 

tained by the arc bb^, and lines drawn from b, b^ to the vertex, 
to be developed into a plane surface, which will be a sector of a 
circle vbb', v being the centre ; then, as the line bhb^ must be 
the shortest possible that can be drawn on the cone from b to e\ 
it will manifestly be BHB^ the chord of bb^ the arc of the 
sector. 
Join OB, OB^ and let the following notation be adopted, 
BO the radius of base = c, 

BV the slam side of cone = -, 

If 

AQ n a, A^o = a\ ab = p, a'b' s= p\ 

Z.A0A' = a, Z.AOB — 9, a'Ob' = $', ABOB^ = 9. 

Because, by the nature of the figure, bb' the arc of the sector 
bob^, is equal to bb' the arc of the sector b vb', we have 

VB^^j : OB (c):: /.B0B''(fl): Z.BVB^ = n9. 

Heneei the chord- bhb^ zs ^ in ( * A j, and the analytical 
expression for the whole path a bhb^a' is 

p + — Bin ^6+p\ 
'^ n 9k ^ 

whi^h by the nature of the question must be a minimum* 

Let this expression be denoted by tf, then u is a function off 

thp two independent variable quantities 9,^; therefore, by fte 

theory of Maxima and Minima, we must have, 

.du ^ du ^ 

To coihpute these quantities, we have 
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JD* = A* + c* — stac cos ^, 
p/» -- ^/» + ^* — aaV C08 (p\ 

zz » '^(f.+ 9')» ^^ therefore 
gin- S = sin -J« — ((p + ?>0 1* 

-- dp ac sin $ dp^ ac sin $' 

H««. % = -7-^' ^' =--7- ' 

, , It ^ .If 

a sm ^ d // sm - 

8 n n f. 2 

^5 =z — « - CQ« - 6 =: — T-7 — • 

d(jf 2 f a(p 

^, - ^M flc sin 9 « . . 

Therefore, -r = -— ^ — c cos -0 zz o, 

dip p s 

(fu (icsin^' n . 

-:7-, — — rr^ c cos ~ 9 = o; 

^(p^ p' 2 

But^ putting A and A for the angles oab and OA'^B^, we have 

a sin $ • / . % J ' 
_!: ^ sin{A + (p), and 

a sin (D • / / . y» t r 

— -;— = sin (a' + ^^), therefore. 

sin (a + (p) = cos -fl, a + 9 + --9 =: 90^ 

sin (a'/+ (pO = cos -9; a' + f ' + - 9 zr 90% 



Sin A = cos 



sin a' = cos 






But sin A z= - sin f A + (p) a^nd sin a' = ~. sin (a^ + O). 
Therefore the equations of the problem are 

-► cos -9 == cos {-9+®).,, .V 

— cos - 9 = cos (-94- (f^j • • . .8* 

tf _ 9 zr (p + tp\...\ 3. 

Bv these it would be easy to eliminate the angles ^, ^', and the 
result would be an equation involving the single angle 9^ which 
bein^ foand, the angles ^, ^ would evidently be known ; but 
it will be easier to detennine 9, and thence ^ and (p^ by trials, 
by giving to 9 successive values and finding that which renders 
« — - 9 z: 9 + 9', The values of 9 and (p^ corresponding to any 
assumed value of 9 may be.easi)y determinedt either by calcula* 
tion^ or an obvious geometrical i;6nstruction* 



•, 
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NOTICES. 

NEW BOOKS. 

Thb Philosophical Transactions of the Royal 

Society of London, for i8i2« 

The Mathematical Papers contained in this volume are, i. On 
the grounds of the method which LaPlace has given m the second 
chapter of the third book of his M^anique Celeste, for computing 
the attractions of spheroids of every description, by James Ivory, 
A. M. — 2. On the Attractions of an extensive class of Spheroids, 
by James Ivory, A. M. — 3. Observations of a Comet, with Re- 
marks on the construction 6f its different parts, by William 
Herschell, LL.D. F.ll.S. — 4. Observations of a second Comet, 
Vfith Remarks on its construction, by William Herschell, LL. D. 
f.R.S. — 5. Of the Attractions of Such Solids as are terminstted 
by Planes; and of Solids of greatest Attraction, by Thomas 
Knight, Esq. — 6. Of the Penetration of a Hemisphere, by in 
indefinite number of equal and similar cylinders, by Thomas 
Knight, Esq. — 7, Observations on the Measurement of three 
Degrees of the Meridian conducted in England, by Lieut. CoL 
William Mudge, by Don Joseph Rodriguez. 

The Philosophical Transactions of the Royal 

Society of London, for 1813. 

The Mathematical Papers contained in this volume are^ 1 . On 
a remarkable application of Cotes's Theorem, by L F.' W. Hers^ 
cfaell, Esq. — 2. Observations on the Summer Solstice, 1812, at 
the Royal Observatory, by John Pond, Esq. Astronomer Royal, 
F. R. S.--3. A Catalogue of North Polar Distances of some of 
the principal fixed Stars, by John Pond, Esq. Astronomer Royal, 
f . R. S.— 4. Observatio&s of the Winter Solstice, of i8i2» with 
the Mural Circle at Greenwich, by John Pond, Esq. Astrono^ 
mer Royal, F. R. S.^^j. Catalogue of North Polar Distances of 
eighty-iour principal fixed Stars« deduced from observations 
made with the Mural Circle at the Royal Observatory, by John 
Pond, Esq. Astronomer Royal, F. K, S. — 6. Observations of 
the Summer Solstice, i^ig, with the Mural Circle at the Royal 
Observatory, by John Pond, Esq. Astronomer Royal, F.R. §. 

The PHiLoaoPHiCAL Transactions of the Royal 
Society of London, for 1814* 

The Mathematical Papers contained in this volume are, 1 . M^- 
t))ods of clearing Equations of Quadratic, Cubic, Quadrato-cubic. 
aiid higher Surds, by William AUman, M. D. — 2. A ne^ me- 
thod of deducing a first Approximation to thd orbit of a Comet, 
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from three Geocenfrlc Observations, by James Ivory, A. M.—- 
3« Astronomical Observations relating to the siderial parts oi 
the HeavenSy and its connexion with the nebulous part ; arranged 
for the purpose of a critical examination, by William Herschell, 
IjL.D«F.R«S. — '4. On a new principle of constructing his Ma* 
jesty's ships of* war, by Robert Seppings, Esq, one of the Sur- 
veyors of his Majesty's Navy. — 5. Remarks on the employment 
of oblique riders, ^nd on other alterations in the construction of 
ships, being the* substance of a Report presented to the Board of 
Admiralty, with additional demonstrations and illustrations, by 
T. Young, M. D. For. Sec . R. S. — 6 ; Some further Observations 
on Atmospherical Refraction, by Stephen Groombridge« Esq. 
F.R.S. — 7. Propositions containing some properties of Tan* 
.gjents to Circles ; and oi Trapeziums inscnbed in Circles, and 
jion*inscribed : together with Propositions on the Elliptic Re«* 
presentations of Circles, upon a plane surface, by perspective, by 
Richard Hay, LL.D.---8. An improved method of dividing 
Astronomical Circles and other Instruments, by Captain Henry 
Kater. — o- Consideration of various points of Analysis, by 
John F- W. HerschelL 

Dr. Hutton's Dictionary. 

The Editor has the pleasure to announce to his friends, that 
the long-expected new edition of Dr. Hutton's excellent Dic- 
tionary has at length issued from the press, in a very highly im-- 
proved state, so much so indeed, that it may be esteemed, in a 
manner, a new work, the additions and alterations being so nvtm 
merous and extensive. The Editor, T. L. will be happy to for^ 
ward to Dr. Huttonthe communications of such friends m wish 
to possess this valuable work. The like communications may 
also be made for the new edition of his Recreatidos, in 4 vols# 
8vo. much improved ; and for his Original TractA, in 3 vols* 
8vo^ both recently published* 

Astronomical computations., comprising newtablesjofthe sun^s 
longitude, right ascension, and declination, for 1812* By Dr; 
Kelly, 8vo. 

An Elementary Treatise on the Geom^rical and Algebraical 
Xnvestigation ol Maxima and Minimar. By W.Cresswell, 8vo, 

Algebraical Problems, producing simple and quadratic equa- 
tfons, with their solutions. By R« Bland, 8vo. 

Geometria Legitima, or an Elementary System of Theoretic 
cal Geometry, in eight books. By Francis Reynard, Svo. 

A Translation ot the Treatise upon Analytical Mechanic!, 
which forms the introduction to the Mcchanique CeUste pt 
P. S. La Place, with Notes and Additions* By the Rev. J* 
Toplis, B. D. 
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New Matthematical Tubtes, contaiatRg tkc factori, squaret, 
cubes, square roots, cube roots, reciprocals^ and hypc^rboUc loga^ 
rithms of all numbers from i to io»ooq; tables of powers ani 
j>rirae notnbers; an extensive table oi formulas, or general synop- 
sis -of the most important particulars relating to the Doctrines of 
Equations, Series, Fluxions, Fluents, &c. By Peter Barlow, oC 
(he Koyal Military Academy, Woolwich, 8vo. 

A Treatise on the motion of Rockets ; By William- Moore« 
oi the Royal Military Academy, Woolwich, 8vo. 

The Elements of Geometry. By Thomas Keith, 8vo. 

A Treatise on Algebra, in practice and theory. By Toh(i 
Boxinycastle, Professor ot Mathematics, m the Royal Military 
Academy, Woolwich, s vols. 8vo. 

A Treatise on Mechanics, intended as an introduction to 
the study of Natural Philosophy, By the Rev. B. Bridge, 
B.D. F.R.S. / 

Memoir respecting a new Theory of Numbers, part the first. 
By Cha. Broughton^ £sq. 4to* 

Sija Ganiu, or the Algebra of the Hindus. By £dward 
Strachey, Esq. of the East India Company's Bengal Civil Service* 

Dissertations and Letters, by Don Joseph Rodriguez, the 
Chevalier Delambre, Baron de Zach, Dr. Thomas Thomson^ Dr. 
Olinthus Gregory, and others ; tending either to impugn or to 
defend the Trigonometrical Survey of England, carried on by 
Col.MudgeandCapt.Colby.By Olinthus Gregory, LL.D. 8 vo* 

.A new Mathematical and Philosophical Dictionary. By Peter 
Barlow, of the Royal Military Academy, Woolwich, 8vo. 

Memoirs of the Analytical Society, for the year 1813. 

A newedition (being the 6th.) of Adams* Astronomical and 
Geographical Essays. By W. JoneSt 8vo. 

A Treatise on Mechanics, Theoretical, Practical, and Descrip- 
tive. By Olinthus Gregory, LL.D. of the Royal Miliury Aca- 
demy, Woolwich, 3d edit. 3 vols. 8vo. 

A Treatise on Practical Perspective, shewing the meth(xls of 
representing objects without the use of vanishing points, being 
an application ot the centrolinead to perspective, withthe general 
descnption of the instrument, 8 vo. By Peter Nicholson. 

Account of the Life and Writings of Robert Sirason, M. D, 
late Professor of Mathematics in the University of Glasgow* 
By the Rev. William Trail, LL.D. F.R.S. Edin. 410. 

Jin easy- Introduction to Mathematics ; in which the history, 
Uieory .and practice of the leading branches are familiarly laid 
dowQ: with numerous explanations and notes, memoirs of mathe- 
tical authors and their works, &c. By Cha. Butler, 2 vols. 8vo. 
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BfsMoiRf or TMm Fbsmch Natiwai. Intrirvrt^ 

The 7t1i» Sth, 9tH, and tOth Tolumes of this work hare been published: theycoo* 
tain the following articles relating to mathematics. 

Vol. VII. contains, 1. Memoir on the orbit of the Comet of 1770, b? Mr. 
Biirckhardt —2. Analysis of Triangles, traced on the surface of a spheroid, by 
A. M. Le Gendre.—- 9. Notes on the planet discovered by M. Haiding, by J.C^ 
Burckhardt— 4. Second correction of the £lement» of the new Planet, by the 
same.— 5. On the Comets of 176^2 and 1784, by the same. — 6. Second Memoir •& 
«he Measurement of Heights by the Barometer, by M. Kamond.— 7i. Various Aa- 
tronomical Observations, by M. Messier.— 8. On the total Eclipse of the 16th of 
June 1806, by Jerome de La Lande. 

Vol VllL contains, 1. Observations and Figure of the great Nebula in the 
girdle of Andromeda, the lirst that was discovered ; and the two small Nebuls, ai«> 
tuated the one above the other below the great Nebula, by M. Messier.— >8. On 
the construction of new tables of Jupiter and Saturn, calculated according to the 
new divi$ibn of the day, and the circumference of the circle, by M. A. Bouvard.— - 
9' Various Observations on the alterations of the Sabots * in the discharge of 
cannon ; on the diminution and suppression of the Windage ; on the Phenomena 
arising out of such diminution in mortar-practice j on the influence of differently 
grained powder, in different fire arms ^ and on the advantage of bullets of a peculiar 
form, called Boulets i Bague de Plomb, by M. Guyton. 

Vol. IX. contains, 1, On the Theory of the variations of the elements of t^e 
l*lanets, and in particular on the variation of the mi^or-azes of their orbits, by J. L. 
La Grange.— 2. Third Memoir on the Measurement of Heights by the Barometer, 
by M. Ramond.-*— 3. Memoir on the general theory of the variation of the arbitrary 
constant quantities in all mechanical problems, by J. L. La Grange— 4. Supply, 
ment to the preceding Memoir, by the same.-»5. General Formulse for the higher 
orders of the Planetary Perturbations, by J. C. Burckhaidt.-«-6» Memoir on Tariouf 
means proper for perfecting Lunar Tables, by the same. 

Vol. X. contains, 1. Researthes on the extraordinary refractions which are ob« 
served very near the horizon, by M. Biot.— 2. Memoir on the motion of Light in 
Diaphanous Mediums, by M. La Place. — 3. Second Memoir on the Theory of the 
^ariatipn of the arbitrary constant quantities in all problems in mechanics, by J. ][«• 
La Grange.-^. Memoir on the approximations of those formulae which are func« 
tions of very great numbers, and the application to the Doctrine of Probabilities^ 
by M. La Place with a supplement — ^5. Investif^tions relating to various definitive 
integrals, by M. Le Gendre. — €• Fourth Memoir on the Measurement of Altitoief 
by means of the Barometer, by M. Ramond.-— 7. Examination of the different me- 
thods employed for determining the azimuths of the sides of triangles in geodeUe 
operations, by F. C. Burekhardt. 

Memoirs PRitsNTsn to thb Natiohal Institute op France, vol. II. 1811. 

The Mathematical Papers contained in this volume are, 1 . On the Inyolutoids 
of plane Curves and Curves of double Curvature, by M« A. Lancret.-^2. On tile 
Propagation of Sound, by J. H. Hassenfratz.««-d. Observations of the occultatioa 
' of the Pleiades by the Moon, at Geneva, October 21, 1805, by M. A. Pictet^— 
* 4. A Treatise on Optics, by M. Malus. — 5. On .the Measure of the refrangible 
Powers of Opaque Bodies, by the same.— 6. (ki Polygons -and Polyhedrons, by L. 
Pointsot. 



* Sahots are cylindrical pieces of heart of oak, attached to a cannon ball in some 
artillery experiments, in order to prevent the roUing of the ball in the bore of th« 
piece. 



ARTICLE II. 

Solutions to Questions proposed in Number XIII. 

1. QUESTION 351, iy Mr. John Baines^ jun. Reading. 

To divide a given number into two partSpSUch that the sum of 
their squares, and the difference of their cubes may be squares ? , 

Solution, by Mr. J. Baines. the Proposer^ 

• • • . 

Firsts to find two numbers such that the sum of their square^ 
and the difference. of their cubes may be squarest 

Let X denote the greater, and y the less ; 
assume « =z (r* — s*) v and y = arjw, 
I then «• + y* will be a square zr (r* + ^*)V, 

and x^-^y^ = J(r» -5^ — 8rVj i/»; 

I therefore J (f* _ i») » - 8r V \ v 

must be a square, which it evidently will be when v is taken = 
ji-a j«)5 — 8r'i' ; therefore 

;, = (r*— ^) X I (r« — s^y — 8rV \ 

' y- 2rs % j(r*-jT-8'^^'{ 

where r and s may be any numbers taken at pleasure* 

To resolve the question it is therefore only necessary to make 

«quU to the given number «, but this cannot be done generally 
lor any value ot n, but only for particular values which depend 
cntire)y on the assumed values oi r and s. 

When X and y are numbers found as above, it is evident that 
xu* and vm* (u' being any square number at pleasure) will also 
satisfy the second and third conditions ; let these quantities, 
therefore be assumed for the parts required, 

■ 
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then xu* + ytf * = «> and w' = — ; — , or 

t ^ 



(y'^^* + W> K ^.(r* ^,s*l'w- 81^4^.5 \ 



Therefore the question can always be resolved when the given 
immb^iF divi4ed by ttlQ-a^^^uiUfd ^onpipinjttQr pra4u€ea 9 ^^uar^ 
number. 

., If r betaken ='2 and * = 1, then q? zi ^ x ! — jj and. y,= 
4 X — 37. or cHangfog thc'sl^s, j|?';^ 11^ and y =: *48 ;^ 
therefore, in this case, if h be of the form {x •+ y) X « ori 259a*,' 
148^* and iiiu^ are the parts required* 

■ ' . ■ '■ ■ ' 

II. QUESTION 352, by Redintegrator. 

Given the three right lines bisecting the angles and terminat|ngf 
in the opposite sides to determine the triangle. 

So,h\JTioi{, by the Proposer. 

Let ACB repreifnt ihp requiffd tri^rxgle wi|h tb^ lii^f CD, 
AE, BF, bisecting the angles and terminating in the opposite 
sides, intersecting ^aeh e\}\ex in o. 

Put CD = a, AE = 6, BF =: c, AB = x^ AC = y, and BC =: z. 
By Prop. 3, Eue. VI. ac + Be : ab !: 

AB X AC xy . ' C ' i 

AC : AD = TiTT'rri^^ — ^» Alsot 




And by another kno^^n p^^perty, 

AC X BQ — AD X BD =* Cd\ that is y« '^ y» ' ' ' ^. \^ s #■, Of 

ty + «) 

y« X ^(y-(-2)*— a;*| = «» X fy + z)\ 
It^ like npwner, 

xz ^ J(* + 2)^ -./ j =1 i^ X f« + ^3^ : and 



'TWW Afe first of tlieiteqaatiofl i, ' 

y y- (> + «'-»)• 

and frojn the seeond, 2 x Ix + y + t\ = x f* '^ «)'. . 
and therefore *' ,^ (» "^^ iY\ _ »* X (* + *)' 

» X (P + K _ 1 j - 1 4. tt -^ V •..V.I..., .(1)4 

Agaiin, from the second ©f t!te fbnp^ing equdltorfi/ 
* X (* + J, + .)^j^;^^^|±J^j: and frQm the third. 

.: ' Tbif Mttcr equation fey makiogth^ iMJ^t lubititutiont for tand 
z as before, betorties 

6Vx^^+ uY , r« X ci + «)» 



« X (* + y -+- z' 




very ea»y. 
lit. QlJESTION 353, i>y idr. James Adams. 

To determine th^tf oirit irt the curye ©f »givert ellipse, which u 
at the greatest distance from the extremity of the conjugate axis ? 

"- ■' ■•'■"■'•■.■ ' . ' . . - ■ ';.'.. 

First SoLUTiON,^;f Mr. James Adams, tkePropos^n 

Let BV and az represent the tWo ^ 

prinoipal f xes, and a^ the required 
chord; di-aw HD pei^ehdicular io 
AZ»audjoin Aandthefocus f. «. 

« ^* It is eviaemthat tfee sTiorte^ Kfie - 
that can be drawn from any given 
point to the ellipse 'must he perpen- 
dicular to,ibo 0i»rvf t theFf fore Ari 

F 9" 
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must beperpendlcular to the curve at H. By £merson's Coniciy 
Prop. II. of the ellipse, we have 

DA : DP : : pv* : pa* ; 
by division, DA — DP : DA :: pv* — pa* : pv';. 
that is, AP : DA :: pv* — pa* : pv* ; 
therefore, ap >c pv* = da X (pv' — pa*J, and 

AP X PV* , ,, . 

da zz ' ; rr — r = cosec PAP X AP (radius l), 

(PV + pa) (pv — pa) ^ ' 

It must be remarked that ad must be greater than AP, and less 
than SAP, or az* 

PV* X PA ^ 



Suppose AD 



PV 



J = aAP, 

^— pa" . 



PA 



or, AD 



PV 



PV* — PA* 




from which equation PV = pa\/2 ; 
or PA : PV :: 1 : \/2 ; therefore 
PV must be taken greatei: thsgi pa\/2 
to answer the conditions of the problem. 

IpV X PV* 
If p V = » AP = KZ \ then AD iz - — = ; i =: yPV=:4A2» 

' J»V — — iPV « ^ 

Second Solution, h^j Mr. John Baines» ju». 

Let BV^ Az be the transverse and conjugate diameters of the 
given ellipse, and h the required point in the curve. Draw hg, 
»D parallel to zp, vp, and join ah. Put bv =: 2t^ az == sc> 
and GP z: HD = x; then vo =. t — a?, and BG = t^-^c. 

By the property of the ellipse, 

BV* : az' :: vg x bg :gh*, thatis 



4/* : 4c* : : (/ — a?) (/ + *) : ^ (/• 



a?*) =: gh' ; 



hence OH = - /(/* — ;c*): 
but AP + PD (±: gh) = AD =: c + - -/(/* -* a?*), and 

AD* + DH* = ah' = c* +.^y^(^*_a?') + ^{/^-a:«J-J.«V 
ivhich must be a maximum, by the question. 



or -~^(^«.— . a? ) ■— — ^ 4* 0?* s a maximum* 



( 45 ) 

In fluxions — ^ — jr — — ,- + 2xx = o, which be- 

ing divided by 2xi and reduced, gives x = -3 r^/C^* — 2^'). 

limitation.' When ac* is greater than /', the value of x will 
be imaginary, which shews that the question does not admit 
of a maximum in that case, but the line ah will coincide 
yrith az. 



Third Solution, by Ruricola. "^ 

Let BZVA be the given ellipse, bv the transverse and Az the 
conjugate axis, p the centre, ah the line required, and draw 
HD perpendicular to az. Put pb = pv = a, pa = pz = i, 
PD =:y and dh =: x. 

Then ad = i + y, ah* = ad" + dh* = (6 + yT + ** ; 

a* 
and by the property of the ellipse a?* = ^ x (i* -^ >*), 

wherefore AH*= (J+y)*+ap*=a*+i* + aiy — y^ x — 7a—# 

which 11 to be a maximum by the question ; therefore putting 
the fluxion of the expression == o, we shall have 

^by^2yy X -jjT- =0. 

whence y = » t% = pd • and ad =: ap •+- pd =: ■ %_i^ % 

DH -X - j^* _ j»^. t 

, » . • fl* P3* X PB* . 

AH* =: ad* + DH* = -1 77 = > ■ =• 

^»" -^ ^" ^Yr — • PA* 

Therefore PB* — pa* : pb« :: pb» : ah*. 

IV. QUESTION 354, hy Aliquis. 

4 

Given the two sides, and the sum of the squares of the base 
and perpendicular of a plane triangle, to construct it ? 

First Solution, 6y Aliqvis^ the Proposer^ 
Let ABC be the triangle required ; draw CD perpendicular to AC 
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.Biectii^ BDf drawn p^irjlllel to the . 
base, in d» and join ad ; then CD 
is = the perpendicular of the trian- 
gle,and Ac'4fCD'^AD*,therddfe 
AD is given* Draw D£ and 
;PF parallel to ba and bc, then 
HB is =: AB» and df z= bc» the 
-^iven sides of the triangle ; also 
A£ is = BD = CF, consequently 
ic is =r the difference of the seg- 
ments AC, CF. Wherefore af 
X EC = AO*— DF* 3= agiven .,» 

space; also aC* — CE*=:Aif*— Ofc^ 6K4AC* — 4^^* = 4 AD* 

,-»- 4DE* = agiven space. . But bag ::: af + EC ; therefore 

4AC^ — 4EC* = AF» 4- flAFXfic — 3ECJ* zz 4A13*— 4i5fi*and 

JIF* — 8*C« = 4AD* — 4Dfe* — 2AD* + 2bj" Zf 2 Ai^* — 

'4DE* 4- 2DF* a given space; therefore AF X feC artd Af^4* 
gEc' are each given spaces. . JL^et AFK.be a triadgfe, right angWd 

'at K, artdhiavirtg the side ^K such that fR* ± ^ct*^ fheA A/" — 
3Ep* == AF* — FK* =: ak\ therefore ak* is.zz.th^given ^pace 
a AD* — 4DE* + dDF% and consequently ak t= a given fine. 
Agaifl» because fk^ =: 3C£*, fk has to C£ a given ratio, and 
«AF X EC being given, af >l 1^^ ilgiVeti^ Draw FN ^rptif* 
diculartoAF meeting a k produced in n; by sioiilar triangles. 



AK : AF 






FK 



FN, 9r AK K, FN =;: AF X 



fk: 



therefore FN is given, and il^}nc« tN* = an >^ nk» the problem 
is reduced to the following, vix^ . ,: 

' To add KN to ak, so that the rectangle under the whole, and 
4bepart added itaay be equal to a given spac«« ; 

Second Solution, ty RumcoLai 

Let ACB represent the required triangle, AC and BC being the 
two givcti sides ; CD perpertdlcular to 
the base ab and Di perpendicular to . 
AC, and by the question, put 

AB» + DC* = /*. 

Then 

AB* + DC* s: (AD + DB)' -h DC* ^ '- ~- 1> ^ D 

n AD* + 2 AD X DB + DB* + DC* 

zz AD* + 2ADX DB + BC*,because BC* = bB*+bC*. * ' 
Wherefore, au* -4* a ad x db i: /* — bc*# 
, Now put AC =: tf, BC =: i and AB =: or. 




( it > 

JIB =3 \/|a* ---(€»-» 4*) J I 

and hence. 



by 0, OP + ^1/ 5** — 



(«« — *') 



/« — /;' 



a 



and putting =1 m^ and z: «, 

the preceding expression becomes 

X + 2i/U* — iBa?j =: «, 
whicn being reduced gives 



.:3 

« 



<lr T*. 



a 



± tV(«»' — w» + «^)« 



V. aUEST^QN 8^5i ^J' -»fr. S. Jones, Liverpool. 

In a given grcle to inscribe a triapgle, such that the difference 
of its sides shall be ih a given raticT to the differetice of the seg- 
ments of the ha$& made, by ^n perpendicular from the vertical 
angle ; and the prism, vho^e base is the urtangle and alittiufe the 
said pf rp«Adic«lar ^ maj^imum.. 

.'••■..... 
' Suppose tliat aiqb is tbf) triai^le ro- 
quired, 00 the given diaiaeiter dra^wn^er- . 
pendiculartotheb^a^cAlk* W E^chedr^yrn 

rllel to the bat^tp meet po in £ ; the^ 
square of half the difference of the 
^ides is =r BE X fg» and the square of 
half the difference ot the segments of the 
base is D£ x £G» therefore, because the 
ratio of the differ^ncj© of the sides to the^ 
difference of the segments of the base 
is given, the y^tio oiDfi x FGtoDE x 
«£Q or of FG to £G is giveit ; tberefg^ 
by divisicHi, the ratio of ef to fg is given. 

Wherefore the tri^n^le aQb has to ^he triangle ACa agiv^ WitiO| 
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namely, the same which the perpendicular EF has to fo ; therefore 
when the prism ef x ^agb is a maximum, the prism fg X 
Aagb is a maximum, or fg' x fb a maximum. Let a tan- 
gent be drawn to the circle at b, to meet the diameter, produeedt 
in n; then fg* x fb is a maximum when gf is equal to 2Fy| 
as is well known ; or, which comes to the game thing, when G£ 
is equal to -^gd'. The construction of the triangle for the max- 
imum prism is therefore obvious* 

VI. QUESTION 356, i^Afr. CuNLiFFE. 

To find two rational fractions, either of which being added to 
the fourth power of the other shall make the same sum ? 

First Solution, ^jr Afr. John Baines,jm». 
Let ^ and — ^ represent the two fractions ; then 

^ — sr4^ + ^and ^ + i — T-x^ must be equal, 

n*x nx nx nrar ^ 

or which is the same 

(^ + y)* + nV (a: — y) = nV (a? + >) + (a?— y)*; 

by transposition, 

I^4-y>*— («— yr= «'*' X {X +>)— »V X (x — yh 

and by reduction, Sx^y -4- 8xy* =r sn^x^y, 
and dividing by 2xy and transposing, we have 

« V — 4a:* ± 4y*, or X* x (»* — 4) z= 4^* r: a square ; . 
bence we have only to find such n value of n as will make «' — 
4 = a square : such a case occurs when « = j, but upon inspec- 
tion it appears that n z: 5 gives x — y =: a negative quantity, 
which is inadmissible : wherefore, put n =: wi + 5, and we shall 
have «' — 4 zz m' + I5»»' + 7Snt + 12I» to be made into a 
square. Assume pm + 1 1 for its root, that is, 

put«' + t^m* 4- 75^ + 121 = (pm-k- tiY zzp'^m* i- 22 fm i' 12U 
and in order to make the third term disappear, take 22/> = /£» 

or p =; — ; hence 



22 

.8 



^3 + . ^ 66i5!l, or ^ = - i^. therefore 

4^4 4»4 

^ 484' ^ ^' ^^ 3113379904 

er ^i—ciX = 2y, therefore y zz ^^^^ x: 
10648 ^ ^ 21290 
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hence '-±1 = ^^793^ and ^LZL^ = 15790 w^j^,^. 

«* 845 40 «* 34540 

dons that will answer. For 



M793 y.. »5799 _ »6793 ^ 

v 34540/ 34540 34540 



V 34540/ 



= "fig35334»3oo3;«8oi ^ ^^^ ^ 

1423270077734500000 ^ 

Second Solution, by Mr. Cunliffe, the Proposer. 

Let the two fractions be denoted by 07 and y ; then, by the 
question, x* -i- y =: y* + x; whence ** — y^ zzz x — y ; 
and dividing by a? — y, x^ + a^y + xy^ + ^ =: i. . 
Put ny z= X and the last equation becomes 

ny + »y + ny' + y = y' X («^ + tt* + » + i) = 1 5 

whence y' = -r-- — , .. — . 

We have, therefore, to find such a positive value ior n as will 
make «'+n* +ii-hia rational cube. 

Put «' + «* + « + !!=(»+ r)' irn' + 311'r + 8«r» + r», 
and take ^n^r zi n*, or r z= -J-, in order to take away the two 
leading terms on each side of the equation ; and then frcMH the 
equality oi the remaining terms, viz. n + 1 = 3«r* + r', we 

shall have n =: -^^— i = -• But we want a positive 

1 — 3r« 9 

value for «, therefore put nzzv ^ ; 

from whence n'+ «"+ « + 1 = f — 1 — » 

3 27 729. 

which is to be a cube. » 

^ . ion' . ii8w *ooo io\^ 

Put v^ + — = fw — . —1 =: 

8 ^7 7^9 ^ 9/ 

- * i05'»* . loo^t; . looo 

3 «7 7«9 

and take ^^ — = • or * =: ^, to take away the two last 

27 27 50 ' 

terms on each side of the equation : then the remaining terms will 

j^ j^s,^ j^:i!l. — jj3j,i _. and hence 

3 3 
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Z ^ + »' »^79S 

^j._„_»3 _ «57^9 
ana ti ..^ v — — — ^^ § 

9 «6793 



.3 



V = 



Then from the equation y' = -^-^^^-^---^ ^ , 

__ 1 _ ' 1 _. 26793 ^ 

ji/ """^ ••"^ 
9 

and x = nyz=z 1^^, wtich ire two fractioriH that will 

3454<^ 

antUrel*. 

Third SoLuxioNi iy Mr. CuNLtFFfe. 

Let the two fractions be denoted by vz and uz ; th'en^ by the 
^iiestibn, 

«rV + «2 r: t* 2* + »2 ; or 2^ X (t;* — «*) = t? — *« 
and 

and therefore (v + u) % [v^ + «*) must be a cube. 

Now the expression (t> 4- u) x (t/* + a') wiH obviously be 

a cube when each of its fattors v + u and v* + 2<^ is a cube« 
The question is therefore reduced to the finding of two num- 

%f^s^ whose sum, and sum of their squares, snail eacli be u 

cube. 

A solution to this latter {>roblem may be effected as foHows : 
Put t> + « — 1, ^A v^ + a* zr i^ : from twicenJie WeC^'rtd of 

these equatidhs subtract the Square oT the firs^, and there will 
* remain 

imd iakifig the rooni v — a rr V(2i' — 1) ; 
therefore 26^ — « 1 must be a square. 
Put i + r = b, ihrin 66'— t — i 4- 6r + 6^r* + ar* = a 

square = (14- 3r*)* = k 4- ffr + gr* ; Vhem:6 r =: 2, «^ 
* = r + » = -^. 



i I 

I 
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But the value of b jiist foup4 is too great, therefoip pot 

i = - — s. whence 2S' — % zz <— ZH + j «• — i ^^ 

SI • 4 a wr 

which is to be a square. Assume — — ^^ for the root of the* 

preceding expression, that is, put — ^^ + ^^5^*— ?•*' =^ 

42 

V2 22/ 4 2 (aa)" 

hence v — » = /{^;5' — a J = 00/; > whence, and from the* 

S A S QO 

equation v + " = t, we get t; = • ^^^ and it = ^§^99 

Ac^ain we have the expression «' = ; r-- y -; 

® *^ (1/ + m) X (i^* + »») '^ 

--— — J, because v + uzzt; wherefore z ' = -r- — j = ^ ; whence 

z = Y zz ~, and hence w =: 1-223 ^n^ ,,^ ^ i^ZSi wkidL 
* 785 34540 34540 ^"^ 

are the very fractions found by the other method of solution. 

From what has been done, we thall easily find U^at 53581)6 ap^ 
3] 598, are two integers, w,ho$e sum, a^d sum o^ (heir squares aro 
each a rational cube. 



VII. QUESTION 357, 4y Quip am. 

Given the greatest and least slant sides of an oblique cone, 
to determine the diameter of the base, that its solid content may 
be the greatest possible ? 

First Solution, fy Mr^CvtfiiffE, R.M*CMfgfi. 

Let AC B represent a section of the cone by a plane passing 

Q a 
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through its greatest and least slant sides CA, cb. With the 
centre c and radii CA, CB describe the 
circular arcs A^Aa, b'^b^ and draw the 
tangents ap, bp meeting each other in 
p. Draw CD, PS perpendicular to ab ; 
and draw cp cutting ab in q. It will 
then manifestly appear, from the scho- 
lium to theorem 19 of Simpson's 
Maxima and Minima of geometrical 
quantities, that the solid ab' x cd 
will be the greatest possible when PS = 

flCD, or pq zz 2CQ. The angles ca?, cbp are right angles, 
therefore a circle whose diameter is cp, will pass through a 
and B* Then by a known property cd x cp 1= ac X bc; 
and therefore pb X pa zi ps x PC zz 2Cd x pc = 2AC x 
BC a given magnitude. Moreover cp* == pb* + bc*z: pa" + AC* 
whence pb* — p a*=: AC* — bc* a given magnitude. Therefore, 
there is given, the rectangle of the lines pb and pa together with 
the diflFerence of their squares, from whence the lines themselves 
become known, and the problem may thereby be readily con- 
structed. 

Second Solution, by Mr. Lowry, R. M. Colkge, 

Let a and h be the given sides of the cone acb, f their in* 
eluded angle, and c the diameter of the 
base^ Because the content of the cone 
is proportional to t* x by the altitude, 
that istoc X 2ACAB, therefore 
" c X 2 A CAB must be a maximum. 

But c = >v/(«* + A* — ^oJ) cos f ) 
and 22^CAB zz ab sin ^ ; therefore ab sin $ i/(a^ + ^*— - sab 

COS ^}=: a maximum, or it -r — be put zz d, the expression 

f quaredy and the constant factor omitted, 

sin* (p(d — cos f ) must be a maximum. 

In fluxions 2(p sin (f cos ^ (^ -— cos 9) + ^ sin' f z= o, 
or ^d cos f — 2 cos* (p + sin* $ zz o, 
and putting 1 <-— cos* f for gin* ip, and completing the square, 

cos (p = j^ i(3 + ^), 
and restoring the value of d^ 
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therefore 2ab cos p = T TV^it^a^h* + a* + i% 

3 

andc = v/ { '^'+^^' .j- ^^{na'b* + m* + l*)\. 

3 -^ 

When a zz If cos (p = t — f, 

and c = v^fil* + 40!) = ^/^^ = 2 ./i- 
V \ 3 3 / ''3 

Third Solution, by Quidam^ the Praposer, 

Let the triangle acb (see the figure to the first solution) re- 
present a section of the cone by a plane passing through iti 
greatest and least slant sides ca, cb and draw CD perpendicular 
to the base ab. Put ac =: a, uc = 6, AD = a?, and bd =: 
y. By a known property, ad* — bd* i= AC* — cb% that it 
a?* — y^ zz a^ — ^% and taking fluxions 2a:x — ^yy = Ot or 



XX 



y -=. — • By the principles of mensuration, the content of the 



cone is expressed by ^ X 7854, which will be a maxi- 
mum when ab' x cd =<jf 4-;^)VK — «?*) is so. Putting 
the fluxion of the last expression - o, 2 X (x +^) X (x + jf) 

=1 a?i X (^ + y>. 
Exterpiinating y by means of its equal — , the last equatioa 

becomes ft X (x + ^) X (a* — a?') = *i (^ + >) ; 

whence a x [a^ — ^ ) = ^y, and ;f = . 

And hence again a?» — _y' = a?' ^ = a* — *% 

which being properly reduced, gives 

^ = " 6 • 

Fourth Solution, hy Mr. J. BAiNES,7««. 

Let ABC [see the figure to. the first solution) represent the ob« 
lique cone, and CD its perpendicular altitude. Put AC =: a, 
BG = h, andlhe diameter ab = a? ; then ab : AC + ca :: AC 



f J4 > 

~Cb:ab— DB= y md -^- — ■ -i*~=:AD=: 

— ; also \/(ac* — Ap*) =: cd = — 4/f««*Jf* — ^* 

— a^ 4- 26*x* + 2«*6' — i&*), the, perpendicular altkude : but 
AB* X CB =:-v/(2<xV— ^*— a^+»iV-|-2tf'6*— i*) is as thc 

/ 2 

solidity of the cone, and must therefore be a maximum, or its 
•quare, 2a^3(^ — x^ ^ a'x^-^aJ)^x' 4r 2(i^b*x* — b^x^= a maxi- 
mum. In fluxions, 

8a'x^x—6x^x — 2a^xx + 8ft V* + 4aV;r* — 2b*xx =z o* 
iuid dividing by 2xx^ and reducing gives 

tWefore.= V' {' ^^ 4- .ft- 4 /(.-+ i^aV + ^^)^ 

the diameter of cone's base reqniiei. 

Whed ^ = ^, or when the cone is a right one, the above 
value of X becomes a^/y zzz ^a/^j, as it ought. Fox when the 
slant $ides are.equal, the perpendicular bisects the base; hence 

^[a^"'. J = the perpendicul^, and a?*|/(fl* — — jisasth^ 

folidity; therefore a?' y^ fa* — ^—hoxio'x* — a?''i= a maxiraum. 

4/ 

In fluxions i^a^x^i — 6x^x =z o, from which we obtain 
X = 2a^%f the same as before. 

VIII. QUESTION 359, h QuiDAi^. 

Find the sum of t^e infinite sseries, 

i-. LlS ^ ^.'5 • 9 __ 1-5-9 'ts ^ ^^ 
8 3-7 3-7«»» 8.7.11. 15 

Solution, iy Mr. Wm. Wallace, R. M- College. 

To sum the series, let 

, = ^ _ LLl^y + 1-l5j_9;,«. + liAi±ilSx» + &c. 

3 .3-7. 3:7-i> 3.7.11.1^ 

Take the fluxions of both sides, and also divide by x*, and the 
result is 

* 3 3-7 3'7«" 
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M&lng now tlie fluents, wl: have 

J * 3.7 3.711 

The series which forms the second member of this equatioa k 
manifestly :iz x — «**, therefore. 



f^^x^sx\ 



and hcncc ^ taking the fluxions, 

—rz=:dx — x^ds — ^xsdxi 
x' ' 

This ^equation redured to a proper form is 

Multiply both sides by x, some function of x to be presently 
determined, and it becomes 

the ^nk. toiefAber Will iAdfnifemly be an exact integral, if wc 

assume 

^xx^dx ,. 

for the equation then becomes 

xds + sdx zz d [xs] zz — ■ — ;; 

, rxx^dx - 1 rxx^d 

hence xs zz / — : — r, and * = — / — ; — 

J . 2dx AX^dx 
and since rr - -7--it 

therefore x* = i + x\ and x = %/{i + ac*) ; 

thus we have s z= ^^ ■ , — ^ . 7 -7; — 7— zr« 

and putting s^ for the sum of the proposed s^ieti, that is for tht 
vahie of ^ when x zz t^ 

the Tlueht to t^e tsdcen between x zzo^ and x == 1 • 

To exhibit fhe general value of this fluent geometrically, let b A 
be an equilateral hyperbola, of which the semiconjugate axis zz 



1 TX' 

xx^dx 
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V2> and ex one of its asymptotes; let ce =: * and ae =: j^ be 
the co»ordinates of A any point in the 
curve, and CD the abscissa correspond- 
ing to a given point b. Join ca, cb. 
Put CA = r, and the hyperbolic arc ba 

By the nature of the curve, y =^ 

therefore, r zz J^ ^, and 

d - ^^^^"^ ^a?^(i+J?^) _ xHx dx 

dBz.v'idx^+dyn^ '-, =____+___ 

Jr+dn=: -;^^, and hence 




J V 



x^dx 

■4T = l(r+H) + e; 



Now when a?— cd, then r =: ce and H = o, tlicrefore the fluent 
generated between ^ =: cd and ;c =i C£ is 

^ |cA — (CB — arc ba)?# 

This is true, whatever be the magnitudes of CD and CE. Suppose 
now CD = o, and C£ = i ; then ca is the semi-axis, and cb«^ 
arc BA becomes the limit of the excess of a semidiameter of the 
hyperbola above the arc intercepted between that diameter and 
the axis. This is a finite quantity (Simpson's Fluxions, page 
J09, Ed. 1750) and is expressible by qiiadfantal arcs of an ellipse 
and a circle (Landen's Mathematical Memoirs, vol. i.page 33*)* 
Its numerical value is *j9907oii73 X semi-axis, (Landen's Me« 
moirs, vol. i. Appendix, page 25t}« 

Hence, the sum of the proposed series 

*' = ^7^ ! ^^ — -5990701 173 X •a} 

=: '20046494 1 3* 

Note. The investigation of the general expression for an 
hyperbolic arc in terms' of two elliptic arcs has been given in 
quest. 99 of the new series of the Repository^ 

■ _ . - I - - -^- ^ ■ ■ _, ^^_^__^— ^^^^.^^I^M^i^— ^^i^ 

( 

* The Memoir conuiniog this discovery was givea in the first series of-^c 
'Mathematical Repository, vol, 2, page 3. 

t See Matheiuaiicai Repository (first serias) vol. 1. page 178. 
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SfiCOKD SiotVTiou, By Mr. Cvjx LUTE, R.M. College; 

At page 124, Cor. ,3, Prop. 2, Simpson's Dissertations, we 
liave the following expression, viz. 



ena 



-f- &c. J ; dividing both sides by (a + cz ) x , we get 

« ■ ■■ r-j-r X /(<» + ^'^ ./ ^2 2= '' 

« X (O + CiS / ^ 

Taking a and c each^i, ahd »=4, the last expression becomes 

_- 3 . XtX/(» + 2*) XZ Z^ 

»** X (» + ST"^' ^ 

* V+T ^ («+ i).(e + a) {«+ !).(« +"2).(e + 3) "*" '^*^' 

dividiag by 3,-j; — / . ..^^.i x/(» + ^) x z s = 

* X (» + 2 ) ^ »/ 

. V f . (<+«)*' , (<-H).(<+8)z« (<+iU^+s).(^H-3)2" . , 
''^l «+i ■^(tf+i).(«+fij («+i).(e+«>K+3) "*'***'•$ 

Now i - 1:^-1- !:^~ Vg-9-'g"" + &c. is obviously 

3-7 3-7-" 37*"**5 ' 

- ' t i+ 1 ^ (*+*)•{* H) . (*+i)-(i+2).(i+3) 
«**+&€•-( and comparing this with the expression just deduced, 
we shall have e = -|, / = « + « = ^, whence ai =: — . | : and 

hence that expression becomes , •• , — : — tt X f ,, . Uv = i >^ 

*^ 2V(»+2') y/(*+^) 

f ,_1±2,4 ■ (^ + «)»(i + «) ,<. _ &c.? 



\ 
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Taking 2 zi: i , the last expression becomes -— • x /-jj — ^ ' 4^% , 
generated whilst z from o becomes 1, 

3-7 3-7-11 3«:^-i^-i5 
At page 149^ part 10^ sect. 2yLan(len's Lucubrations^ we have 

1/1 '~ ^V — «/> := ^ t ^(^'- g/) — ^ ,, f ^*^ 

generated whilst a? from 6 becomes 1^ where e = 1*910098^9 is 
^ of the periphery of an ellipse, whose semi- axes are \^2 and 1 : 
and/*=; 1*^707963268 is the quadrantal arc of a circle, radius i» 
Writing z^ for a: and dividing by 2, we shall have 

^ — ~ ■ = /-t: — r-TTf generated whilst z fron^ 

o becomes 1, and consequently —7- x /— 77 — r-^t = 

'•■^•9'3 4. 8cc. ad infinitum. 
^.7.11.15 

IX. QUESTION 359, 3y Mr. R. J. Dishkbaqh* 

If any conic section revolve upon an equal conic section, the 
snotion beginning frdfn the vertex, it is required to shew how 
the locus of the vertex oi . die revolving conic section may be 
determined: and apply it to the case of a parabola* 

Solution* by Mr. R* J. Dishnbach, ike Proposer. 

Let B be the vertex of the revolving section in any situation^ 
then by the nature of the re- 
volution the ai;c BP ^ arc 
AP, and, therefore, since they 
are equal portions of equal 

• curves, they will have a com- 
mon tangent pt, and there- 
fore "t is a point in the -axis 

*«f the revolving curve, and 
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Acrefore tb 14 In the,<lircctipn ol the aicis apd c ta : and also 

the angle BTP zzpTif. 

Now, let AM = jf, BM =J^, Z. ATPzz?), and a?-, y' corfespondinff 
co-ordinates of the original curve, . .' 



Now 



AM 



BM ^ **"* ABM i=:'€Ot BAM =1 Un PXK, 

: ' ' 

therefore f =: tan ip =,. therefore, —..;.., .....*• f i J 

But y= SM =: XM X tan btm z= tm x tan a(p 



J? 

2- 



«* — Jtf' 

therefore ■ rr.TMr: tn*— ak— amiztn — an — a?; 

therefore y* + ^'2= 2a: X (tn^»— an)» ..(a) 

But TN — AN can be determined in terms of x and y by 

meam of the equation — ^ ^ — or by. its equivalent ~- =r *« as 

is most convenient. 
Case i. If the curves are parabolas whose equation is j?^ 

Then tn = aAN, therefore tn — an = an = af. But 
from equation (t) ?=:!2L^ilk£^= Vf.; therefore 

«' = -^, therefore, by substitution, in the equation y* + *« r: 

Mr 

S;p -X (TN •— an) it 2ic^', we have y* + *' = 2X x ^ =: 

-^, therefore, by reduction, ^^^rr — £-^, the equation to the 

Cissoid of Diodes, where the diameter of the generating circle 
=: 2a or half the principal latus rectum of the parabola. 

Case 2. If the curves were ellipses or circles, the solution 
is more tedious : but not more difficult. It is easy-to perceive 
that when the ellipse transforms into a circle, that the curve be- 
comes the Epicycloid, and its equation in this case can be 
expressed in algebraic terms : which is not the case in any other 
Epicycloid than this in which the radii of the fix^d and moveable 
circles are equal. 

Ha- 
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X. QUESTION 360, hy the Rev. Mr. L. EvAUSy of the 

Ro)tal military Academy ^ IVoolxdch* 

In the annexed figure, which represents a vertical section of a 

Jiendulum, invented bv Mr. Adam Reid^ of Woolwich, ^ 
or which he received a premium of the Society of 
Arts, Adelphi, ab is a steel ro4» CD is a perforated cylin- 
der of zinc, supporting the bob e at its centre and resting ^-^ 
on the regulating nut f turned by a »crew at the lower ^rlH 
end of the rod ab ; so that as the steel rod contracts or 
expands, the zinc cylinder will do so likewise^ keeping the ^ ^-p 
bob always at the same distance from the point of suspen- 
sion* Now, supposing the expansion of steel-rod to zinc ^ 
be in the proportion of 1 1447 to 2942, and that the pendulum is 
intended to vibrate seconds; what must be the length of the cylin- 
der of zinc to eflPect the purpose qf compensating for heat and 
cold^ not taking into, consideration the quantity oi matter in th? 
metals? 

Solution, by the Rev* Mr. L. Evans, the Proposer, 

Let / = 39*2 the length of the royal pendulum, 
n z= 2943, s = 1144*7, and 

x = -length of the req^iired cylinder of zinc ; then / + J? 
will be the whole length of the steel bar, and by the nature of 

the question nisi; /+ xixiot n — s 1$ \\ I x x :s: i =5 

n -^ s 

^ — ^T < . ^" ir 04.06647 inches the length sought, 
2942—11447 . ^i' ^^ . 

XL QUESTION 361, by G.V. 

Let CAP, CBQ be any two given semi-^diameters of an ellipse; 
from any point y in the curve let v A be drawn parallel to a line 
given by position, to meet one of them in a ; there is another 
line given by position, to which, if VB be drawn parallel, so aiS 
to meet the other diameter in b, the line joining a and b shall 
have a given ratio to cd^ the semi-diameter parallel to ab« 

Solution, iy Mr. W. Wallace, R. M. College. 
Consider the ellipse as the section of a cylinder, and conceive 



• 



( ^i J 

the cuTTe and the lines cp, ctj, CD, VA, vb, ab to be orthogra* 
phically projected, on a plane perpendicular to the axis of the 
cylinder, the ellipse will be projected into a circle pvq^ihc semi, 
diameters CP, cq, cd will be projected into radii cp, cg^ cd. and 




the lines VA, vb, ab into corresponding lines va^ vb^ab. ^f 
the nature of the projection , a line which makes a given angle 
with a given line on a given plane is projected into a line which 
makes also a given angle with a given line in the plane of projec- 
tion, therefore, since by hypothesis the lines, va, vb make given 
angles with cp, cq, the lines t/a, vl will also make given angles 
with cp^ cq. Moreover, because the projections of parallel lines 
are parallel and have the same ratio to each other as the lines 
themselves, and by hypothesis, ab and CD are parallel and have a 
given ratio, therefore ah and cd will also be parallel and have a 
given ratio : thus it appears that if the proposition in question! 
hold true of the circle, it wilJkalso hold true of the ellipse. 

Now the proposition will evidently be true in the circle, when 
the angles vac^ vbc are the supplements of each other, for then, 
the points v^ a, c, b are in the circumference of a circle, and if 
vc be drawn, the lines vc^ ok will subtend given angles, and 
therefore will have a given ratio ; hence, in the circle, correspond- 
ing to any given angle paCt there is always another given angle 
vab such, that ab has to cd a given ratio, and therefore the same 
must also be true in the ellipse* 

XII. QUESTION 362, by J. F. W, H. 

To express the ratio (2ir) of the circumference of a circle to 
radius in a formula involving only powers and roots of 2. 



Solution, by the Proposer. 

+ cos a 



The known formula of cos f — ]= a/ - 
following equations 



, gives the 



( 6« ) 



COS -r =: ^ 



2* 2 



COS "^ --- ■■'■■■■■ 

2' 2 



IT \/(2 + V^( 

COS 



ir \/(2 + v^(2 + . . . . 1/2)) - jj 1 . 
-rr= ' ^ — ^,^ the radical iJ oc- 

2« 2 ^ 

curring i '— i tinies. Now we know that 

«— 1 .A sin A 

2 • sin ' ' ^^\ — i — ^ " '■■'■ J . , ' X ■ - , ""M l 

2 



cos (^) . COS (i^) . . . .cos (-j4-J 



and consequently 



2 • Sin — . zz ' ■ ■ '■■ ■ " « ■ * * 



2» . fnX /ttA (Tt^ 

COS^^-5j.COs(^pJ....COS^^j 

Let nowi= 00, and sin — . -=. — s, then «'=r2 .- • >&c# 

' 2* 2* 9r w - 

I . COS-i C08--5 

2 2' 

4 and, 

, Q.E.I. 

XIII. QUESTION 363, hy J. F. W. H. . 

If the series -~^ 5- + -^ — &c. be denoted *L(i + ;t), it 

123 

is required to shew that the following equation holdsi 

> 

S o L u T I o N , iy Ma Proposer. 
It is evident, that *l(i -4- o?) = /— f — — — + &c. j rr 
" /"^ • '^^S (1 + '^)> siJ^d for ;v writing a; — 1, we find 



C 63 ) . 

. ^\Xx\ = / .log X. In this jor x pu^ 

^•-^ and we have *l(— ) = /~-— ^. • Iok a?, * 

whose sum is. 'lI^ + 'l^ij = /^ ^'J^f ^ ^^ ~ j) == 

rixJog£^|l^ 

^ , X I 2 

* 

and w find c = a>L(t)=o,thus,«L(«)+»Lfl) iz (ISifll, 

\a? ^ 1.2 

It is remarkable that this, undoubtedly the most elegant pro« 
perty of the second order of logarithmic tranficendents, although 
implied in some operations in Spehce*s work ori the subject, has 
not been thought deserving of a place in his table of the proper- 
ties of the function ^l, an omission the more to be regretted as 
it is a property of very great use in the numerical evaluation of 
*I* (x) when x is a high number. We should observe that it 
may be derived by a proper combination of the equations (a)» 
(b), (c), of his *• table ot properties, &c/' page 12, Log. Transc. 



^ XIV. QUESTION 364, by J. F. W. H. 

If a cylindrical vessel placed vertically and kept full of water, 
be bored in innumerable points, the issuing fluid will be boun- 
ded by the surface of a conical frustum. Itequired a proofs 

Solution, by the Proposer^ 

ABCD being the vessel and B one of the holes, let sgk be the 
parabola described by the 

issuing fluid. * Take ef =: A, ^ 

£D and erect the ordinate 

tG which, (by the theory of 

tpouting fluids) will be equal 

to FO, and the angle gof, 

45^« Again, since fb zz 

J2£F, DO is a tangent at G. 

Jn the same way it may be 

«faewa that the line dgh, making an angle 45"* with the side of 

the vest^^ touches 9ny other of the parabolic jets. Let the^ 





( 64 « 

whole figure revolve round its axis, and HD vrill generate the 
frustum of a conic surface, the boundary of the issuing fluid, 

XV. QUESTION 365, h^ J, F. W. H. 

Let AM be the axis, MP an ordinate, and PT the tangent of a 
common catenaria; am, and the tangent of 
MPT will be certain functions^of MP, which 
tve will denote by c (mp) and s (Mp); then ac 
supposing the length of the portion of chain 
equal in weight to the tension at A, to be unity^ 
the functions c and s will have the following 
properties, 

1 c(A)» — SCA)* r: 1 

a S(A+^) n 8(A) . C(b) + (CA) ; ^B) 

3 .C(A+ B) = C(A;, C(B) + S(A) . S(B) 

4.... •.. C(2A) ='2.C(A)*— t. 

/ 

Solution, Inf the Pro^spr. 

The well known differential equation dx =: z.<{f,. gives by 
making d*y =0, 

y 
consequently if log e z= i, £ == p + i^{t + p*)> 

— = P = J— = ^an MPT = s(y) by the definition ; 

y — y 

£ 1 £ 

also X :=^fdy . s(y) = — C(y) ; the arbitrary- 

constants vanishing. Thus we have for the forms of the func* 
tions whose characteristics are c and s, 

A —A A — A 

c(A) = —^ ; S(A) = J 

and it is easy to see by mere substitution that these functions are 
possessed ot the properties above proposed. 



I 

XVI. QUESTION 866, h J- F- W- H* 

If peas be tad^en at random oat of ^ b^g ; there i^ a ^^ater 
probability of taking 9n odd than an^ven number. A proof is 
required. 

SoLXjTtqif^ iy the Proposer. 

I>et the number in the bag be x ; |hen the number of different 

ways of taking out i^ 3, ^^ • . • • and 8» 4» 6 respectively 

will be 

X ' X(X'r^ 1) (X g) X.. .,(X ^—4) 

•"f '" • ——————— J « ^ » » 

1 1.2.3 1.2.3.4.5 

and. ^11=11), ^(^-t)(^-2)(x-3) 

1.2 1*2. 3, 4 

ih^ sum of all amounts to 

X . x(x — 1) . o * 

1 1.2 

The sum of the ways in which an odd number m^iy be ^xtrac^ 
led is 

* + "lil LL! 11 + &c. = 2 

1 1*2.3, 

and the probability of an odd number =: • 



2' 



a- —- 1 



Again^ the sum of the ways of taking an even number, is 

x(x — 1) . jr.... (a? — q) . -, ?— 1 

4 ^ + - ill.! ^8 + 8cc. :=: 9 — 1 

1.2 1...4 

and the probability -t ^ . „ij — . -5— rrt whi^h gives an excess of 
probability on the side of the odd numbers amounting to "y . ■ .i- . 

XVIL QUESTION 367. by J. F. W. H. 
^.et 6 = 1+ - + '. h -^ &c. It is required tQ 

1 1*2 1.2 .3 

\ g* 2 cos 

4iew that the definite integral — JM • s hetw^o (he li« 
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f <S6 ) 

jnits «=:o, •r=«=:.4 Jt-:- — + * — &c. | , i*. equal to 

A ^ 2 

the scries i* + (-) + (— ) + f-i— ) + &c. 

Solution, ^^ M^ Proposer. 

Lct/Kx) =, A +A.x + A.;^* + &c. For x write sue* 

ccssively e ""^ and g""® ^"" , and the results being multiplied 
together, it is easy to perceive that the result will take the form 

• • « 

where s placed before any function of i is used tb denote the 
series whose general term is that function, i having every integer 
value from — 00 to + oc. 

Let this equation; multiplied by My be integrated from =: 

o, to = w, and smcey^d. sJb.(6 + s }i ^* 

J's jB.. 2 cosifl , d6\ zz o between those limits, we find. 

Let /(•*) = e , and .•. A = 1, a = — , A =: &c. 

The equation then becomes, 

Another Solution. 

] 2 a.' cos i 

Let us consider the more general definite integral -r/^^ • ^ » 

X being any number, positive or negative^ integral, fractional or 

imaginary. .By putting cos = x^ this becomes - /yrizT^i* 

the limits of the integral being — 1 and 4* *• Now 
by the expansion of e^^ this becomes,^ 

- /— 77 T, 1 1 -I 1- -^ H &Cr \ . Now It is 

sufficiently well known that, 






( «7 ) 

^^^^x _ 1.3.5 ,,.(gw — 1) _^ 1.3.5. >(gig — I) 
V(i — ^*j "" ' fi.4.6.. ..(an) ""2«* i.8.3..«.n 

-. ^ — gr = 0. Substituting these values^ we find 



^^ fjtK 2X . COS 8 . (ax)* 

— - / fla . 6 ZZ 1 + 



-— » — 



ii8 



1.2.3.4 * 2*.1.2 



+ && 






1- 



(1.2)" (1.2.3) 



-, + &C. 



X 



Thus, the series 1* + -5 + 



0^ 



S + 



ar^ 



;y + &c. is re- 



(1.2)* (i.2.3r 

1 ^^(*) • C08 • 

presented by the definite integral -^fdi .e , taken from 

ti = o, to d = V. Let 07 :z; !• and the result is the proposed 
theorem. 1\ x zz — 1, we have this remarkable result 

1 ^ ,. 2.cosev(-.l) » , / J \* ou^ I C/y^ 

cos • 2 COS 94- ^(-^ i) • sin fi cos 6 ^ , now since all the elements 

of/dB . sin (2 cos d) are real, the whole integral is so, and of 
course must equal o, thus 
• JdQ sin (2 . cos d) = o. . 

yZfd . cos (2 . cos 9) =7r. {i* — (7) + (77^) — &c.J. 

XVIII. QUESTION 368, iy J. F. W. H. 

Let s be the focus of a parabola p p • . . .p whose ver- 
tex is A, axis AM, and latus Pti» 
rectum l. Draw any line 

sp and make n andes p 

(1) ^ (0 

8P . P SP ....P SP^ ^ 

(2)' (2) (3) («) (I) 

round s, all equal to each 
other. Draw sq so that the 
angle msq = » times the an- 
gle MSP . It is required 

to prove that sp .sp 

^ ' (I) (2) 

Ji— 1 
IP, ^ = L • so. 



. . . • 




12 



( ^ ) 

SoLUTibN, 6y the VrbphBer. 
Let the angle msp be d, then by the prapeity of the parabolli 



(2) 4 /« nt/ 



fl . fiwjv— ^ 



(3) 4 ^ C2 nS* 



9 . (^i-^-il^rix-^ 



SP, = - . (sm J - + ^^ i- J ) 

consequently » multiplying nil togetherj 



sp. ,...SP, ^=: 
(0 («) 



# 






j5;.J,m(-).sm(j+-) 8m(j. + l-__)^ 

Now it -b known thai the ptodtict 

sm <a) . sm (A + -J im (a + ^ ^ I 

<ii represented ^y s • sin i^A, and thus we obtain 



fiP ^ SP, ,=-^.2 0«nf-*-lf 



«^— -1 

XIX. QUESTION 369, hy J. f. W. H. 

1*0 find the form of equilibrium of an arch built ^Irom ont 
planet to another, conceiving each particle animated with a force 



( «9 ) 

directed towards Ae 9utl» and vaiyiDig inttndy as tht square of 
the distance firdm its ceAtre. 

So^utiOK, Jfy the Prvp^er* 

Assuming the cihi's centre as the origin of two rectangular co- 
ordinates, x, y of any element ds of the arch, let us call t the 
thrust exerted by that element, in a tangential direction, at the 
extremity correspottding to the abscissa x, and of course, t'^dt 
will be the thrust exerted at the corresponding extremity of 
the consecutive element, whtdi therefore will exert by its re* 
action, a force — (/ + A) on that extremity oids which answers 
to the abscissa x + dx^ atid in the diteaioti of a tangent at that 
extremity. The forces reduced to ihe directions of the co-ordi- 
nates ^ and ffi^ htCQm% respectively 

Let us, to embrace the qucfstion with greater generality, suppose 
i to represent the density of the element ds^ and (p{\^^^ + y*) = 
(f{r\ the attractive force on a particle at the distance r, and we 
shall have for the two attractions on ds in^the directions x^y^ 

fi . ?<r) . ^ *r, and 6 % (f[t) . '^ ds. 

^thtloinX forces "then which animate ds^ and which, in virtue ^ 
the equilibrium must vanish, are 



%.<^{.r).^^ds + t.^-\t 



T 



dy 



ds 



ttmm 



I 






whence we find the following equations. 



dx^ 



£«) 



dy. 



...o::z^.(^{r).l.ds^ditfV 

The elimination of / from these conducts to the equation of the 
curve sought. To accomplish this^ multiply (i) by / . -r an4 

ra)by/.^. Their wm is 



^.^ 



i 70 ^ 

0-9. t.tpir) ^^^Idy .' gpr-^J 

OT, observing that xdx + ydy = rdr^ and dx* + dy^ =: is*, 

o zr rt . ^ (r) ir — \d.t^y whence, 

(8) t=/^.(p(r).dr. 

Again, multiply (i) by y and (2) by jr, and let the results l>e 
•ubtractedy thus» 

or, supposing d*s = o, and reducing 

_dt d^ydx — xdy^ 

^ t ydx -— xdy 

4ln equation which, integrated with respect to i*, gives 
{^)...... o=zads + i^ydx — xdy^. \ 

Assume now >)/, so that x zzr . cosv^, .*. y=:r « sin%)/t ds:=z^(dr^ 

+rV4'*), ydx — xdy = — r^d^. Thus, equation (4) beconi^es, 

a . •(ir» + r»</>J/') = r^dyi^ ./B(p{r) .dr; (5). 

If 9 be any assigned function of r, we find from this, as our 
final equation, 

%H- r = tf . f ., ^ .a ' 

Jr.^^lrfQ.(f{r)drl —a^ 

In the case immediately before us^ thig gives (since f (r) =s -; 



r*» 



• — 1), / = — - + canst, and consU == o, .•• ^ =: , thus. 



4^ = tan A Jog ^j, 

A and a being two arbitrary constants, which is the well known 
equation of the logarithmic spiral. In general, the same result 

will be obtained whenever S = --^ -r ; for instance, if thecen* 

r .(p(rj 

tral force a 3 and d oc r a «! , in all these cases thtf 

tangential thrust h i zz • 

If the force oc -j, and 9 =z 1, we get lar =: sin (4^ + c) the 
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eqtiation of a circle passing through the two planets and sun ; 

1 



and / = — 



XX. PRIZE QUESTION 370, by Mr. Lowry. 

If two given weights be fastened to the ends of a strings 
which passes over a fixed pulley, and the greater weight descend 
by the force of gravity, and draw up the other along a curve, 
which is in the same vertical plane as the pulley : Required the 
nature of the curve when the time of ascent from one given 
point to another is the least possible ? 



Solution, hy Mr. Lowry, the Proposer^ 

Let ABC be the required curve in which the body b ascends 
from c to A in the least time possible 
when drawn up by the body a which 
descends vertically. 

Let z = the space descended by A 
in the time B has ascended through the 
arc CB. and put x == ad, y = db, ds 
= the fluxion of the arc CB, v = the 
velocity of b in the curve, a =. EC, c r: 
AC the distance 'from a to c, ^ = ^2^ 
feet the force of gravity. 

Then, Art. V, Part 11. Vol. IIL Repository, 

*' - "^'V I Adz- + Bds* 

Therefore ^/ = ^zr >i/ > ^^^' -^ ^^^' I 




and t 



2giAZ 

''Jy \2g{AZ — B{a — y))y 



Fut p r= -7^, then because z=:c — ab zz c — v'Car* + y*). 



dx 
dzzz — 



xdx -f ydy _ dx(x 4- py ) 



and ds zz'-^ dx\/{i + p'). 

Therefore substituting these values in the above expression for 
t, it becomes 



fi*\/ 



» T x '- + B (1 + p*) 



(AC — A )/(x^ + y*) — B (a — »)3^ 
therefore the fluent of 






^^--- ^ "-^^ 



+ B(i4.p») 



Putvz: y/ 



talcen between the limits oi x =z o and i; =: ae mult be a maxi* 
mum. 

AC — Av'C** + y*) — B (a — y)3 

then taking fluxions 

dv zz udx + iidy + TJp (a^t 

and it has been shewn by Eiiler and by other writers (see Wopd* 
house on Variations), that vihenjvdx is a maximum or a mini^ 
mum, V being any function of x^ y and p, 

dp 

Therefore vdy = d? -^ zs pd? ; 

and adding ^dp to each side of the equation^ 
» N(/y + prfp == JDcfp + ?dp zz d (pv) ; 

whence by substituting dj^p?) fgr udy + vdp in equation a^, we 
have 

dv = Md;r + d (pp), 
and by integration, 

V zz/mdx+p?. + c'..,. *•...♦•.,,..., (^) 

c' being the correction. 

Whence if. values of m and p be found by actually taking the 
fluxion of 

V Cac — At/(a?*+/) — B(a— >) 

relative to x and p, and be substituted for m and p in formula y 

we shall obtain the differential equation of the curve sought : the 

result however is complex and the equation not easy to integrate. 

If we suppose the body b to descend in the purve A€ an4 



in) 

ixzw up the body a, we find, in a similar manner. 



=>t/ 






and in this case when a r= o, the question {s the lanie as the 
common problem of the brachystochront^ and the expression for 

i is then /dx 4/ { — V^J *^ ^^ ^^^S*^^ ^^ '^^^ 
Also V is then = y/ njtll\ 



M = O, P = 



Therefore by formula i' 



V = -— — t ^ 4. c^. 



that i. \/(i±£.\ - —~J- 4- <f 

and muhiplying by v^$^(i +^)^ 

the differential equation to the cycloid. 
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I. OBITUARY. 

LAGRANGE. 

The death of this truly great mathematician ought to have 
been noticed at an earlier period in the Repository, for he closed 
his mortal career as far back as the loth oi April 1813 in the 
78th year of his age. 

Our readers are well aware how much this illustrious man 
ha& contributed to the improvenient of every branch of both pure 
and mixed mathematical science. Many of his discoveries 
would singly have conferred on him immortal fame ; altogcrher, 
th^y form a wreath of glory that will for ever encircle his name, 
and render it conspicuous in the history of Science, 

M. Lagrange was latterly engaged in the publication of a second 
edition of his Mtcaniquc Analytique and the exertion of mind 
which this labour required is supposed to have brought on the 
illness which terminated in his death. He had given the first volume 
to the world, but was cut off while engaged in the second. This 
volume has since been published; the poitibn that was unfinished 
being supplied from the first edition. 

M. Delambre has written an Eloge on Lagrange, of which a 
translation into English Jias been given in Thomson's Annals of 
Philosophy, vol. 3. Also in the 10th vol. of the Edinburgh Ency- 
clopedia. His Remains were deposited in the Pantheon, and the 
following inscription is inscribed upon his Tomb : 

Joseph Louis Lagrange, 
' Senateur, Comte de L' Em pi re, 
Grand Officier de la L6gion d'Honneur, 
Grand Croix de L'Ordre Imperial de la R^union^ 
Membre de Tlnstitut, et du Bureau des Longitudes 
Nc a Turin Dipartement du Po, le XXV Janvier 1736. 
D6ced6 a Paris le X Avril 1813. 

A complete list of M. Lagrange's writings is given in the find 
Volume of his Mecanique Analytique. It is composed of two 
parts, viz. his separate works and memoirs in Academical and 
other collections. The former are as follows : 

Lettre du 83 juin 1754, adressee a Jules-Charles Fagnano« 
contenant une s^rie pour les differentielles et les intigralet d'un 
Qrdre quelconque, correspondante a celle de Newton, pour l#t 



nuisances (prinUd at Turin). 
Additions a l' Algfebrc d'E 



Eulen 
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M^canique Analytique; ist edition in 17881 tnd edidonft^ 
1st vol. in 1811 ; 2nd vol. In 181 j. 

Theorie des Fonctions Analytiques ; lit edition in 1797 ; find 
edition in 1813. « 

' R6solution des Equations Numeriques; 1st edit, in 1798; 
tnd edit, in i8o8. 

Lecons sur le Calcul des Fonctions. The first edition . made 
a part of the second edition of the Seances de TEcoIe Normale^ 
in 1801; this work was alto printed in Cahier XII. du 
Journal de I'Ecole Poiytechnique in 1804; ^nd in 1806 th« 
author published a new edition in 8vo. with two additional les- 
sons, which have been inserted in Cahier XIV. du Journal de 
TEcole Poiytechnique in 1808. 

As his academical memoirs are too numerous to be particular* 
ly described in this place, we shall only observe that they are 
contained in the following works. 

Miscellanea Taurinensia. 

Memoires de I'Academie de Turin. 

Memoires de TAcademie de Berlin* 

Nouveaux Memoires de I'Academie de Berlin. 

Recueils de I'Academie des Sciences de Paris. 

Savans Etrangers. 

Institut de France. 

Journal de I'Ecole Poiytechnique. 

ofeancesdes EcolesNormales. 

Connatflsances des Terns. 1 8 f 4*-—] 5* 

Une collection de divers ouvrages d'Aiithmetique politique, 
par Lavoisier, Lagrange et autres. 

The late Mr. William S?euce, of GreenocL 

This ingenious mathematician died at Glasgow, on the 22nd of 
May 1815, in the 37th year of his age. His many private virtues 
and amiable qualities had endeared him to his friends, and his 
scientific acquirements and inventive genius had placed him in' 
»the highest class of mathematicians in Britain. His essay on the 
theory of the various orders of Logarithmic Traniscendents, pub. 
lished in 1809, Was much admired by the few who were able to 
appreciate its merit, and it gave hopes that science would have 
derived further benefit from his labours. The^e we have reason 
to believe will not be altogether frustrated. His manuscripts 
were some time ago submitted to Mr. J. F. W. Heriichel, of St» 
John's College, Cambridge, who has selected the most complete 
tor publication. The studeats of pure mathematics will be grati«* 
fied to hear that the volume now preparing,' and which will be 
published in the course of the spring by Afr. Undei-wobd, an4 
Messrs. Davis and Dickson, London, contains bejiides the ingeni^ 



6iil IWsiy 611 Ik^rithtnic Trans^enilems, unpubif^lted Tracts 
ill the same class of the scien<;e, equally new and elegant A* 
WograpWcil «kach of the author by his friend Mr, Gait, will be 
prefixed to the volume. 

Jambs Olsn ie^ Esq. F. R. S. London and Edinhmrgh. 

iThis irigdiious mathematician died at his lodgings, at Chelsea, 
• in Nov. 1817, in the 67th year of his age. He was the author 
oj a mathematical theory founded on the doctrine of ratios, which 
he called the Antecedental Calculus. Also of some papers pub- 
lished in the Philosophical Transactions of London and Edin-' 
burgh; a small tract on Gunnery, besides various pamphlets, 
not connected wi^h tiiatfaematics. 

IL THE PHILOSOPHICAL TRANSACTIONS OF THE ROYAL 
SOCIETY OF LONDON, /£?r 1815, dW l8l«. 

The mathematical papers contained in the volume for 1^15 
arc, 1. Description of a new instrument for performing meci^a- 
nically the involution and evolution of i;)4jiiibers, by P. M. Roget, 
M. D.A-fi« Three papers containing the depolarization of Li^t, 
&c. and two more on, the optical properties of Light, by Ur. 
Brewster .-^3. A series of observations of the satellites of the 
Georgian Planet, by Dr. HerscheU — 4. On the dispersive power 
of the atmosphere, and its eifects on astronomical observai ions, 
by Mr. Lee. — ^5. Determination of the North Polar distances 
and proper motion of thirty fixed stars, by John Pond, Esq. 
Astronpmer Roya), F- EL S.— 6. An Essay towards the Calcuijus 

' of Functions, by C. Babbage, Esq. 

The mathematical papers contained in the volume for j8i6 

. are, 1. On the developement of exponential Functions : together 

?ith several new theorems relating to finite differences, by John 
. W. Herschel, Es€[. F. R. S. — 8. Direct and expeditious me. 
thod of calculating the excentric from the mean Anomaly of a 
i^lanct, by the Rev, Abrani Robertson, D. D. F. R. S.^— 3. De- 
monstration of the late Dr. Maskelyne's Formulae, for finding 
tne longitude of a celestial object from its right ascension and' 
^declination ; and for finding its right ascension and declination 
Crom its longitude and latitude, the obliquity of the ecliptic heing 
given in both case^ by the same. — ^. An essay towards thet^aU 
cuius of Functions, part II, by C. Babbage^ £s'q. — ^. A Aew 
Jemonstr^tion of the Binomial TTieorem,by Thomas Kn^ht, Esq." 
6. Oh the fluents of Irrational Functions, by E, )?• Bx:omhead, 
Esq.^^A, 
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III. Ikstitutb op France. Volomet XI, XTI» XTIf. • 

The mathematical papers in vol. XI are, l. On definite intc*' 
l^rals, and their application to probahilitta, by M. La Place*^— 2« 
On certain new optical phenomena, by M. Malu*s. — 3 On the 
axii( of refractk)n of crystals and organic substances, by the 
8ara€.--»4. On th« method ot least squares, by M. Legenore*—* 
j. On the attraction of homogeneous ellipsoids, by the same. 

The mathematical papers contained in vol. XII are, 1. On 
the distribution of electricity at the surface of conducting bodi^ % 
first and second memoir, by M, Poisson.*-2. On a remarkably 
modification eicperi^'nced by the rays of light, in their passage 
through certain diaphanous bodies ; and some other new optical 
phenomena, by M. Arrago -^3. On the new relations wbicli 
exist between the reflection and the polarization of light by Cfys« 
taJlized bodies^ by M, Biot. 

Volume XIII contains 1. On a new kind of oscillation which 
the particles of light e;(.perience in traversing certain crystals, by 
M. Biot. — ^ On a new application of the theory of the oscilla* 
tions of Light, by the same. — 3. On the discovery of a new pro* 
perty in the polarizing forces of certain crystals, by the same.— 
4. On the physical properties that the particles 01 light acquire 
in traversing double refracting crystals, by the same.— r-5. Resglt 
of the meteorological observations made at Clermont-Ferrand^ 
from the month of June 1806 to the end of 1813, by the*Baron^ 
Ramond. — 6. On elastic surfaces, by M. Poisson. 

IV, Journal de l'Ecols PoLYtECHMi<jui# 

Tb^ M^canique Philosophique of Prpny (which was nev^r 
finished) formed originally the 7th and 8th Cahiers of this work ; 
it is now left out, and the blank i^Ued up hy the Lessons given in 
the Normal School by Lagrange and Laplace; and a translation 
of Fermat's Treatise on the Contact of Spheres by Hachette* 
The new edition of Lagranges Thiorie des Fonctioas Analytigucs 
is meajit to £orra ^he 9th Cahier. 

The contents of the first fifteen Cahiers have been already 
given in the Repository, voL III. page 99, part I. 

Cahieb XVI. Contains 1. The mathematical theory of 
capillary attraction, by Petit. — 2« On the theory of the conju- 
gate axes and of the moments of inertia of bodies, by Binet.— * 
3 and 4. Two memoirs on Polyhedrons and Polygons^ by 
Cauchy.— ^5. Researches on numbers, by the same. — 6. On the 
graphic construction of circles determined by four conditions, > 
by Gaultier.— ^7. On Definite Integrals, by Poisson. — 8. On « 
particular case of tlie motion of rotation x)f heavy bodies, by the 
same«-«^« On the Heliostate, by Hachette. — 10. On a system* 
of Analytic Formulae, and their application to geometry bf 
fiinet« 
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. CaHier XVIL Cofiuins u Qn the npmberof valuer whkh 

m function may have when the quantities it contains are changed 
in all possible ways,by Cauchy.-^s.On functions which can have 
but two equal values with contrary signs, &c. by the same.— 
. Oh the Analytic determination of a sphere which touches 
bur others, by Binet. — 4. To determine the* centre and the 
radius of a sphere which touches four given spheres, by Hachette* 
•—ft; Experiments upon the flexibility, the Force and the elasticity 
of Wood» by Dupin. — 6. On the Resolution of Equations, by 
Corancez.— 7* Experiments to determine the Density of the 
Earth, by H. Cavendish, translated from the English in the 
Philosophical Transactions of the Royal Society of London.-— 
8. On the Composition of Forces and on the Decomposition of 
Moments, by Binet. — 9. On the Oscillation of Elastic Springs,, 
by Plana.— 10. On the Aberration of the Stars, by Puissant.— 
II* On Material Curves. of double curvature, by Binet. — is. 
On the number of real roots of Algebraic Equations, by Cauchy. 
— 13. On the Integrals of Equations of Partial Differentials^ by 
Ampere.— 14. A sequel to a memoir on Definite Integrals, by 
Poisson. 

y. Mathematical Works in the Press. 

A supplement to the translation of LaCroix's Elementary trea« 
tise on the differential and integral calculus, by the translators 
of that work, being a series of examples and exercises for the use 
of the student, partly original and partly collected from the vari* 
ous transactions of learned societies and other estecfmed sources. 
A system of Mechanical Pnilosophy by the late John Robin* 
son, L. L. D. with notes and illustrations^ by Dr. Brewster, in 
4 vols. 8va 

VI. New Books. 

An Elementary Treatise on the Differential and Integral Cat* 

cuius, by S. F. La Croix ; translated from the French. To 

which is added an appendix on Finite Differences, by Mr. Her« 

scheU 8vo. 

Note, It appears from the preface that this translation is the joint labour 
of Messrs fiabbage, Peacock and Heischel. 

Algebra. of the Hindus, with Arithmetic and Mensuration, 
Translated from the Sanscrit, by H. T. Colebrooke, Esq. Ato. 

The Principles and application of Imaginary quantities. Book 
I. To which are added some observation^ 6n rorisms : being the 
first of a series of original Tracts in various parts of the Mathe* 
matics, by Benjamin Gompertz, Esq. 4to. 

An Essay on the strength and stress of Timber. .Also an 
appendix on ihe strengtli of Iron and other Materials. By Peter 
barlow oi the Royal Military Academy, Woolwich. 
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Outlines dF Natural Philosophy ; being heads of Lecliires 
delivered in the University of Edinburgh. By John Playfair, 
F. R. S. L. and £• Professor of Natural Philosophy in the Uni« 
versity of Edinburgh. 2nd edit 2 vols, 8vp. 

Elements ot Plane and Spherical Trigonometry, by Olinthut 
Gregory, L. L. D. i2nio. 

Elements^ of Plane Gepmetry and Trigonometry, by John 
Leslie, Professor of Mathematics in the University of Edinburgh, 
3rd edit. 8vo. 

Philosophy of Arithmetic ; by John Leslie, 8vo. 

A Treatise on Spherics, by D« Cresswell, M. A. Fellow of 
Trinity College, Cambridge, 8vo. 

An Introduction to the method of Increments, by Peter 
Nicholson. 

The Mathematical Questions proposed in the Gentleman's 
Diary, and their original Answers from its commencement in the 
year 1741 to 1800 inclusive, 3 vols. i2mo. 

The Mathematical Questions proposed in the Ladies' Diary, 
and their original Answers, together with some new Solutions^ 
from its commencement in the year 1704 to 1816, .by Thomas 
Leybourn, of the Royal Military College, 4 vols. 8vo. 

Davis and Dixon's Catalogue of Scientific Books.part t,coi^ 
taining the folio and quarto sizes. 

VIII. Foreign Books. 

KAATAIOY nTOAEMAIOT MA^HEMATIKE 2YN* 
TA212 (Composition Math^matique de Claude Ptolemce), 
traduite, pour la premiire fois, du grec en francais, sur les manu« 
scrits originaux de la Bibllotheque imp^riale de Paris ; par M* 
Halma: et suivie dcs notes de M.Delambrc, tome premier, i vol, 
in 4to. 550 pages*. 

Oeuvresd'£uclide,en grec, latin et franfais, d'apres unmanu- 
sci:it tres-ancien, qui ^tait rcste inconnujusq* a nos jours; par 
F. Peyrard, Tome i et 11, 410. 

Theorie analytiqiie des probability; par M. le comte La 

Place, and edit. 4to. 600 pages. v ^ 

^ote, A supplement has lieeii since published. 

Essai Philosophique sur les probabiltfes ; par M. La Place, 
8vo. soo pages. ' 410. 100 pages. 

• Exercices de calcul integral ; sur divers ordi'es de Transcen^ 
dantes et sur les Quadratures, 3 vols. 410 ; par A. M. Legendre. 

Supplement a TEssaisur lathtorie des nombres; and. edition; 

par Legendre. 

Histoire de I'Astronomie Ancienne, par Delambre, 2 vol. 4to* 
Trait6 complet d'astronomie th6orique et pratique ; par M* 

Delambre ; Trois gros volumes, 4to. 
Abrtgfe dtt memc Ouvrage ; 8vo. 700 pages, 



Traltfe du Calcul JiffSfentiel ct Integral, 2nd edit, tome i ct 
1 1, in 4to. par S. F. La Croix. 

Trait^ ^letnentaire du calcal des probability; par S* F. La 
Croix, 8vo. 300 pages. 

Traitfc de Physique experimentale et tnathematique ; par J. 
B. Biot, 4 vol. 8vo. 0400 pages. 

Deveioppemens de G^ometrie, avep des applications a la 
Itabilite des vai^seaux, anx debiais et rembkis, aux d^filemens^ 
&c. ; par Ch. Dupin, 4to. 400 pa^es. 

PhysiijueMtcanique; parE.G. Fischer,tradnite de Pallemand, 
avec des nbtes de M. Biot, 8vo« joo pages. 

Principes de Matb^matiques de feu Joseph Anastase du Cunha, 
professeur'a I'universite de Coimbre, traduits lict^ralemem du 
portugais; par J. M. d'Abreu ; nouvelle edition, 8vo. goo pages. 

Elemens d^Mecanique, par J. L. Boucharlat^ 8vo. 350 pageg, 

Elemens de calcul diffcrentiel et de calcul integral 5 par J. Lr. 
Boucharlei, 8vo. 250 pages. 

Reflexions sur la m^taphysique du calcul infihitesimal, find 
edit, in 8vo. par Carnot. 

Nouvelles Tables d'aberration et de nutation, pour quatorze 
^ cent quatre etoilles ; avec une table generate d'aberration pour 
)es Planetes et les Com^tes, &c. par le Baron de Zach. 

L'attraction des montagnes et ses effecs sur les fils a plomb ou 
«ur leg niveaux des instrumens d'astronomie ; par le Baron de 
Zach, 2 vol. 8vo. 

M^moire de M. le Baron de Zach, «ur le degrfe du m^ridien 
mesure en Piemont, par 1^ P. BeccariSi, 4to.' 

M^moire sur diverses integrales definies ; par M. G. Bidonct; 
4to. 120 pages. 

Memoire sur les lAt^gralevd^Bnies; par M. Plana; 4t£>. 4^ 
page^. Cet interessant kn^iBotre forme un utile compi^mem 
aux travanx de M. M. Lagrange^ Legendre, Potssonet Bkione 
sur ie meme sujet. 

M^moire sur divers problemes de probability, lu a Pacad^mie 
de Turin ; par M. Plana, 

M6moire sirr le mouvement de rotation d'un corps solide lii)re, 
amour son centre de masse, par J.J, Fran^ais* 

Memotresur ie cercle qui en touche trois autres sur un plan, 
et sur la sphere qui en touche quatre autres dans Teapace; par 
J. D. .Gergonne, 4to. pp. fio. Turin. 

Theorie de la distance d'un point a un autre, sur la .surface 
J'un solide de revolution ; par M. B. Goudin, 4to. 

Trait^selementairesde calcul dtfferemicl etdte calc]iKnt%gral» 
iJidependans de toutes notions de quantites infinii^simaieaetde 
Jimites ; par M. J. B. E. Du Bourguet, ur vol. 8vo, 
Elefnens de Statique, par J. B. Labey, 8vo* 
Table desdiviseurs pour toirs let nt>mbres^ttroisi6iae-4DiIlsM« 
|)ar J. C. Burckhardt, 4to* 
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Solutions to Questiom proposed rrt Number XIV. 
I. QUESTION 371, *y the Rev. Mr.W. Wood. 

« 

Given to find x and y^ the two equations 
. . 3«' — ^* Si 09 and x^ — y^ -^ 9xy* zz i, 

fiRST Solution, by tke'Rev. Mr^ Vf. Wodir, tkePr^nr^ 

Put' y = 32, X = it; — 5ir, then our two equations beconMi 

zu* + z* — ^wz zz -yfl, w^ + 2' — 6ufzfik> + i) zz ii 

M^ke now 2» -f 2 zzm^ and a;2 :=; ti, then our two last tqjiB^ 
tions Jtiecomc 

^* *— 6» zz ia^ «* — • gmn = i, . 



becomes 



from the first n s; z^* which substituted in the othtr^ if 

o 



}« J — tfim 4" a* r: o. 



m 



^^.JU* 1! 



from which m if known, then n fc - — ^^^ iidso known, anil 

p and # will be the two roots ol th^ quadratic equation tti^^-^iim 
4- n =: o; lastly^ = 32, and x ^ su «-» sj^. 

Secqnd Solution, ^;fA, 

■ 

Givcrn gjt' -^ y* z: «,. and jr^*— >* — 2jcy^ =: J» ' 

Put ^ + y =: j2«, and* ^y = 22 ; then * = u-^z^ saidy vst 

« -N. 2 ; these values being substituted for x and y in the giveii 

equations, they become 

and — fttf^ + 8i<^z + 2tt2* r: *. 

Let the first be muUipIied by »^ and the second subtracted' 
from the product; the result will be ^ 

or 4^ • — aU + b rz 0. 

Find the value of u from this cubic equatioiiv and then the 
value of z may be found from the quadratic 2«*f- 811^^4-^2;^ =1 a. 
Consequently the values of ;r and 7 will then become known. 

VOL. IV. FART I. L 
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II. QUESTION 372, iy B. A. 

Let C be thi; circumference of a circle, d the diameter^ c the 
chord of any arch a ; then 

AaD (c — a) , 

-r^ ; = c, nearly. 

Required the investigation. 

Solution, 6y A. B, ike Proposer. , 

This Theorem is given in the Preface to the Bija Ganita, of 
Hindoo Algebra, translated by £• Strachey, Esq. It seems to 
be derived from the Hindoo method of computing the sines^ 
which we find in a paper by S. Davis, Esq. in the 2nd vol.of the 
Asiatic Researches. Mr. Davis has detailed the process which 
is thus : The quadrant is divided into 24 equal parts of 225^ 
each, and 22c is assumed for the length of its sine (the sine 
of 3** 45') : — ^then 225 divided by 225 gives 1 (the 2d difference) 
yhich taken from 22 j leaves 224 (the 1st difference); and 
884 + 88^ = 449 the sine of twice the arc 3** 45'. Next 449 
divided by 225 gives 2 the integral quotient (the 2d diff.) which 
Subtracted from 224 leaves 222 (the 1st diff.) ; and 222 4- 449 
= 671 the sine of 3 times 3° 45'. Again^ 671 divided by 225 
gives theintegnl quotient 3, which taken from 222 leaves 219 ^ 
and 219 + 671 zz 890' the sine of 4 times 3" ^5'. In this maru 
tter by adding the 1st and 2d integral dinerences^ the ^4 sines 
of the quadrant are completed.^ 



* Profes»>r Leslie in the notes to his Geometrical Analysis gives the followinji; 
.inTei;tigation : *' The successive differences of the sines of the arcs a — b, a, and 
A -4- B, are sin a •— Atn (a -^b), and sin (a 4- &)-«-> sin a $ and consequently the 
differences- between these again, or the second diffierence of the sines, is m ( a4- b) 
•4- An ( a — - b) — 2 «i» A = — - 2 vers h sin a\ The second differences of the pro- 
gressive sines are hence snbtractive, and always proportional to the sines them* 
selves. Wherefore the sines may be deduced from their second differences, by 
reversing the usual process, and recompoundipg their separate elements. Thus 
the sines of a ^- b , and a '-being already known, their second and descending 
difference, as it is thus derived from the sine of a, will combine to form the sue 
ceeding' sine of a + b, which is — 2 vers b sin a + («nA — sin (a — b)} -<- 
sin a/*— -^ow the diameter being 6876, and taking 225 for the chotd of 225', 

2 y 225* 
we have — ^»^^ =s 14*7 nearly =: twice the versed une, this is = U, of the 
Oo7o 

radius, and is the constant mulUplier of the sine ; but as 225 differs bat little from 
233i the fracjtion ^ is assumed for the multiplier, or225 for the divisor. 
' Mr. Les^e calls this /< an elegant and very ingenious mode of forming the 
approximate sines :^ but his antipathy to the Bramins appears so inveterate, that 
he will not on any account allow them to be the inventors ; yet he is not able te 
discover any author from whom they could have obtained the iafonnation. 
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Arcs. 

3^45' 

7 30 
11 15 

18 45 



&c. 



Sines. 
225 

449 
671 

1105. 



1st diff. 

224 

222 
219 

SIO 



I 



^d diff. 
1 
2 

3 
4 
5 



■ 



Now it appears from the process that each column of dif- 

lerences is a recurring series : 'and that any sihe k fequal to the 

' 6um of all the preceding differences : thus 224 + 222 + 1 + & 

— 449 5 ^24 + 22^ + 2*9 + 1 + 2 + 3 = 671, &c, An<f 

when the table is extended to 24 arcs the sum is 3438 the sine 
of 90° or half the diameter* - . .... 

If that part of the quadrant whose sine is required be denotei 
by n (the quadrant being divided into 24 equal parts) then the 
whole sum of the 24 terms of the two series of differences being 
= xd (D = the diam.) the sum of n terms of the series will be 

o a ; / — — — Ti X 4d nearly, the sine of the arc which ij'ii 
48» + l24 — «)* * ^* 

parts of the quadrant ; and its double or ^-i^ — r ^-ry X D 

40 -f (24 n) 

is the chord of twice that arc. ' 

But if the circumference be denoted by 96 (= C) thto n 

will represent the arc itself, and the expression for the chord 

becomes - 1 . T!^ ^^ ^^ X J) = , > . .,^ — —rj X 



4D :;: 



|c« — n 



tor and denominator by 4 gives 



X 4D ; and multiplying both numera- 

(C — 2«) 2ff 



- X 4D> which 



^C* — (C-^2«)2» 

is the proposed theorem when a is put for the arc 2». 

It may, however, be remarked that the theoreni brings out 
the chords too great when the arcs are small ; and too little when 
they are about ^ of the circumference. 

a 

III. QUESTION 373, tyZ. 

Find wliat condition's must have place among the coefEcienti 
of x^ — px^ -\- qx — r zz o, that the roots may be in harmoni- 
cal progression, and find thos^ roots. « 

L 2 



/ 



V 



f itST Solution* ty Mr* John Wax-lace^ R. Af. CoUtge. 

Let a^ b^che the roots of th« proposed f quaition. Then, by 
the theory of equations, vre have 

a^ b+ c zz pj ab + tfc-+ be zzq^ abc ^ r. 

But since by the conditions of the question a, i, c are in har- 
tnonical progression, so thata:^ :i a-^b : b — c; it is evi« 
dtftt that ab 4- be = sue, and therefore we have 

'.' (ab + be + ac) )^ b zz ^bc^ that is bq =: y ; wherefore 

i - fir 

1 

AgMH, from the equation ab + be z: 2ac, we obtain ^c =? 
cb + be ■{- ac =i q; or ac =: iq. But the equattoxi ab + be :::;, 
ttfl; gives also 

a + b+€ = -j^+b= J — . 

Substituting therefore (ot a + b + c, for ^ and for ae their 
respeaive values, wc obtain 

and thh equation expresses the relation which must subsist among 
the coefficients of the given equatiop, in order that the roots may 
1^ in harmonical progression. 

One of thfe roots of the equation has already been found^ 

namely j = -^ ; and from the equationa a + € :=: p — b =:; 
^ — - ^ and ^ == 1^ we obtain the other two toots, 

Second Solution, ^jr A. 

Let «, V and w be the roots required. 
By the nature of harmonical p-ogression, 

u I w i: u — V : V -^ TV, 

or uv — uzv zz uw — z;ty . . . . ♦ • « (l) 

tfld by the nature of equations 

u-{' V + w rz p (2) 

W + uw -i- vw := q\... .4, (3) 

uvzo z: r ,...,«.•.. (4) 
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Fxom thes« equation* we have to ietermine Uie valnet oC n^ 
'V 4pd IV ; aa4 the relation between the coefficiemt ^^ q and r« 

From equation (i), {u + tv)v =: •», 
and from equation (3)9 (n -f &^)v :=i q ^ itw. 

Therefore tLum sc f **-»me^ or mi :3 2.; 

3 

and by equation (4) uvw rr r := ^ ; Ifherefere tr r: 2- ^ an^ - 

comequently u + wzz = J—. 

We have now the two equations if st; =1 ^ » and u + vfzz -^^ 
^d from these we immediately find 

These values of u^ v, and w being substituted in equation, (a) 
Wget 

-*- + *- =: d, for the rela^on of the coeffidenta* 
IV* QUESTION 374, *^ Julius. 

^ Exponential equations of the form x' x a» may be divided 
imp three classes, viz. those having only one real root, those 
having two real roots, and those which have no real root ; It it 
rcfqpired to point out the limits ; and, in thx case of two real 
roots, to shew what functions they are of each other ? 

First Solution^ ty JULluif, fke Proposer* 

It is obvious in the first place, that if a> i, the equation canr 
have but one real root, for let x* :=: a^ a being > i ^ then r 
must also be > i^ and 

put this in the form •; . • • . jr x log x rr log a, 

and if possible let aTso x' X log x' = log a, 

where also a/ must, be greater than 1, but this is impossible, f6t 
if ^ > *, then log x' > log x, and consequently the product 
of the two latter cannot be equal to the product of the two 
former, and the same may be shewn to be true, if we suppose 
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ifi <J X. Since then x^ can be neither greater nor less tharr or, 
it tnttfthie. equal to it, that is, the equation can have Init one 
root when-fl is.> i. 

Again, if. we find that, value of x which gives jr« a tiiinimuni, 
we shall have x zz. nat. num. to hyp. log. of — i =: '36288 
which gives a = -6929, therefore when a is less than *6g22 the 
equation has no real'root'; but if ^i be > '6^22 and < 1 ; it will 
have two real roots; the relation of which to each other may be 
iound as follows : 

Let X and rx be the two roots, so that (xr)^z=: ie* ; then x^ X 

1 
— r~f 



tr^ zz X, or XT'^'^ X r*" =: 1, or ;i:' — ^ = — , or x zz 



rr-1 



or jr n r^""**. WhenccAf being first found, rmay be determined, 

r 

also since x and rx ai'e the two roots, and since x zz r^ "^•'^ 



,/ 



>we have rx = r^ •^'' . 



So that the roots are to each other as r^ "*" ^ to r 



r— 1 



SeconI) Solution, by Mr. W. WALtACE, iZ. M. College. 



Let DBF be a logarithmic curve, of which ea is the axis, 
and ab the ordinate that represents unity. In either of the 
angles which this line makes 
Avith the axis describe a rect- 
angle acde. Draw the di- 
agonal EG through the other 
two angles : and if the points 
c and A are on the same side 
6f the curve, this line may 
either pass entirely on one 
side of the curve, or may touch 
it, or may cut it in two points, 
because the curve is concave . 
ail one way : but if c and a are 
on opposite sides, the line will cut the curve in one point only* 
Let us suppose that in the former case the line euts the curve 
in F and F'"; from either of these points draw the ordinate FG^ 
9nd by the nature of the curve. 




ED 



log — : log 



Afi 



ED , AC - 

— orlog -: log 



AC 
GF 






EA : EG; 
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But by similar triangles 

* AC* 

EA : EC :: Ac : gf :: — : i, 

OF J 

VT** (* t AC« AC ACi' 

Tneretore, loff — : loff — - :: — : i, 

^ AB ° GF GF ^ 

J AC , AC , • • AC • 

and — X log ^ — • 3: Joff — 5 

GF ^ GF * AB 

Now AB being zz 1, let Ac = a, and ^ — ^ ^9 the above 

' ' ' ' ' • ■ . ^ 

equation then becomes • - • 

PC X \pgx z:\oga \ . : 

aijd therefore, jf^ = a. 

Hence we have this construction to find jthe value or valueii 
of X in the equation x» = a. 

' !• Make AC = a^ and describe the rectangle acde, so that 
D the angle opposite to a may be on the curve. 

2. Draw the diagonal EC, and produce it, if necessary,* to 
meet the curve in two points f, f^, or one point f. Draw the 
brdinates fg, it'g' (supposing that there are tv^o intersections) 

and the values of x will he x zz — , *' rr - 



fg: f'g^* 



If AC = fl is of such a magnitude that the line EC just touches 
the curve there will be only one solution, and if a be less, the 
problem will be impossible. When ecf irfa tangent^ then za 
will be the subtangent ; this, in every logarithmic curve, is the 
modulus of the system of logarithms; or it. is the^ logarithm of 
€ zz 2y .the radical number in Napier's system. Since, 



CF 



in this case, eg = log ^, and since sdso, E0'=: log — -'=: 



AC 



log , it follows that = €, and x z: — • = ~ and tho 

minhnum value oi a = x* z=i f — ) = — . 

The corresponding value of the ordinate gfis--i=« 7. 

t 
Suppose now a to begin with the value e * , and afterwards 
to increase, the ordinate GF will at first have one value, vix. 



( ss > 



1-1 



« "* "«, and afterwards will have two» one increasing and another 
decreasing ; corresponding to these, x will begin with the single 

value K and then will have two, one decreasing and another in# 
e 

creasing: when a has increased to i, one value of the ordinate 

will be =: AB =: 1 and the other infinitCi ihe corresponding va« 

Ineaof^will be — =: i and -- ;= o. 

Let us now suppose that a increases beyond ab ^ i , then 
there will only be one intersection, and one value of the ordi« 
nate, therefore for every value of a greater than i, x will have 
a single value which will go on increasing continually, to in* 
tnity , as x increases^ as is sufficiently evident froai the iiat«re 
of the function x*. 

V. QUESTION 375. h Mr. Comliffe, R. M. College. 

It is required to find two sueh rational fractions, that the 
cube of either being added to the square of the other, shall make 
the same sum ; and furthermore, that their sum and sum of their 
squares may both be square numbers* 

Soi.UTiON» lyUr. Cunlifie, ikePrapaser^ 
Let the two fractioiis be denoted by ■ ; v and . ■ ; for the 



sum 



of these is» ~^— - — ^ = 4* = a square. And the sum of 

* + y / 

their squares is — j — " ^ , which will evidently be a s^uare^ 

when «* 4- y* is a square. 

Again, by the question, the cube of either of the fractions, 
being added to the square of the other must make the same sum, 

that js 7 — ; — ^ + rr-r-TTt = 7 — 7"^% + 7 — ; — rt» which, 

{x -hyy (X + >(• {x + y]^ (x +;f/ 
easily reduces to a\x* — y*) r: (x + y) (jr*~y*)y whence 

«' = ■ ' ^ ■ i ^ = -ri ^n— 1 1 and therefore x* + 

XT — y^ X* + xy ^y ^ 

;ry + y* muat be a square. 
The question has, tbereforci been reduced to the finding of 
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•ttcb values of x and y as will make ** + ^* and m^ A- xy \ >• 
both rational squares. ) 

In the solution of Question 3339 No. XIV. of the Reposi- 
tory, it has been found that 2415 and 1768 are such' values of x 
and y as will make the expressions x^ + y^ and «* + iT y + y^» 
both rational squares ; whence and from what has been deduced 

^* + *7 + / (3637) ^ ^y 

8415 X 4183 _ 10101945 ^^j a> _ 1768 X 4183 __ 
(3637)* 13227769' ^+jK (3637)' • 

^ ZdVDjy . j^j.g ^^Q fractions that will answer the auestioti* 
13227769 ^ 

VI. QUESTION 376. by Mu Cunlif^«. 

Find the equation of the curve which is the locUs of th^ in* 
tersection of the diagonals of a trapezium whose sidfts are giveil 
in lengthy and one of the aides given byuposition. 

Solution, by Mr. Cunliffe, the Proposer. 

Let ACDB be a trapezium, all the sides of which are given in 
length, and let the side ab be also 
given by position. Draw the diagonals 
AD, BC imersectin| ^ach other in i, 
and draw CG, IL, and DEat right an- 
gles toAB; also draw cf parallel to 
AB, meetitig D£ in f. 

Put AB = a, AC =1 ^, CD =: f, DB 

= rf, A'L n ;r, IL n ^, AG = t^ and 

BE = V. Then CG = •(i»-z*), de z= /(rf' — r'), CF=:CE 

and CP* + df* r: CD*, that is 

Beezuse of the parrallets ti, de : 

LI X AE _ y(a + ») _ .y/ »fc ,*u 
AL : LI ::' ae : ed ar ^-^ r: ^ — -- — -' =: y^ftf" — v j; 

AL X 

Also« because of the paiallels Li« CG; 

LI X BG y{ a -^ z) _ ,,a .. 
BL : LI : : bg : cc z= — ^ ■ > > = ^^^ ^ — vi^ — 4? ). 
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Andhence ^/C^' — 1^')_ v/(i»_2«) = >lf±!L^_.fcil; 

X a — K 

by means of which equation [a) becomes 

Again, from the equation ^^^ ^ ' =.^(^ — .v*)^ we get? 

" = n^+y -^* 

and from the equation ^ ■ = ^(b* — 2*), we ge^ 

ay*— ia — x) )/\b\a—xy — >»(a* — b*) I 

(a — x)^ 4- y* 

jtfid these being written for v and z ,in equation (b) there will 
result an equation in terms of x and y and given quantities, 
which will be. the refuired equation of the locus of i. The 
general equation oi the curve will be complex, as is obvious from 
what has been done. 

When a :=it zz d, then 

^= ^^417-= = ir+T' 

_ fl-/(fl-ap) / j b^la-xY ^y\a^^ b*) \ a Jjy'-(a~*)* \ 

which being written respectively for v and 2 in equation (^), 
we shall obtain an equation of the curve. But even in this case, 
the dimensions of 07 and y, in the resulting equation^ are high and 
complex. 

In the particular case where the opposite sides of the trapezium 
are equal ; that is, when the trapezium is a parallelogram, the 
)ocus of the intersection of the diagonals will be a circle, 
having its centre in the middle of the side which is given by 
position ; and its diameter equal to one of the other two parallel 
sides. . . 

For let ACDB be a parallelogram : the C B 

diagonals Ad, BC bisect each other in i, /\^ 

as is very well known. .Draw im parallel /0-</x 



to AC; then m is the middle of ab, and ^ — 

Ml — |ac ; wherefore the locus of i, will 

be 9 circle whose centre is M^ and radius mi = jAC* 
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Vn, QUESTION 377. 3>3fr. CuNLiFFe. 

^ What k the relation of the diameters of the three circles, pasgi 
mg through the extremities of the sides, and point of intersection 
San 1 ''?'^" " from the angles upon the sides of a plane 

First Solution, ^;^ a Lady, . 

Let ABC be the triangle, d the point of intersection of the perl 
pendiculars from the angles upon the sides, and qeb, cga, mm 
the circles Jpassing ' » 

through D and the ex- 
tremities of the sides. 

Draw the diameters 
t)x, DF,DG, and join 

EB, BF, FA, AG, GC, 
CE*. 

Since dee b in a 
semicircle it is a right 
angle; .for^^he same 
reason dbf is a right 
angle; therefore ebf 
is a straight line : and 
in like manner it may 
be shown that *ge, g'f 
are straight lines. 
Now it is evident that the triangles baJ, bc^ are similar^' for the 
^gles ^ and ^ are^right angles and b is common to both, therefore 
the angle bc<j ig equal to ba6. But bc<? or BCD is equal ta 
BED being m the same segment, for that reason also dab =: 
dfb ; hence dfb = deb and de zz dp. In the same jirgy it 
easily appears that df =: dc, hence we have de = df = dg; 
and thus the ratio of the diameters is that of equality. 

Second Solution, by Mr. Cvi^hif ye, the Proposer^ 

Let ACB be a plane triangle 
circumscribed by a circle;! ae, 
BF, and CD perpendiculars from the 
angles upon the opposite sides: 
These perpendiculars will intersect 
each other in the same point i, as is 
verv well known. 

' Produce cd to meet the circum- 
ference of the circle again in k, and 
joinA.K,jBK. The angle BCD (BCK) 

M 9 





=: BAE^pAi) beiSg bolh complements of abc* AIsd the angle 
BAK (dak) = BCK» as both' angles Stand upon the same arc bk: 
therefore the angle DAI =t the angle da Kr whence B'I zz dk. 
Wherefore the triangle aib is equal and simitar to the triangle 
'Akb ; and therefore the circle circumscribing the triangle Atft* 
will be equal to the circle circumscribing the triangle akb, thait 
is, equal to the circle circumscribing the triangle acb. 

And by prodacingthe perpendiculars bf, a£, till they meet 
the circle again in the points G and h, and drawing a-g,.cc ; BH, 
HC5 we may, in the same manner, exactly, prove, that the triangle^ 
'Aic, Bic are respectively equal to' the triangles agc, and bhc ; 
and consequently, the circles circumscribing these triangles are 
each equal to the circle circumscribing the triangle ACB. 
. Therefore the three circles passing through the extremities of 
the sides, and the point of intersection of the perpendiculars 
f^om the angles upon the sides, of any plane triangle, are 
e^ual to each other, and each equal to the circle circumscribuig 
tiS^ triangle. 



VIII. QUESTION 378, by Mr. CvuLirtz. ^ 

Given the. base, line from the vertical angle to the middle 
of the base, and the Kne bisecting the vertical angle and termi^* 
Hating in the base^ to construct the plane triangle. 

Solution, ty Mr. C\j f^ hit ye, the Proposer. 

Let ACB represent the requited triangle circumscribed by a 
irircle, Efbeinga diameter bisecting the base ab in m; dravr 
XC, editing AB tn D; also draw Mit 
cierpendicular to £C. By the known 
property of the circle dc x dl z: 
DC X (i>n + zn) r: AD X DB 1= 
(AM + MD) X (am — MD) =: AM* — 

M D* ; whence »c X (r>n + e«) + ' 
MD* = AM*. Again, by a well known 
property of triangles, do* -+- md* -(. 
«DC X dh = MC* ; whence 21x3 x 
Dtt' -J- MD* = MC* — PC* ; and the dif- 
ference of the twb preceding results is 

DC X (E« — Dfi) = AM* + CD* — MC% and hcnce b» — Din 
becomes known, because am, mc and CD are all given bv the. 
question. Now let the di£ference of zn and dii be denoted oy l ; 
that is tn — d« = l ; whence zn + Dn = DE=: l+ aon. 
Per similar triangles md ; dh :: Dfi : MD, whence MP* =: 
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Dii :it DB, and tfais Mm written for MBVin the proj^y: 
]>c X D£ + MD^ rf AM, before deduced, that property J>e-i ' 
comes DC ,x DE 4- Dn x Dt,,zz (dC + dh] x de =: am , and 
here again for DE writing its e^ual t + abh, the last expression 
becomes (fic + dh) X (l + 2Dii) = am% which is an ob« 
vious and eaiv case of the determioale section, from whence hn 
may be found; and consequently En = L + fiDTi, is given or 
known : Now on and £ir being known, the right-angled u»« 
angle £Mi> is entirely knowoi Wherefore ha^'ing formed this 
triangle, produce ed till do is equal to the given line bisecting 
the vertical angle ; j<mi ac "MC, and . acb will be the retjuiiM 
triangle, as is evident from the analysis*. . « 

The following property, deduced in the foregoing solution, 
deserves to be noticed : viz. 

ACB is a triangle circumscribed by a circle, ef being a dia- 
meter bisecting we iiase AainM; draw tjie dioid ec, cutting 
AB in B, and draw un perpendicular to £C ; then en x BB. 
= AM% For we have lound (DC + on) X J0£ z:'.Qfi j^ D& 

= AM*. 

IX. QUESTION 379. ty Palaba. 

Given that the distance of the centre of gravity of an area 
from its vertex is an nih part cf the abscissa, to find the distance 
of the centre of ^ravit^ of the soltd geiiQrafted by the. same 
revolving round us axis. 

Solution^ fty Palaba, the Proposer. 
By hypothesis y^ z= ^ -^^/y^i = ^Jy^ 

.•. yxi = -A* + ^ •'• ^y^^ = ^* + y^^ 

••. (n — i) xy :=:/yi •••'^ (n — i)x/ ^[n — t)yxr: yi 
... [n — i) ay = (fl — n)yi .•. xy = ^~^ ^yn 



...fxyy-——^Jyx. 
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3 — « . 

Again ay = ■ ^- • 3(« ••• Jixry^ =: — ZZT'J ^ -' 






X. QUESTION 380, ^)» Palaba. 

-Find the distance from the vertex of the centre of gravity 
of the area of the catenaria without the aid of Iqgaricbms; 

SpLU.TioM, ^^ Pa LAB A, th^Pf9poserL 

The distance required zi -^^v-r. 

In thiscurv^e. JK/ zz ax^ also 2*=: 2ax + i**, •'• «i = <!j.<f '+ ir^j- 
a% , XX XX . a;c 

Now tbe/;^a?* zz^~ — \}x^y. 

But /»»/ = /«.*> =/* . ff* = /da: (s -» ^afxh^ 

i Hiaxy + «*/) = «x — afxy — - /as'/. 

. x*y , a r . axz /• • . . /•«• 
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But fx^} — »*_y — ifyxi^ . u 

.•. 2Afa?x =: x^yi + ^ / — — 



''•f /fytiy «>•• 



^^ a 4 .4 > ^ -^' 

Also ffi zz xy — /xy zz xy-^az + ay 

Jyx * ay — tf2 + i»> '' 

x^-a , a aP2+ a(z»^y) " 
2 4 •;v7 — «(«—>)• 

XL QUESTION 381, ^j^ Palaba. 

The equation to the lemniscata beipg fa?* + y*)* rr «'— ^ ; 
find its area contained between the values of x =1 o and 1= i. 

First Solution, by a Lady. 

Let CPA be the lemniscata, c its centre, CA its semi-axis, 
and PB an ordinate : then cb = 
X, PB = y; join cp and put r 
for the variable radius cp, unity 
for the semi-axis ca, then the 
equation (a?* + y*)* = a** — y* 
becomes r* z: j/(x* — y*). Put 
(p for the variable angle pca, 
Chen because x ziz r cos ^, y =:: r sin ^, the equation to the 
lemniscata becomes r = ^(cos* (p — sin* $). Now dr tac 

— f t^ ^y s'" 9 j^jjj ^^ ;_. ^y. cos ^ — rd(p sin ^, and by 
-/(cos' 9 — sm*(p) T .T> / 

substituting in the latter for r and dr we find 

• / J • w * • *>^\ 2//(p COS2 ® sin 9 

^/a? = — dp smO v^rcos*(p — sm*(p} ^/7 a^ • aix » 

and in the same mantier the equation y = r sin 9 becomes 
y = sin (p ^(^93* ?> — sin* 9). Hence, if we sabstitute these va- 
lues of y and dx infydx^ which is the general expression fos 
areas, we have 
' fydx = fd(f sill* (p — a/^|> sin* f cos* f • 
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But it 18 evident that 

Jd^ %\vl p =y"(rf<p sin ^) stn^^ 

5c — coi(p sin^ (p + g/ip cos* ^ gin«^* 
Therefore we have 

fydx =r c ^- cos (p sin' ^. 
Now since «* |-y* = r* and «'— y* szr*, it is evident that 

cos ^ =:— = V — and sm ^ =: ^ sc: t/ « — ^ 

^ r ^ ^ r ^ 2 

Hencct by substitution, we find 

area z=:/ydx = c — J (i — r*) \/{i — r*). 

When xzrzOf we have also r = o, and therefoce 

area =» c — J ; 
when X rr AC =17 ~ 1 , then angle 9 vanishes and r becomes equal ' 
to AC or 1 ; hence we have 

area = c — o# 
Taking therefore the integral between the proposed limitg 
^z=: oandx=.i, we find the area of half one of the oviatU 
equal to |. 

Second Solution, ^;^ Palaba» the Propaser. 
Assume ap* + y * := w* ••. a?* — y* =. 0* 

© = — J 

.*. Area=: \ — V— — ^-— ^ =: J, when ;r = !• 

Hence it appears that the area of both ovals equals the square 
described on^ the semi-axis of the equilateral hyperbola. 

XIL QUESTION 38a, by Palaba. 

Determine that point fn a curve whose equation is a**" ^ == y* 
to which a line must be drawn from the vertex makitfg the 
greatest angle with. the curve. 
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First Solution, ty a Lady. 

Let APc be the curve, a the vertex, ab the line of x'$ 
whose origin is at A, and 
PD that of the y's. From 
p draw the tangent pt to 
meet the axis ab produced 
in T, Join ap. The angle 
APT must be a maximum. 

Let the angle pad ~ m 
and PTD = p, theti pad — 
PTD =: TPA i^ m — p; 

«i.^«»r ^\ tan m — tan ^ 
ineretore tan tpa r= i—. 

1 + tan m tan p 
But tan 7» = — ^ =z ^ and tan p z=, -^^ and by substituting 

these, we have tan tpa = ^ ^ — i?. Now v* = a**^^ 9 

xdx + ydy 

being the equation of the curve, we find x = ^ - and the = 

ny'^^ dy . ^ 
-^ T^ , therefore 

a 



V ;a"-* «"-^ . - 

un TPA = ■ ._ / — jr- ■= a toakimuBi. 



_ («- i)t»-^ y"-^ _ 



in— 2 , 2«— 2 

ny -ha 



By taking the differential of this expression, and reducing, 
we obtain 

_ 2n — 2 2« — 2 Zn-^i a 

ny — a =: o, or y = . 

n 

Consequently, y = j — , and x = — ^ . 

Let « = 2, then y* =: a.T, the equation to the common para- 
bola, and y =: -~— -, a? =: -. In this case x iz i the pa* 
rameter. 

Second Solution, iy Palaba, the Proposer. 

Let F be the required point, tt> which ax>, dp are th« co- 
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ordinates. By trigonometry, 

TD (y) : DT^J^j :; 1 : tan Z. tpd z= ?; 
Similarly^ tan Z. apd zr — . 

Therefore tan Z. tpa = ^ — r-^ = a max. 

. X X 
1 + T ♦ - 

y y 

Now .-. a'^-'^x = y" ... ? = ''^[^^ ; 



• • 







«y-» y«-» 


max. 












=: max# 






. „/— «H_/— 8 


• 




y"-l 


=z min* 


••• n [n 


— 




2. 

J! =o. 


ny"'- 


-8 


~ a^"-* = o. .-. y = - 


a 


1 - 



ll(2»-2) 

XIIL QUESTION 383, ^>r Palaba. 

Two cylinders of equal diameters and altitudes open at the 
top^ are filled with water, and one of them is placed upon the 
other. A small orifice being made in the base of each, it is 
required to ascertain the time in which the lower cylinder will 
be completely emptied. 

Solution, ^/Palaba, the Proposer. 

Let r = radius of the base, h = altitude, a =: area of orifice, 
X and z zz altitudes of the surfaces of the fluid in the lower 
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and upper cylinderg, when the time, t. is elapsed; g = gflf feet. 
Then the velocity at the orifice being that due to half the depth, 
^^{g^) ^^idy/igz) are the quantities respectively discharge^ 

per second through the two orifices, .% ay/g . ( \/x — y/z) . / = 
quantity by which the surface in the lower cylinder descends in 
the time [t] ; 



• • • vr* * 



•••«\/g^.(\^Ar— i/^) . t = — vr*x .'. /= .— , 

a^/g y<z'' v^x^Vz " ^z • • ^ "^ "* "^ 

Assume 0^ =z vz .•. x = t/z + zu .•. by substitution 
r* .(r/2 + zv) zz v^z^i — z*z r.vi -^ zv =z v^i — i 

.\{v—^v+i]z\-zv=zo.\^ + ^— — izo; letv— t = v 

.'. r; — v^t/ 4- 1 =; y* 4- i and i =: 2y (y + |) 

•"• T + -J^l-^ + .-I^XT =<^ ••• ^^ + L{y'+i)+ 4r • Arc, rad. 



y' + l • y'+i ^" '*'* A/3 



sy 
1, tan — - zz const. 

v/3 



ox i,z + h[v — ^/v+i)zz y- . Arc, rad 1 . tan •(i/*— |)z=C 

orLjA:-v^U2) + zJ+-^.Arc.tan-^J(^) _i| = c 



and lA + . Arc 30® =: c 

V3 






v^3^ /3 

= 0; 

let z=o, .•. Ll t]+ -7-. Arc6o®z:o; assume -y- •Arceo'^zsa, 

+ 28 = .\ X zz km e^^ when the upper cylin-i 
der is empty. 



*•• ^ (I) 



2«'r* 



Now the time of emptying a cylinder, (rad =:r) = >v/alt* 

.% The whole time required z= —— 1/ -- * ^1 +«""*)• 



N 2 
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XIV. QUESTION 384, by Palaba. 

Find the equation of the curve of which this is the property ; 
if from a fixed point in the axis a perpendicular be drawn to it, 
and produced to meet a tangent to any point in the curve, the 
length of this perpendicular and tangent together, shall be double 
the length of the curve between the vertex and the point frona 
which the tangent was drawn* 

First Solution, ^/Pai^aba, the Prg^ser. 

Constructing the figure, let 
BA = a, «c =; Xt CF = yt AF 

=r 2 ; then 30 zz ^ — x; 

y 
therefore, from similar triangle$, * 

xy 
BT = y f. 

Again, from sin3. AS, ^ : a? ::-.-: PT = --• 

■ y y ^ 

.*. y — --^— -i — r- = 22; ; take fluxions making x constant, 

XX ^ 

• • •» •••• " 

XV , , , ^7 • xy xz • T> ^ • .^ / / ** t T.9\ 
»•• — — 1-2 t--r =2« ••• r-4- — =:2. But2;r: \r{x +7"] 

5C X XX 

• • • ■ 

orL,a;+L.(i4 7-; ) = c: now — = -j- 3: 

tkn Z. opc ^ o, when x zz a, .•. l . ^ + L . 2 = c .% c zr 
L • 2^^« 



••. J-.a?+L. (J + 



»*— ^— " ^ !■ 



I = L . 2<Z .*• 1 -1 rr — z; 



— jina — y^" ** 



2a^x 1 



0? 



i*' 



«.a(» — x\* 



{ lot ) 



1 4a. fa? — a) 



• •(ar — «)• 

.% y zr . . • (4* — jp) . v^fjc — n), which wants na cor- 
8 v<» 

rection* 

Sbcond Solution* by Mr. W. Wall ace^ R. M. CoUegtm 

Let BPC be the curve, b a point in which it meets the axif« 
A the fixed or given 
point intheaxisy af 
the perpendicular, 
and PD a tangent at 
any point p, meeting 
the perpendicular in 
D. Let PQ be any 
ordinate, and dh a 
perpendicular from 
D to PQ. 

Put AB = a, BQ zr jf, PQ = y, arch bp =z z. 
By the theory of curves, 

dx : Jy :: dh = ^ + ;c : ph; also dx \ dz :: dh : dp. 
Hence ph = ^(«+ap),PD zz ^^ (tf+;ip), adzt^-- :^ («+«). 



L 
F 

K 




2Z» 



■)■ 



Now, by the question, pd + ad = 22; therefore 

^ +<"+"(! -I) 

Put^z: -7? and q -=: -j-; and because -t- = \/(i -\ — - 

therefore q zz \/(i + ^*) ; the letters ^ and q being now &ub/« 
stiiuted in the foregoing equation, it becomes 

y -^ (a ^ x){q —p) = az (a) 

Hence, taking the fluxions, we get, 

dy ■\- [a -{' x) (dq — dp) + (q ^ p) dx zz 2dz. 

In this equation, substttuie pdx for dy and qdx for dz^ then, 
aftiCr reduction, it becomes, 

(a f x){dq — dp) =: qdx; 

.. dx dq dp dq dp 

and hence, — ? — = -*-■— -^ =^ -^ — -r? — ; ^^r » 



a -{- X zrz ^— : 7^ r— ax» 
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This equation by integration gives 
log(a+ x) = log v'(i-h/'*} — log I p^\^(i+p*)\ +logc; 

and hence a + ^ = ~^i^^^^^ (b). 

To determine the value of the arbitrary quantity c^ we mu^t 
recur to equation (a)^ and observing that x^ y and 2 begin to* 
gether, it there appears that when x^ and consequently y and z 
are each iz. o, then a{q — ^) = o, or ^ = y^(i + />*) zz p^ 
Iience> 1 4- /?* = />', which snews^ that when x =: o, then p it 

c if c ' 

infinite : and in this case, equation (b) becomes a zz -^ = — ; 
bence c zz 2a, and the adjusted equation is 

from which — = i~5 — ^/"^^ , 

From this equation, there results 

p a — X 

V(^ +/) a + x' 

tni hence again,. 

a — X 

^ 2 j/(ax} 

and since jft = ~ therefore 
^ ax 

_ dx{a — x) _ j^ iajx . 

^ 2 >v/(<»a?) 2v^fl ^ ^X 

iknd taking the fluents, so that x and y may begin together^ we 

find 

tad, after proper reduction, 

gay^ =z x (3a — x)\ 

This is the equation of the curve, which appears to be a 
parabolic line of the third order, the 68th species according to 
Newton. 

, To investigate a geometrical construction for any point in the 
curve, let us take bc it 3BA zz 3a, then CQ zz ^a — x, and th« 
equation of the curve gives 

3BC X FQ* =: BQ X QC*. 
Draw cp, producing it to meet bl a perpendicular to bc in 
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K. and draw ki perpendicular to CK, meeting ab in i ; thcn» 
by similar triangles and the property of a right-angled triangle, 

CQ* : QP* : : ck* : ki* : : cb : bi. 
But, by the equation of the curve, 

CQ* : QP* : : 330 : bq : : bc : -f bq, 
therefore bq =: 381, also cq = 3AI. This property indicates 
an easy method of finding the point in which any ordinate P(j 
meets the curve, namely, by taking bi zr |bq, and describing 
a circle on ic as a diameter, to meet bl in k ; a straight line 
drawn from c to K will manifestly pass through p the top of 
the ordinate. 

Wc have found that dy = ^^(^ — ^\ 
hence Jz = ^(dx^ + dy') = ^J^I±±±\ 

and dy + dz:=i . . , therefore taking the fluents 

y + z =z 2 y/[ax). 
This formula indicates an elegant property of the curve. 

XV. QUESTION ^85, by Palaba. 

« 
If the sine of incidence : sine of refraction :: 1 : », rand 
r^ the radii of the surfaces, and /, its thickness, the distance 
(/)of the principal focus from the focal centre may be ac^ 
curately determined from this expression, 

1 t—n it , 1 1 — n 1 

Required the investigation. 

Solution, by Paj^aba, the Proposer. 

Let ab be the lens whose axis is rR and centre e, R and r the 
centres of its surfaces^ MS, qa, pn a pencil of parallel rays inci- 
dent upon it, of which <;iabq passes through the centre ; m and n 
the focal centres, also let pn be that ray which is incident perpen- 
dicularly on surface a. Take n V : RV : : 1 : w, and v is the 
focus after the first refraction. Join vr meeting the surface a, 
in 8 and the line hq in G, then g is the focus of emergent rays 
(see Wood's Optics, 3rd Ed.). Then, trom similar triangles, 
Rr : R V. : : nr ; no the distance of the principal focus from 
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the focal centre* Then .•. nv : rv :: x : «, r : rv : : t — n 

nr 
: n ••• RV = 



I — » 



, and from ist proper, r '\- r' *^t in • 



now £B = ^ (Wood's Opticg) ••. Er =: r^ — eb z: r^— 

- ^ = p • (r + r' ~ /)• Also, if t^ in the figure be 

the principal focus of parallel rays after the first refraction and 
incident on surface b, e/ : Er : : eb : E« (Wood's Optics), or 
/B •— £B : £B : : Er : E« .% /b — EB : /b : : Er : e« + Er, 

: En 4- Er = --^ — ; — ; rr • r^ .•. no (/) zz • 



that is. 



Tf 



■MM^ribi*^ 



Cor. If ab be a sphere, e is it$ centre, and m and ;i co-a 



n 



incide with it, and r ri: r' — -^ ** -^ ^ -" — 

Si J n 

C ss (i-^ n)2> _ 1 •^— « fin (I'r-wH -, 
V — .»■ >• — ■ . — - — ■ •'•/ ^ 



2ti-ll) 
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«rhich is the expression usually deduced fat the focal lengtli 
of a sphere. 

XVI. QUESTION 386. 6y PalAba. 

• 

A prisrnatic vessel, of given dimensions, with its sides vertical, 
is filfed wkh^ vfater; there ate twc^ giver* and ^qual orifices, ooe 
at the bottom, the other bisecting the altitude ; required the time 
of emptying the upper half, supposing both orifices to be opened 
at the same instant ? 

Solution, 3y Palaba, the Proposer. 

Let A = the serai-altitude of the vessel, x =: the altitude of 
the surface from the middle orifice when the time, /, is elapsed, 
tf = area of orifice, r = radius of the bwe, g = ^^ feet. 
Then ay^g . ^/x and a^g . •(* + x) are qtiantiiici re$pec« 
tively discharged per second through the middle and bottom 
iorifices : 



.•./ = — 









I I II 1 









2'ffr 



••. The time required =: 5 — .y^ ^ . (y/'a — !)• 

XVII. QUESTION 387, h Paia^a. 

TB,. BC are the subtangent and ordinate of a curve whose 
vertex is a, and the tangent of the angle tca is to the tangent 
of the angle acb in a given ratio. What is the nature of the 
curve ? 

VOJL. IV. PAET I* O • 



Solution, /jr Palaba, the Proposer. 
Assume ab = x, bc r=; y .% <bt zz ^ and y 

TCB = . ; similarly tan acb= -- ••• tan tca = 
Trom the nature of the question 





1 Man 
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y 
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X 

"" y 



% 



0? 



X 



y y 
yy*-ay 
** + yy 



X y 



••. 



a? 
ny 




.«• 



or wy'x — nxyy = a*i + (ry^, 

-1 • -.2 • 



or «y*x z: x*x + (n -f i) «?>'• 
Assume y = t/x .'. yzzvx + xv ^. hy substitution 
«i?V:i =ra?'i + (« + !). fx' . (»A + xv) 
Or nv^x'=zx + (« + i) (r;*x + xvv) 
••• i + w*x + (n + i) xvv = o, or x(i + i/') + (« + i) xo» = O 









X 



1 + V" 

n+1 

2 _ 



8 
«+ 1 



or L« . (I + V*) ^ = Lc.% a? . (i + »•) ^ =s c 

3 2 



« — 



.*. 1 + t;» = 






2 



X' 



X 



*+ 1 



X 



,n +T 



2n 



•% y :^ c ^ X •-* a? n (ex / — " * • 

If n = 1 , the curve is a circle, which we know to be the case 
from the principles of geometry, 

XVIII. QUESTION 388, by Mr. T. S. Evans. 

The most expeditious method of determining the latitude 
•appears to be» by observing a number of altitudes near the 
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meridian, with a repeating circle : and the following simple 
formula reduces them with great facility to the nieridian altitude ; 



$in zs = versin p X 



sin FS sin pz 



8in zs 
Required its investigation ? 

Solution, iy L. 

Let ss^ be the parallel of declination; then, zs^ is the me* 
ridional zenith distance, and is equal to the difference between 
PZ and PS. 

Ry spherical trigonometry (Simpson's Trig. p. 27.) 

__ 2 sin |(zs f z^s^) sin j(z8— zsQ 



ver sm p 



sm PS sin Fz 

versin p x sin ps sin PZ 



therefore 2sin4(zs— zsO=: - — , /v 

\ . sm -i^zs \ zs ) 

But jthe observations being made when the object is 
near the meridian, the difference of the zenith distances 
zs and zs^ must necessarily be small ; therefore, instead 
of 2 sin |(zs — zs^) we may put sin (zs — zsO» and 
instead ofsin^(zs -h zsO the sine of zs; the above 
expression will then become 

. - - / ' ver sin p X sin PS sin pz ?_• 1 • t r 

sin (zs — zs ) = : , wtiich is the for- 

^ sm zs 

mula in the q-uestion ; or the sines of small arcs being nearly 
equal to the arcs themselves, we may, instead of the ajbove, takt 

, ver sin F x $in PS sin piip 

zs — zs' = . -• 

sinzs 



XIX. QUESTION 389, 6y G. V. 
Let a be an arc of a circle of which the radius is unity, theii 

237 — cos a + 124 COS |a ^ 

Required the proof ? 

Solution, by Mr. W. Wallace, J?. M. College, 

Let t denote the tangent of an arc a, t^ the tangept of its 

half, t^ the tangent of its fourth and in general /„ the tangent 

of its 2''th paru 

o 2 
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B7 die ikeory of tines 

1^ _ 1 /, 

When ^i is small, the terms -X-, -^ are smaU in respect of 
the others, and then 

Multiply the sides of the first of these equations by 4 and 
tlie secona by 3 and add the results, we then have 

8 + 4^* _ 3 + 4^ * _ ^4 . 

— ? "1^)*' T6' 

similarly, 

a±il*! - 3 + 4^* _ L4_ 

(4^J* (8/3> 16'* 

tad so on indefinitiely. Therefore adding the corresponding 
sides of these equations and rejecting what is common to the 
two sums, we get 

Suppose now n indefinitely great ; in this case t^ zz o, 2"/. <= 
rz 2" tan ^ = a, and the sum of the series, which will now con* 

sist of ah infinite number of terms, is -^, we have then 

5 



a + 4^ ^3 _ £4 

i' ~ A*" 15' 

and ^, = 2+ii:+ ii. 
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* 

Now /• zz tan' A = — , therefore 

1 + cos 2A 

g 4- 4^^ 7+6 cos 2 A. — cos* g a. 

/* "" 1 — 2 cos 2 A -V- COS* 2A ' 

Hence, and by substituting : — ~ for cos* 2 A, we have 

3 13-*- cos 4A + 12 cos 2 A 14 

A* 3-i-cos4A — 4 cos 2 A 15 

237 — COS 4 A 4- 124 cos 2 A 
15(3 -h cos 4 A — 4 cos 2 A) * 
and A* = 45( 8 ^ cos 4A — 4 cos 2 a) 

237 — cos 4A + 124CUS 2A* 

Now put - for A, and we at last get 

^ "^ 237 — costf + 124 cosfa 
which is the formula to be investigated. 

XX. PRIZE QUESTION 390, by M. G e. 

Three circles being given on the same plane ; if two exterior 
tangents, be drawn to one of them and each of the other two,, 
the line joining the intersections of the chords of contact will 
meet the first circle in two points, which are the points of con- 
tact of this circle with two other circles, one of which touches 
the three given circles externally, and the other internally. 
Required the demonstration ? ' / 

Solution, by Mr. Lowry, R. M. ColUgt. 

Let A, B and c be the centres of the three circles given by 
posuion, and. let these letters also represent the circles them* 
selves. Let two tangents be drawn externally to the circles A 
and B to meet in z, and two others to the circles a and c to 
meet in f : Let rs and rs be the chords of contact of the first 
two, MM and mn those of the latter ; Let rs and mn intersect in 
p, and rs and mn in Q9 and let pq be drawn to meet the circle a 
in o and o' : The proposition affirms, that o is the point of con- 
tact of the circle a with another circle which is touched ex- 
ternally by the three circles a, b and c ; and that o^ is the point 
of contact of the circle a with another circle which is touched 



' \ 
t 
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internally by the three circles A, b and c. The fact ii, that 
if OB and of be drawn to meet the circles B and c in D and H 
respectively, the circle described t|;irough the three points o, d 




and H will be touched at once, e^s^ternally, by the three circles 
A, B and c in these points: or if o^e and o^'f be drawn to meet 
the circles b and c in D'' and h^ the circle described through 
the three points o^, D^ and h' will be touched internally by the 
three circles a, b and c in these points. 

To prove this, let oe meet the circles a and b again in'w and 
d, and rj in t; ; also let of meet a and c in v and A, and mn in 
TV. Draw da parallel to ov and hb to ow and join ^zd, h^ and 
DH. It is a well known property of the point e that any 
Straight line drawn from it to meet the circles b and a, cuts oflF 
similar segments from these circles; therefore the segment daD 
is similar to the segment ovw ; wherefore the angle daD is 
equal to the angle ovw ; and adD is equal to vow because ad 
is parallel to vo, therefore aDd is equal to vwo and conse- 
quently aD is parallel to vw. 

In the same manner it may be proved that Hi is parallel to 
vw, because fv cuts off similar segments from the circles 
c and A. All therefore that is now necessary to be provejJ 
is^ that DH is on the same straight line with aD and h6; for 
the lines vw, ad and Ab will then be parallel to DH, oh and 
OD, the lines which join the points of contact, and conse- 
quently a circle described through o*, d and H will touch in these 
points the three circles a, b and G, Let two tangents be drawn 
to the circles b and c to meet in G ; then it is a well known pror 
pefty that the three points £, F and o are in a straight line, and 
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dial BC if produced will pass through G. Draw the radii b^, 
Ba, cA and ch« Because of the similar segments </aD, ovw; 
hbH. and owv, hd and ck are each parallel to the radius oa ; 
consequently Bd is parallel to ch. 

But Gc : GB : : rad. c : rad. b :: c^ : Bd; 

wherefore the points ^/, h and G are in a straight line« In the 
same manner it may be proved that the points a, h and G, are 
in a straight line, because as is parallel to hc, each being pa* 
rallel to the radius VA. Join ik and vw^ and let the latterbe 
produced to meet ad in x. Because VQ is parallel to fk and WQ, 
to IF, we have^ by similar triangles, 

. »o : OQ :: ok : OP, 
OQ : oa; :: Op : oi ; 
therefore vo : ow :: OK : oi. 

mo is therefore parallel to ik, and consequently ii^ and ov are 
similarly divided in the points x and i, and uh is also divided in 
the same manner in a;, because vi : oi :: Hw : zvk; 

wherefore ax : xd :: nw : wA 
therefore the points z/, zv and g are in a straight, line because it 
has been proved already that d, A and G are in a straight line. 
Again let dz be drawn parallel to of, meeting vw in^, dA in 
L, and EF in z, and produce ad to meet ef in x. Because ax 
is parallel to vf and similarly divided, ao? : xd :: ax : dx 
(:: HF : Af) ; and by the property of tangents, de is harmoni- 
cally divided in the points £, d^ a and d, therefore dz, which 
meets the straight lines z/G, do and £G, is also harmonically 
divided, that is, . 

Di : ih :: dz : i#z; 
and it has been shewn above, that 

ax : xd :: ax : dx^ 
9Uid by parallel lines 

Al : J.Z :: xd I dx; 
therefore dA : dz :: ax : ax [:: U¥ : hw) ; 

wherefore, because to and XG are straight lines, the' points 
a, D, H, G are also in a straight line; consequently dh is paraU 
lei to vw. 

In the same manner it may be proved that a circle described ^ 
through the points o', d% h^ will touch the three given circles.* 

Cor. When one of the circles as c vanishes to a point, the 
proposition in the question is still true : For if cg be drawn 
parallel to the chord mn to meet the chord rs in q, the line P(j 
will pass through o, and a circle described through the points 
o, d, c will touch the circles in o and d; or if described 
through o', D^ and c will touch them in o^ and d^ Likewise 
if two of the circles as b and c be diminished to points, and 
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B<2 and CQ be drawn parallel to the; choirds uk and vw (the 
points E and f thea coalesctisg with b and c) the line p<2 
vill cut the circle in o and &, acid a circle described through 
the points B and c and either af the points o^ will touch the 
circle in that point. The demonstrations for these tWo parti- ^ 
cular cases are included in the general one* 

S£C0NO SoLUTioH. Takmk Jr^m the Annaltsi das 

Maihern^tiqms^ 

I-et c, c', c^' be the three, given circles, 

c the circle that touches all the three, 
r, r', r^^ the radii of the given circle»» 

R the radius of the touching circle, 
'» ^"f t^^ the points of contact,, 

/ f, ') the co-ordinates of the centres of the given. 
h hf* A// c circles^ the common origin being the cca- 

^* ^!^ S tie of c^^, .. . . 

A, B the co-ordinates of the centre of the touchiiTg 

circle^ 
X, y the co-ordinates of the point tJ 

To fix our ideas, we shall soppoae all the; contacts to be ex^* 
terior, however, by a proper cba«ige in the ^signa^ the investigafeioii 
will suit every case* 

From the position of the Unes and tfaebjrpotheiis we have jun 
noade^ we get 

** + y*=:r''* (t) 

( A — ^r + (B ^ i)« = (R + rf (2) 

(A_i7+(B-6T= (R -^r"? (3) 

A» + B» =(R +V0* ...(4) 

X A 

— rr ^ and yA z: %x • • ^ .(5)* 

From equations (4»5) we deduce 

and from these again, by equation (i), 

a?(R + rO _ y( R-4-f^0 
A ^ ■ ■ y/ — ;» B -- p — ► 

By subtracting the sides of equations (2, 3) from the corres- 
ponding sides of equation (4) and putting the results under the 
form most convenient for eliminating R, we have 

MA + 2i'B — a^r'^ — J^) (X + r'') = oT* + 4^*~ (r^' — ^A 
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By- •obatkntkig in these the Tahiet of A and b Aey becbdte 
8 ^ax + hy-r" (f"-r)} (r + r") = r" {«* + *•-(/' — rfl 

Hence by eliminating R -f- r" we have 

This i« the equation of a line that cuts the circle c^^ in t&e 
point t^'^ and as it is only of the first degree it is evidently % 
straight line. 

li we had supposed that the circle c had Surrounded the three 
circles c, r^, c^'^the signs of r> f^. t^* tdtitt have be«n etengtsvi 
into the opposite, but the equation of the co«ordinates of if' would 
have been identical with that given above. Hence by the way 
we may infer that the two intersections of the line and the circle 
if^ are the two positions of f^ which correspond to the two C^es 
of the eircles c« c', &' falling entirely without c, and ttaiteXf 
within it. There are eifht cases in all. 

The equation (6) wilTb^ satisfied if we make 

^;c + *y=:/^(r''-r) (7) 

a';v+i'y = r''(r''~0 (8). 

These equations therefore determiile the co-ordinates of a 
point in the straight line e^tpressed by equntion (6)» atnd if re. 
solved, they will give the position of a point in that line. -But 
each may also be regarded as the equation of a Straight lin6 
given by position, and then the two will determine the co* 
ordinates of the point in which they cut each other which f^ill 
also be a point in the line (6). As the equations have exacti/ 
the same form, it is evident that the line expressed by equa« 
tion (7) has the same position in respect to the circles tf\ c ti 
the line expressed by equation f 8) has in respect to the circles 
c"i if^ that IS, each line is determined from the two circles by pre« 
eisely the same construction. 

Equation (6j will also be satisfied, if we assume thai the nn- 
MOeraior of each side is equal to its denominator, this gives 

tf(:c — II) + % — *)=: r(/' — f) ., (9) 

^[x'-af) + h\y ^y) = r'ii^' — r) . . . . . • , .(to). 

These equations determine the position of another point in |he 
straight line expressed by equation (6). They also may be re* 

Sarded as the equations of two iiraight lines whieh ititersect in 
lat point. 

Vou iv. Part i* t 
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If» in equation (7), we cliange x and y into a •** a? and b -^y 
KSpectivelyy and also permute between themselves the two radii 
r, r^\ equation (7) will then become equation \g) ; a* similar 
procesi will change equation (8) into equation (10), hence we ma)^ 
mfer that the straight line (9) is relslted to'the circle c, exactly ^s 
the straight line (7) is to the circle cf\ and that the straight line ( 10] 
is related to C in the very same manner : each of the four lines (7, 
^, 9, 16) will therefore be determined by a like construaion, so 
that we have only to enquire what is the position of some one of 
them, as (7). 

Let xf and y' be the co-ordinates of any point in the circum- 
ference of c'\ their relation is expressed by this equation 

fl'^-if y^ = f^.,. («) 

the equation of a tapgent to the circle at that point is 

x' r''* 

XX + yy'^r"'' ory = ~ -, x + y-, 

and this tangent is indeterminate, since x' and y^ are connected 
pnly by equation (a). If, to determine the tangent,, we sup- 
pose that it touches also the circle r, this condition, (which re- 
quires that a perpendicular drawn from its centre on the tangent 
be equal to the radius) will be expressed by the equation , 

j' y" y' _ ^ ^^ ax' -f b/ ^ r^'- _ 

or, having respect to equation (a) 

axf + by' TZT^'ir^' — r).. (^) 

. By combining the equations' fa, 0) we shall have the co-ordi- 
nates of the point where the tangent common to c and (/' touches 
V% and since equation {«) is of the second degree, it shews that 
there are two such tangents,- and consequently two points of 
contact. 

. But instead of resolving equations («, |3) it will come to the 
same thing and be more convenient if we construct the two 
4ines which they express, and these by their intersections will 
give the points sought ; since then one of these (a) is the equal 
tionof the circle c'\ itself, the other (/S) which isof thefirst degree 
must be that of a straight line which joins the points where the 
circle is touehed by the tangents common to it and the circle 
ci But equations (jS) and (7) are manifestly the same, there* 
fore (7) is the equation of the chord which joins the points in 
which c'^h touched by straight lines which touch also c : hence 
again it follows that (9) is the chord which joins the points iii 
which the circle c is touched by^ the same lines ; and simillrly 
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that (8) and (lo) are the chords of contact with r'^andc/of 
tangents common to the two circles. Recollecting now that the 
point tf' is in a line which passes through the intersections of 
the lines (7, 8), and also through the intersection of the lines 
(9, soj, the truth of the theorem enunciated in the question is 
manifesto . . 
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NOTICES. 



I. OBITUARY. 



Gasparo Mongb. 



This celebrated French Mathematician, who now lives only in his 
writings^ was bom at Beaune» in 174^. He studied in the collie of 
JLyonSf and made such pro6ciency that at the early age of seventeen, he 
taught physics, which he had learnt himself onlv a year before* His skill, 
as a draftsman, led to his being admitted a designer and elt^ve in the 
school of Military Engineers at Mezieres, and it was here that he first 
conceived the id^ of his Descriptive Geometry, a theory of great im- 
portance in every kind of architectural construction^ but which it appears 
was reserved by its author until the institution of the Normal school. It 
being the practice of the engineer officers to conceal carefully from the 
sGrtiilerists the principles of their profession. His scientific labours led to 
his being appointed an Instructor in Mathematics, in aid to Nolle! and 
Bossut, and in the sequel he was made Titular Professor. In 1780 he went 
to Paris, where he was united with Bossut, who was then Titular Pro* 
fessor of a course of Hydrodynamics, instituted at the Louvre by Turgot* 
and here he began to teach Analytic Geometry to La Croix, Gay-ver^ 
non, and others; but he still concealed his (descriptive Geometry, be* 
cause, as he told his pupils, he vras not allowed to reveal this secret. 

In 1783 he succeedea Bezout as examiner in the Marine, and he then 
entirely left the school of M^ieres, where he had been a professor eighteen 
years, at this period he composed a small work on Statics, for the use 
of the officers in that service. The revolution, which called into action 
so much talent, placed him at the head of the Marine as minister, and in 
quitting this office he gave great assistance in the creation of the means 
of defence which his country, assailed on all sides, then required* 

About this time the Normal School was instituted, and here, united 
with La Grange and La Place in the course of mathematical instruction, 
be gave his lessons in Descriptive Geometry. This institution, however, 
had no duration, it was immediately suppiessed, and was succeeded by 
the Central School of Public Labours, called afterwards the Poly technique 
School, in the original conception and afterwards in the* direction of which 
Monge took a distinguished part. 

The limits within which this brief notice must be confined wiU not 
allow a detailed enumeration of all the patriotic and scientific labours 
of this distinguished mathematician, suffice it to say, that by his intimate 
acquaintance with the resources of the arts, and the principles of chcmi- 
cai and mechanical science, he rendered great assistance in the removal 
of the statues and paintings from Italy to Paris (we speak, of course, in 
praise of his ingenuity, without considering whether their removal was 
proper or otherwise). - - "* 

He. afterwards, together with Berthollet, accompanied Bonaparte Into 
Egypty where in tho midst of labours and difficulties arising out of his 
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mtnation, lie faand leirare to eidtivate the abstnet eciences* Her^ 
lie was president of the tnstitute at Cairo* and the generaMn-chief the 
vice-president, a tlxng ver^ remarkable, considering how seldom It i^ 
that, men following t& military profession are disposed to yield preocS 
deoce to the cidtbirators Of science. 

On h» return to Fralioe he resumed his labours in the Folytechnique 
fkliooL The soopression of this institution in the year 1815, was a tei^ 
ribie stroke to the venerable Philosopher, who had considered it as the 
basis of his future fome. His name was soon afterwards erased from the 
list of the members of the Institute, and not replaced when that Institu* 
lion was remodelled, although, from the terms of the Charter^ it appears 
Im^ was entitled to that honour. At last, feeling deeply this inoignity 
ofiered to him in his old age, he died, in December, 1818, at the age 
iof seveptv. 

Notwitlwtaadii^ th^ harshness which the Ftench covemment evinced 
towards this ^penerable IMathematician, his name and character are hdd 
in the highesd estimation bv the numerous pupils he had formed to the 
service «f^is<x>tin/tfy, and lie has found an able eulogist in oneofthem^ 
M. Charles Dupin, who, in an Historical Essay on the Services andSciert' 
t^ IxAoura ofGtupard Moryge, has done honoiur to his feelings, and has 
sbewed flowers on the tomn of bis illustrious preceptor* A number olT 
HKMe who had the advantage of his instrtlction in the Folytechnique 
School, have manifested their gratitude by su)>srribing for a monument 
to perpetuate hb memory, and have requested BerthoUet to superintend 
its erection* 

The following is a list of his works which have been published 
separatciy. 

1. Traits El^mentaire deStatique; 1 vol. in 8^ 1786. 

2. Description de I'art de fabriquer les canons; 1 vol. In 4^, 1794. . 

3. I^e^ons deG^jn^trie descriptive, donates k FEcole Normalcy publidip 
d'abord en feuilles, d'apris les st^nograph^s, 1795. 

l«es m^mes lemons, publi^es en 1 voli iu 4®, 1799. 

4. Feuitles d*^na)yse appliquefe ^la g^m6trie; in 1 vd. in foL 1795. 
The fourth edition (in 4toO contains in addition. La construction de 
FEquation des cordes vibrantes, des developpements sur Tintegratiov 
des equations aux diffftrentieUes partielles, les caracteristiques, &c.j 
1809. 

For a comjplete Ibt of his writings, see DupinH work above mepp 
tioned. 



J1« THE PHiaCiOSOPHICAIi TRANSACTIONS OF THE ROYAi 
BOCICTY OF ItONDOK^ FOR iSl/, AND l8l8. 

The Mathematical Papers contained in the vol* for 1817, arevf-l. Two 
Papers on the parallax of the Fixed Stars ; fiy John Pond, Esq. Astrono- 
mer Royal.-*2. Description of a Thermometrical Barometer for Mea- 
suring Altitudes ; By the fiev.. Francis John Hyde WoUaston. — 3. Observa- 
tions on the Analogy which subsists between the Calculus of Functions 
and other Branches of Analysis; By Charles Babbage, Esq; — 4. Of the 
Constmction of Logarithmic Tables; By Thomas Knight^ £sq.— 5. Two 
seneral propositions on the Method of Differences ; By Thomas Knight, 
£sq.'»6. Note sespecting the Demonstrajtion of the Binomial Theorem 
liUHBt^d in t^ preceding, volame of the Philosophical Transactions ; Bj 
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Tbofnas Kms^.t» !&q.-^7tf Astronomical Obseryation^ and Eicpieiinoeftts 
teoditrg to investigate the local arrangement of the Celestial Bodies in 
spacet an4 to determine the extent and condition of the Mill^y Way ; By 
Sir Wiiltam Herschel, Knt. Guelp« &c. 

The' Mathematical Papers contained in the volume for 1818, are — 
.1. On the great strength given to Ships of War by the application of Di- 
agonal Braces ; By Robert Seppings, iisq. — 2. An account of Eipejimeiats 
for determihuig the length ot the Penduium for vibrating Seconds in the 
.Latitude of l^ndon ; By Capt. Henry Kater. — 3. On the length of the 
French Metre estimated in parts of the English standard; by Captain 
l^ater. — ^An account of Experiments raa^e on the strength of Materials ; 
By George Rennie, jun. Esq. — 5. On Circulating Functions, and on the 
Integration of a Class of Equations of Finite Differences into which they 
enter as Coefficients ; By John F. V^. Herschel, Esq.— 6. On the parallax 
of certain Fixed Stars; By^Dr. Brinkley.,-— 7. On the different methods 
of constructing a Catalogue of Fixed Stars; By J* Pond^ Esq.-* 8. Astro- 
nomical Observations and Experiments selected for tlie purpose of ascer^ 
taining the relative distances of Clusters of Stars, and oC investigating how 
far the power of our telescopes may be expected to reach into space, 
ivhen directed to Ambiguous Celestial Objects; By Sir William Her- 
schel. — 9. Two Papers on Parallax; By J. Pond, £sq.-*-^10. An Abstract 
of the results deduced from the Measurement of an Arc on the Meridian, 
extending from latitude 8° 9' 38"-4, to latitude 18« 3' 23"- 6, N.- By 
Lieut. Col. William Lambton. 



III. ZENITH SECTOR AND REPEATING CIRCLE* 

It has been a question whether the Repeating Circle, so much employed 
in Geodetical and Astronomical Observations by our neighboiirs on the 
Continent, is comparable in point of accuracy with the British instruments 
of the prdinary construction, but which are larger and more carefully di- 
-vided ? An opportunity occurred last year of giving a practical' solution 
to the question. The gentlemen who conduct the Trigonometrical Survey 
of Britain, crossed the Cliannel, and with their Zenith Sector determined 
the latitude of Dunkirk. They were met there by M. Biot and other 
French Mathematicians, who made the same observations with their 
repeating circle. I'hey found, however, a want of agreement in the 
deductions from their observations, for which they could not ac* 
count, until they knew the result found by the British Sector. They 
then discovered that the discrepance was occasioned by a constant error 
in the observations made with the repeating circle. And although/ by a 
skilful choice in the mode of observmg, they produced a compensation 
of errors,* yet the nature of the error and the remedy did not appear a 
thing quite obvious : in less skilful hands the observations might have led 
to ah erroneous result. 



IV. ANNULAR ECLIPSE OF THE SUN, i820. 

Francis Baily, Esq. has circulated a Memoir relative to the Annular 
Eclipse of the Sun, which will happen on Sep. 7, 1820. He says, in the 
beginnino;, that he will be happy to furnish such persons as may send.hioi 
their address, any number of copies they may require, requesting onlj 
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in return, the favour of any communications relative to the EctiDfle 
winch may be considered/autbentic and impQrtaat. . 

This Eclipse will be the greatest that has been seen in this part of the 
world since the year 1764, and, indeed, of all those which wi« tfefim 
happen before tlie year 1847. The'Annular appearance will not beSrm 
in tngUnd, but on the Continent, in any part of that tract which extends 
nearly in a straight line from the north of Westphalia to the south of 
ffaly, the inhabits^its will have an opportunity of beholdinff this lai^ 
phaenomenoH. • ° 

' Tlie Elements of this Eclipse as computed by Mr, Bally froin Bunrk; 
;^ardt's tables of the Moon, and Delambre's tables of the San ate 21 
fOjfoMfs : 

• The ecliptic conjunction will take place on Sep. 7, 1820, at 

l** 51- 37V3 ?. M. apparent time } 

* ^ ^ or > at Greenwich., . 

1 49 26 P. M: mean time 3 

. Antl ^t that time we shall have the 

True longitude of the luminaries '. 5$ 140 47* A(fj 

True latitude of the Moon (north) . 44 3^1! 

Moon^s horary motion' from the Sun *,.. „„ g^ I^Y 

horary motion in latitude (decreasing) .J tJ 42 

horizontal parallax ., .' 5j ^n\ '^ 

. semidiameter .„ ; '[[] j^ -/^ 

Sun's semidiameter ', ' .^ ^4** 

: horizontal parallax *..* ...!'!!! gV 

« — - declination (norUi) .\,,„',[ S 59 
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V, NEW BOOKS. 



Essays on the Combinatorial Analvsis ; by Peter Nicholson 

MathematicalEssays, by the Ute VV, Spence, to which is prefixed » 
Life of the Author ; by J." Gait, Esq. f ** # 

A Treatise on Marine Surveying; by Murdock Mackenzie. Correctcdi 
and repubhshed with a Supplement, by James Horsburgh, F R S Hv* 
drggraphe* to the Hon. East India Company, Svo. pp. ^83 ' • • * > 

The Theory of parallel lines perfected, or the twelfth aiiom of Euclid's 
Elements demonstrated.- By Thomas Exley, A.M. ' 

The principles and application of Imaginary Quantities, Rook II de^ 
ru^d from a particular case of functional projections: Beiug the seJ:ond 
of a series of original tracts on various parts of the MathTmaUcs By 
Uenjamm Gompertz, Esq. 4to. ^' 

The Elements of the Ellipse together with the radii of curvature, &c 
relating to that Curve : and of Centripetal and Centrifugal Forces in n 
hptical Orbits ; to which is added the firstof Dr. Matthew Stewart's TraclL 
By James Adams, 8 vo. «*t» xwcu, 

A Key to Mr. Rejrnard's Geometria Legitiaia. 

Outiine|of a Theory of Algebraical Equations deduced from the Prin- 

SP'ffr^f. ^^r."^^^' a»^ extended to the Fluxional or Differential Calculus. 
py William bpence. ^-uiw*. 



A Grammar of the Elements of Astronomy. By Thomas Squire 
No. 1, of the Edinburgh Philosophical Journal, exhibiting the procrresa 
of discovery in natural Philosophy, Chemistry, Natural liistory, Piacti^ 
Meclianics, &c. &c. to 1;^ continued (jn^rterljr, ^' ^^^-^^^ 



progress 



VL FOREIGN BOOKS. 

Mimoire sur Idft Transcendantes Elliptiques; par M« George Bidone« 
lb 40 de 20 pages, Turin 1»17. 

£i6fnensd'Alg^bre ; par M. Bourdon. In 8to, de 600 pa^es^ k Paris. 

Deuxi^me siippl^nient a la Th^orie Analitique des Probabilit^s ; par M. 
le Marquis de La Place. In 4^ de 48 pages, it Paris. 

Second Supplement de la Gtom^trie Descriptive ; par M. Hachette, k 
Tarn. 

• M^canique Physique ou Traits experimental et raisonn^ du mouvement 
et de r6quiiibre consid^r^s dans les cprps solides ; par Joseph Mollet. la 
8^ de 500 pages, k Avignon. 

Les (Euvres d'Euclide, en Gtec, tn LdUn^ et en Fran^ais, d'apres un 
Manuscrit trH-ancien, qui etait reste ioconnu jusqu'a nos jours ; par F« 
Pevrird. Tome III. 4°. k Paris. 

fiistoire de L'Astronomie du Moyen Age; pte M. Delambre. Paris, 
1B19. 11140. 

Connaissance des Tems 1821. 

De la structpre des Vaisseaux Anglais, consider^e dans ses demiers 

5erfectionnements ; par Charles Dupin> Correspondant de Tlnstxtnt de 
r^ce, &G. 

£iemen8 de G^ometrie ^trcHS dimensions; par M. Hachctte. is S^, 
de 200 pa^es, k Paris. 

Essai Historique sur le Probleme des trois corps, ou Dissertation snr la 
Th^orie du mouvement de la Lune et des Plan^tes^ abstraction foite de 
leur Figure; par Alfred Gautier. In4^ de 300 papes, a Paris. 

Traits de G^ometrie Descriptive ; par M. Fortier. In 8<^. de 100 pages, 
i Paris. 

Fundamenfa Astronomiae pro anno MDCCLV* deducta ex Observa- 
tionibus viri incomparablis James Bradeley in Specula Astronomica 
Crenoviceusi per annos 1750 — 1762, institutis Auctore Frederico Wil- 
lielnio BeiKei, Acad. Berol. atque Petrop. sodali Institut Gallici Corresp. 
Kegiomonti 1818. (Folio). 

. Tabula ad Expedilorem calculum Logarithm! Summae vel dififerentiss 
duarum quantitatum per Logarithmos tantum datarum (Latin and Ger* 
inao). Altonas 1818, 

Prscipuorum inde a Neutono Conatuum Compositionem Virium 
Demonstraodi Resceosio Auctore Carolo Jacobi. Goiting0s> 1818. 
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ARTICLE IV. 

Solutions to Questions proposed in Number XV. 

I. QUESTION 391, by Mr. John Baines, Junr. 

To find two rational fractions, either of which being ad<}ed 
to the square of the other, shall make the same sum ; and also, 
that their di£Ference shall be a biquadrate number. 

Solution, by Master John Mill, London^ 
(Under thirteen years of age.) % 

Let them be x and a* + x. Then x A- {a^ + a?)* = «* 4- 
fl* + jp, or a?* + * + aa* OP + a' = ap* -i- X -4- a*, or £a*x 

+ fl' = «♦, ox X zz — ^^^^^ — . Hence a* + x zz ^ > ■♦ So 

a .a 

that the two numbers are and , where a is any 

a a 

rational fraction. 

li a = - , the numbers are -Z and -^, and if a = --, the 
a 3a 32 3 

number, are |? and 11, &c. 

pi 01 

^ ^ mistake was made in transcribing this question for the press ^ 
but we shall here insert the question as it was sent oy the 
Proposer^ together with his solution. 

Question* To find two rational fractions, either of which being 
added to the square root of the other shall make the same sum ; 
and also, that their difference shall be a biquadrate number. 

a?* ' y? 

Solution. Assume -- — ; — x% and 7 — -f' ■■ » for the two frac- 



lions, then 7—- — r^ + \/ , — ^ — r= =: 7 — ? — r, + 1/ r-; — :« 

X* + a?y 4- y' . 1 ** y* 

= — : — / ,> ^ , the same sum ; also 7-— — -s — ; — 2 — 

= --^must be a biquadrate number ; to effect which, let us 

first make it a square, and its root being made a square will ren- 
der the expression a biquadrate. To do this, put x zz r^ -{- s^^ 

, ;c* — y« r* — ar" j^ + J* 
and> = ^^'^ ''^'^TThmO' = {r^ + ari + .T = 

-3~ ; — ; ) =r a square, its root being ^-r — r — ^ ; 

VL. XV. PAST I. a 
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but the denominator of this expression is a square, therefore it 
only remdim to make the numerator, via&« r^ ^-s*, r: a square, 
which it will be when r i= /* + w*, and s zz 2tu, where / and 
11 may be taken at pleasure* 

£x» suppose / zz ^anda r: i^then r =2 /* + t4* :r 5, 
s n ^t» z: 4y ap = r* -f J* = 41^ and j^ = 2rs zz 40 ; hence 

*• 168 r J. t* 1600 

— :— , and ^ — 



(a? + yi* 6561* (X t J')* 6^61' 
are two fractions that will answer. For 

i68t /1600 1600 . /i68i 4921 J 

636-1 ^VWsfx =6^+ V 6561 =6lfri'*°** 

>68i_ t6oo_ 81 _f^\\ ^^^ 
6^1 656* 6561 V9/ ' . 

t 

IL QUESTION 392, hy. ihe Rev. Mr. Li EvAir«, Royal 

Military Academy^ Woolwich. ^ 

The ordnance clock at this* institution, being placed in my 
ofeservatory, for the intent of rating it, prior to its removal to 
Scotland, for an experimental purpose. of ascertaining the true 
figure of the earth, I adjusted the length of its pendirlum pre- 
cisely to beat seconds, sidereal time, I would now request to 
know, how many seconds per day, will the clock gain or lose,, 
ifl the latitude ot 57* ^ north, bHng that of Aberdeen, upon 
the hypothesis of Newton'st consideration of the equatorial 
diameter being to the polar as 330 to ^^9 ? 

Solution, 5y the Rev. Mr. L, Evans, the Proposer. 

The centrifugal force, produced by the rotatory motion of 
the earth round its* axis, caused a variation in the gravity of 
bodies, in different latitudes. This forde is opposed to the force 
of gravity, being greatest at the equator and least at the poles. 
And according to Sir Uaasc Newioni the force of the former to 
that of the latter, is as 829 to 230. Vide the Principia, B* iii* 
Prop. t9 and ao» 

Now,it/=; length of a pendulum that vibrates seconds at 

the equator. 

/^ zz ditto at any latitude x, 

fh^n l^-l^t^ -4- ilililL.^ Vid*? Playiait's Oulliiws of Natural 
then r - / X (I -1- 2g^ ;* Pliilosophy. Vol. ir. P. 299. 

Since the length of the pendulum, which vibrates seconds, 
at my observatory, latitude 51^ 29^" 7^''6^ is 39 J inches, or nearly 
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*o, we sbaU Itave, hy a^statution, iiroin tijus asfumptioii. 
39f = / X (1 + li!Ll£L5tli9l7:!l6A ; h«,ce / = ayciia. 

230 J oy if 

the lengthof the pendulum th»t vibrates seconds at the equator. 
JSavmg the length. 9f this pendulum, yr£ flpay now find the 
length of the pendulum that vibrates seconds, at ^he Jiititude 
of Aberdeen, viz. 57° 5' north ; for, as was before observed, 

y/ -• / V. / • sin ' X\ / . sine^bf sj^ 5A 

== 39*14068 inches. And, by the last cited authorts 
"Gutlines of Nat, Philosophy, vol. L p* i^g, ww baye 'U =: 

1/ — ^^ — ^ ^ 59^98797 the minolber of vibcations this pen* 

dulum m^kes in*a mtnute. Then'6a — 59^987^ = ©'^'.oiaog 
gained, in one miautc, ty the pendulum that vihisafces seconds 
m lat. ^1* 20' y'^iS, when i^cmoved to lat. 57^ 5'. Aa4 
O'oi2oa X 66 X «.4 r: •i7'^'-3«32; thegainin«4 hours. 

If, with Emerson j we take^is iength xrf tte'^pendfulum, at thjB 
equator,aud forlat. gt"" ^o\ zz 39^027 and 39'! 308 iiespectiyel}^, 
the preceding (formuk will be 

And n = ;^/' 6oV/ 39M 8o8 _ ^g.gSas^; 4hen 60 - 
^ 89-^5174 ^ 

59-98338:= 'OteCi ; and*x>i66i x 60 x «4 = 23^^184, the 
gain in 24 hours, according to Emerson*s numbers. Or, which 
IS the same thing. //39M308 : f/39'K5^7A •• 86400'' iti 
24** : .864«3'92 nearly.; then 86423-92 — 86400 = 23*92^ 
"gain in24baiirs,takit^ the lat. n 51** 30^ 

If we make use of M.Krafft's formula, we have /' = 39*0045 
+ Q*206 X sin* X, in En^gKsh inches. Vide Dr. Hutton's 
Mathematical Dictionary, p. 404. isu Ed. Then the length of 
the pendulum that ^vibrates seconds in lat. gj"" 5', will be 

/' = 39-0045 + o'2o6 X sin* of 57" 5' •=: 89'149^ 
and I' =r. 39-0045 +.0-206 X sin* of 5i°29'7''6 = 39'i30^«» 
the length of the pendulum which vibrates seconda at 4ny 
observatory. 

Then as 1^39-13062 : V39'i4966 •• 86400 : 86421, and 
«8642't — B6400 == 2l'^ the (gain in the 24 hour^^ according 
no'Krafft'va fonniilai 

ft 2 
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3' Again} if / = length of the pendulum, which vibrates 

seconds at the equator, as before denoted, 
/' zr ditto at any latitude X- 
and d = difference of lengths of the pendulums at 

equator and pole, 
then /' =: / + rf X sin* of X. Now, \l we take 
/ =: 39'0265 and d z=. -leoS, we have 

/— 39*0265 + '1608 X sin* of Xj for another formula. 
If we apply this formula to our present case, we have l^ = 
39'0265 +-i6o8 X sin* of 57'' 5' = 39-0265 + 'USSiS* r^ 
39' 1398 15 1, the length of the pendulum vibrating seconds ia 
lat. gf 5^ 

' And/^ zz 39'0265 -f -1608 x sin'of 51** 29' f^^S =: 39'0265 
4- '098446 ~ 39*1249^6 the length of the pendulum vibrating 
-seconds, according to this hypothesis, at my observatory. 

Then t/39'124946 : V' 39*1398151 :: 86400 ; 86416*4; 
and 86416*4 — 86400 = i6^^*4 the gain in 24 hoUrs. 

By assuming, the lengths of the pendulums, vibrating seconds, 
at the equator and the pole, from Sir Isaac Newton's Table of 
the length of pendulums, found in his Principia, Lib. IIL Prop* 
XX, namely, 39*03135 and 39*20179 English inches, the for- 
mula becomes /^ =: 39'03t35 + '17044 X sin* of 57° 5' — 
39*03135 + •1201084 z: 39*1514584 the length of the pen- 
dulum vibrating seconds, in lat. 57° 5^ 

And t = '39*031354- -17044 X sin* of 51° 29'7'''6-= 39*03^35 
+ '1043481 =5 39*i35698i- 

. Then 1/39*1356981 : v' 39* 1514584 :: 86400 : 86417*4 
and 86417-4 — 86400 = i7'^*4» the gain in 84 hours. 

It we proceed to use the before-quoted table of Sir Isaac 
Newton, agreeably to the method of interpolation, the process 
will be as follows : 

Length of pendulum in lat.6o^is,36'74225 French inches 

Ditto .inlat. 55 3672966 ? J jg-^n^gg 

Ditto in lat. 50 36*71616 oi259^ciinercnces 

Then, 5° : -01259 :: 2« 5' : '00525 

36*72966 

367349 1 French inches, the length 
of the pendulum that vibrates seconds, in lat. 57^ 5^. 

Again, 5° : •0135 :: i"* 29^ f'*& : *oo4oi 

3 671616 

3672«i7 French inches, the 

length of the pendulum that vibrates seconds in lat. 51*^ 29' Y'*6t 
then /36*720i7 : /36*7349i :: 86400 : 86417*32, and 
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86417*32 — 86400 == i7'''32, the gain in 24 hours by this 
method. 

Taking, moreover, Emerson*s lengths of pendulums at the 
equator and pole, namely, 39*027 and 39*197* and uiiing the last 
formula, we have J zi '17 and/' =: 39*027-!- '17 x sin* of 
57* 5' = 39*027 -h* 119798 = 39146798, the length, of the 
pendulum vibrating seconds, in lat, 57** 5'. 

And V ± 39*027 + 'i7 X sin' of 51** 29' j'^'6 zz 39*027 + 
* 1 0407 = 39' 1 3 1 07 ,the length of the pendulum vibrating seconds, 
in lat. 51^ 29 7'^-6. Then, 

^* 1/ 89'^3io7 • V 39*146798 :: 86400 : 86417*36, and 
86417*36 — 86400 = i7''^*36,the gain in 24 hours, using 
£merson's table. Vide his Geography, Prop. XL 

I shall only make use of one table.more, before I bring the 
subject to a conclusion, and thai will be Maupertuis's. Vide hit 
figure of the earth, or Maitin's Institutions, art. 3391, who hat 
reduced that table to English measure. 

According to Maupertuis, the length of the pendulum vibrat- 
ing seconds, at the equator, is 39*0754 and at the pole 39'2684» 
then we have, by the last formula, /' zz 39'0754 + *^93 X 
«in*of 57® g^ = 39*0754 + •1360064 n 39 2114064 the 
length ot the pendulum virbrating seconds, in lat. 57^ g\ 

And t = 39*0754+ -193 X sin* 6t 51*"' 29' 7'"6 = 39*0754 
-+- '11816 z: 39*19356, the same in lat. 51° 29'' 7"*6. Then, 
as V^ 39*19356 : •39*2114064 :: 86400 •: 86419*62, ;uid 
86419*02 — 86400Z1 i9'^'62 gained in 24 hours, upon Mauper- 
tuis's hypothesis : 

Lastly, let us make use of his table, by interpolation^ and the 
operation will be thus ; 

Lengthof pendulum, in lat. 60°, is 39*2202 -% 

D!«o . : in 55 139*2049 .^^Jg.f differences ; 

Ditto in 50 39*1903 * ^ 

Then, as 5° : -0153 : : 2"* 5' : * 00637 5 

39*^049 

39*211275 the lehgth of the 

pendulum vibrating seconds, in lat. gj^ 5'. Again ; 

5' : ^0146 : : i® 29' f'^G or 1^*485^ : -0053^75 

39'<903 

39* 19563715 *^c length of 

the pendulum vibrating seconds, in lat. 51* 29' 7''''6. Then, 
as \/ 39*1956375 : \/ 39'2ii275 :: 86400 : 86417*22 and 
86417-22 — ^ 86400 = I7'^*22 gained in 24 hours^ by this mode 
ot proceeding, differing 2''*4 from the former. 
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DtGE-ST OF THE WHOLE. 



Lei^thof pen«>iL«Q|^tli of p<tisi 
duluniTibratiiig 
hi i«t« 570 5' 



«; duliun Tlhrat 
^ing'^. latitnde 



Time 
^nined 
tn 24 
lijouis. 1 



The "^ name of Author's formula, 
and ta^le of lengths of Pendulums 
used. 



1 
2 
5 

4 
b 

7 
8 

i9 



39126 

39-1308 

39- 19062 

39-124946 

3913569B1 

36 72017 Fr. 

39-13107 

J»i9d»6 

391956375 



39*14068 

39*15174 

39 1496(5 

39*ia96151. 

39 1514584 
L 36-73491 Fr. 

39*14«798 
J 392414064 
1S9-21 127.5 



I. 



i 7-3832 

23 92 

2V 

t6-4 

17*4 

17-32 

•17-36 

1iBi62 

a7M?2 



PIayihir''s formula first length tesomed. 
Do. and Emerson^s Table. 
KfafTt's Formula. 
The third Fofmida. 
Do, and 9ir Isaac Newton*« Table. 
By Interpolation of do.'ft Table. 
Enerson's Tkble and'thord Formijfa 
Mauf>ertuis's DabiDmndthiAl formula. • 
By Interpoiatioii of M»upertuis'« Tajble, 



*67'563« Aggregate of thfc gains in 
«4 hours.' 
i®"6t^i The mean of tfce -9 results^ 

being the seconds gained in 24 hours, by the cloclc, ff removed 
to lat. 57** 5' north. The discrepancy, in the lengths ot the 
pendnlams, arises from the hypotheses of the severBlT Authors, 
as to the proportion ^f the eatth's equatorial and polar axes, and 
its equal density, a supposition which is not very probiible. 

. ni. QUESTION 393, iy Italicus. 

To descfibe tbree circles in a triangle, each of which may 
touch the other two, and also two^ides of the trian|;le. 

Solution ^Jrom the Annates de MiUhimatifues. 



Designate by j>^p\ f^' the an* 
gular points of the given triangle ; 
by c, t', d' the sides res^peotively 
opposite ; by £>, q\ of' the respect, 
ive centres^ and by r, r^r'' the radii 
of the circles required, and a- 
dopting the (following abrevia- 
tions* 




c'c"(p = sd^j 



* — c == (p, 

c\d^c!'^7;s,i'^ if n (p^ r»j =(p(pV^ cc'V =: jrf\ 

s— c" = ftf', cvY' = sd^'* 1 

then Ti rsflrc radius df the inscribed circle ; //, ^^ d'' the respec- 
tive distances €tf its centre from rhe points p, p^^ p'^ ; and tp, ^\ -^^^ 
the respective distances of these -points from the points of con* 



tact oF this circle whh the skies, of the trianjf^. Ffom these 
equations we easily deduce the following relations: 

f> + ?' + 9'' = j,<p?'V = KW^ncc'c^'izsdd'd'^fdr zzRcd'f 

From # and o' upon c'^ kt fall the perpendiculars ^m zr r, 
^W zr r', join c^^ and from o parallel to c'' draw ol meeting (/mf 
in /, the triangle olo^ is right-angled at /, therefore 

But we have 

substituting which^^it becomes 

taking away the denominator, and transposing and fonrnng ana- 
logous equations for the other circles, we have 

^r 4- 2R »/{rj^) + if/f' = Rc'% 
^r + 2R ty[rr") + <p V^ zi Rr', 
tpV' + ftR \/{r^r^) + f^V^' = Rc ; 

which are the equations of the problem. 
If we suppose V z: ra?^*, r'^ n r*^''*thc three equations become 

r {^ + an*' + <p'(S^) = Rc'^ 

r (p + flRa?" + (pV») = Rc', 

r [((/"x' . + ftR J?^a?'' + (f/^jc^^) = R^ ; 
the last gives 

^ RC 

this Talae being substituted in th6 two first, they become 
Ia') c[(p + 2Ra? + (pV) = c" ((pV*+ 2Rjr';c'^ + (p'V*) 
(a") c ((p + aR^' + (pV*} = c' ((p^x'* + 2Ra/;e'' + (p'V*)t 

and from these two equations we h^ve now to get the values of 
:q^ and x^^ and substitute them in the value oi r. 

If we multiply equation (aO by ^ » and equation (a'O by 

«i 

■ ; develope both, and put for ^(pV^ its equal k'^ and re« 
aaf k that 



*. 
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/ (<r— eO = « (* — O — c' (J — O = iif — <?'?, 
■ <^-d' '^-r ^-d"^ 
they become 

, {«/(»»'' + 9V)} * _ {</'(R*" + ^)|* = o } 
therefore 

i^htcli give 

d'(d—d'^R-^((/dd" _ (p „ f — (</— i^^) 

-'^* (</—</')(</— <fOR'-?'?"<i* ~ » Cc"-^[d-d'){d—d'y 
\n>t it has been seen that 

<pp'd"* ='rVc', f^"</" = » V, ?</'d« = Bc</, 
therefore-we get 

a/o/* = (DC. i 1 — . 

\c^c" — id—d'Kd-d")l 

»d{c''-{d-d)\~\c'-(d-d")] 

yd>~{d—d'){.d-'d")\* 
e'\<f—id^d")Y 



x" 



^'x'* = $c 



j «/<:" — (</— </') (</ — rf") f 



1 » 



P 



these values being written in the expression found above for r, 
it becomes 

5 cV' — (<J — .y) (rf _. rf'O ( * 
IV. QUESTION 394, by O V. 



Prove, that if from the extremities of the side of a pentagon 
inscribed in a circle, straight lines be drawn to the. middle of 
the arCj subtended by the adjacent side, their difference is equal 
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to the radius : the sum of thdr sqtiares h three tiipes the sqiifve 
of the radius; and the rectangle contained by theiq. is equal (o 
the square of the radius. 

Firsts olution, *y Mr, Cunuffe, R, M. C. 

Let ABODE be a pentagon inscribed in a circle, the diameter 
vc being perpendicular to the middle 
of the side ae. and o Ihe centreof the 
Circle. Draw do, eo, ihd and ne : 
then ND and NE are straight lines from 
the extremities of one of the sides be 
of the pentagon, to the middle of the 
arc subtended by the adjacent aide ae. 
Let R be the intersection of dn and 
OE ; the angle cnd = dne, there- 
fore DN bisects the angl^ one : again, 
the angle NO E (no RJ r: the angle CNjy 
(ONRj, that is the angle nor zi 
ONR, and therefore nr =: or. AIs6 the angle ord == ERW 
= ONR + NOR =: 20NR = ONE zz NER, that is, the angle 
ERN n NER:, and therefore l5rE ± nr ; again, the angle coD 
zz dor — 2NOR zr aoNR r= one ±: NER zi ERN zz ORD, that 
is, the angle dor zr ord, and therefore dr r: od, and hence 
DN — - NE =2. DN — NR zz DR .zz OD, that is the diflFerenceof 
the lines dn ^nd ne is equal to the radius of the circle. 

Per the similar isosceles triangles, nro, nod ; on z= od : oa 
zz EN : : DN : OD, whence en X dn :r od*, that is therect. 
angle under the lines en and dn is equal to the square of the radius* 

We have shown that DN — en zi od, wherefore (dn — 
en)' zz dn' — 2 EN X T>^ + EN* :z OD ; and we have 
proved that 2£n X nd zi 2 od', and by addition ^s* «+» 
en' zz 3 od*. 

Therefore all the properties mentioned in the question havQ 
been demonstrated. 

Second Solution, ^j^ Afaj/^r John Mill. 

Let AB, BC, be two sides of a regular pentagon inscribed in a 
circle ; bisect the arc bc in D , join 
AD and BD. Then since the arc 
AB or BC is onf fifth of the whole cir- 
cumference, BD is one fifth of the 
circumference of a semicircle, or 
two fifths of a quadrant. Hence ad, 
the sum of the arcs ab and bd, is 
six fifths of a quadrants Hence 
the straight line BD is the chord of two fifths, or twice the sine 

YOL. IV. JPART U K 
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of one fifth : and ad is the chord of six fifths, or twice the sine 
of three fifths. 

Put one fifth of a quadrant = p. Then, since, if A and b 

are two arcs, 2 sin a x sin b = b X f (cos (a — b) — cos (a 

+ b) > , putting A = 3 ^ and b = f , we get a sin 3 ^ sin ^ 

<= R X (cos a f — cos 4 (p), or, since cos 29 = sin 3 (p, and 

cos 4f =: sin f , 

£q. !• 2 sin 3 9 sin zz B (sin 3 ^ — sin ^)* 

A • • • • » * (* — COS A) ^ . c . 

Again, since sm" | A = — ^ -, putting a first r=: a^, 

and then = 6 $), we get 

£q* 11. 2 sin * ^ =: R (R — sin 3 p\ and 

Eq» III. 2 ain * 3^ = R (R + sin f). 

Subtracting eq. 2 from eq. 3, and dividing both sides by sia 
3 ^ + sin (p, we get, 

Eq. IV* 2 sin 3 9 — 2 sill 9 = R« 

. But we have teen that ad =: 2 sin 3 ^, and bd =s 2 sin f ; 
therefore ad — bd r= R. 9. e. d. 

Again, ad* + bd* =: 4 (sin* 39+ sin* f ) or, by eq» 2 and 3^ 
= R ^ 4R — (2 sin3(p ^ 2 sin (f) I =:(by eq. 4) R X (4R— R) 
= 3 R*. q. e. d. 
Again, from eq. 1 and 4. 

Eq. V. 4 sin 3 ^ sin ^ = r* 

or, AD X BD = r'. q. e. d. 

* Scholium. Many other properties may be investigated in the 
same manner, for example that if al be the diameter, and lm be 
taken on the tangent, equal to radius, the sum of ad and bd ss 

f AM. 

V. QUESTION 395, hy Math. Pemb, Cantab* 

An ellipse and a^circle having the same centre, the axis major 

of the ellipse = - x diameter of the circle: To determine 

the points of intersection of the two curves, supposing the foci to 
cut the distance between the extremities of the diameter 
and axis in a given ratio ; and to determine that ratio when die 
ellipse and circle just touch each other. 
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FiR$T SotUTioN, If Math. Pemb. Cantab, ikt Proposer. 

Let s and H be the foci of the ellipse, s^h' the diameter of 
the circle; put as' = a, as 

a , 

= -, AM = a, CN = ar, NP 
m 

= y. Then as' s= ac — s'c 

d d d ^ 

— ~ — •» or fl =r », .•. tf ^ 



2 



^ 



6a, AC' = — =s Qa\ s'c* = 
4 ^ 

d 
9 




- =4aSandcK'* = A8.SM= -[d—£)=z~{6m'^i). 
But, by the property of the ellipse, 

AN. NMorAc* — CN* : NP* :: AC* : ck'», 

Ihat is ga* — «* : y* : : ga* : --^ (6)r — i) :: o : 



►•• »" = ^.ri ■■ X (9a* — op"). 



6w— t 
m* 



9m' 
By the nature of the circle np* = pc' — nc* = s'c» '^ nc* 

or Sj^ma^— 9a' — 6«a?' + a* = 86»i' a*— gw* **, 
that is (3»t — 1)' X a?« = (4»i* — 6m 4- 1) x 94* 

When they touch at k, ck' = ok = s'c = ^ = sa and 

3 

^n NC = o, .-. g^^ \/ (4«» — 6»i + 1)= o, and 

••• 4W1" — 6m + 1 = o, and »• = 5 + i ^ r... as n-l-iSl . 

4 4 ^ 8 + ^5 

or Ag : as':: 4: 3+ v" 5. 

This may also be found otherwise^ for since ck' =: s'c, 

--5 (6w — 1) = 4a* .% 6» — 1 = 4»i*, or 4to" — 6ot + 1 =0, 

the same as before. 

B ft 



Second SoLtJTioK, i^ Afr. CuNiiiFFE* 

The distance of the foci from the centre of the ellipse will be 
easily found from the data, which obviously reduces the question 
to the following, viz. to that of determining a plane triangle, 
from having given the base, the surti of the sides, and the line frora 
th^ vertical angle to the middle of the base. 

When thd ellipse and circle just touch each other, the diame- 
ter of the circle ,theo becomes thexbnjugate axift of the ellipse^ 
si^d therefore the ratio of the transverse axis tp the conjugate in 
that case is ag 3 to 2 ; and the ratio mentioned in the question^ 
will then be that 9f 3 — \/ 5 to v' 5 — 2. 

VI. QUESTION 396, hyG.V, 

A horizontal dial, constructed for a given latitude, is set up in 
a latitude a little different ; what will be the error in the time it 
ehews at a given hour on a given day ? 

• • 

Solution, by Mr. John Waillace, /?. M. College. 

Let HPOj^ represent the meridian, P/? the axis of the earthy 
CD the stile of the dial, s the sun, 
and SP, sD arcs of great circles 
bf the sphere, passing through s, 
and through the points ? and d. 
Then it is evident that hps is 
the true horary angle, and hds 
the angle measured by the dial. 
Hence the difference of the an# 
gles HPS and hds is the error to 
be determined, ^ 

Put angle HPS = (p, and pds = (p\ the sun's declination 
for the given time = a, the latitude for which the dial is con* 
Structed rz X, the difference between that latitude and the lati-*' 
tude of the place where it is set up zz A X, and the error in 
time shewn by the dial, that is, (p — <p' zz A (p. 

Then, by spherical trigonometry, we ha'^e 

cos PS X sin PD 4- cos hps x jsin ps x cos pd ,. . 

cot "iD =1 : — ' • ■ , that iSj 

sm HPS X sm PS 

sin Of sin A X + cos $ cos a cos AX mt r 

<:ot ?/ ;^ — ' ^^ ' • Therefore, 

^ ^ sm 9 cos « 

cos $ 1 , • 

$iOPe cot ^ r — ^ , we obtain 
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^ . ^ sinasin AX + cogipcosacos AX ^08 ♦ 

cot Cr — cot (p =: : ■ — . >' ^ 

^ ^ sin f cos a, tm f 

T» / sinfip-— (p'] gin A<P 

But cot (f>^ -- cot fi =: f ^J . ^J = ^ — y ; wherefore 

• ^ sm 9 sin 9 sin f sin (p 

v^e have, by substitution and reduction^ 

•in a9 = tan « sin aX sin (^ + coi ^ sin ^ (cot AX — t)» 

Now sin (p^ cos (p n 1 sin ((p + (p^) — f sin ((p — $'), therefore 
the above equation becomes, 

(i+cos AX)sin A?>~,2tanasin AXsinip' — (l — cos AX}sin[^-)-jp7« 
Hence, dividing by (i 4- cos Ax),and observing that 

sin AX . , . • J J — cos AX ^ ,, 

— tan f A^» »"«i — X ; ^ ^*^ f ^^ 



1 4- cos aX * xa .» J ^ ^^g ^^ 

we find 

sin A(p = tan { ^X < 2 tan a sin 'p^ — Uin f AX sin (^ -)- (f^)i* 

From this expression For sin A^ we shall be able» if we suppose 
(p z= (p\ to find an approximate value of A<p, the error of the 
time indicated by the dial* But if we wish to find the eicact 
value of A^ it will be necessary to eliminate 9 from thciabovf 
iormula* For this purpose put (p = (p'' 4- A^ ; then 

sin ((p + (pO = sin (eip^ + A(p) = 

sin 2 (p^ cos Af + cos 2 9^ sin A^, 

Hence* by substitution, we obtain 

fin A<p ?=: 9 tan i AX tan 9 sin (p^ *-- tan* | aX sin t^ cos Af 

— tan* f aX cos 2/ sin a^, 

putting, for the sake of brevity, 1 + tan* |AX cos 2^^ zz a, 
tan* I aX sin 2(p' :s;: B, and 2 tan JaX tan « sin f' zz C, 
the last equation becomes, by transposition^ 

A sin A0 + B cos A^ = C 5 

where a, b, C denote known quantities. By substituting for 
cos A(p its value \/ ( 1 -^ sin* A(p), and resolving the equation^ 
we shall determine sin A(p. Hence A(p becomes known. 

We may, however, determine the value of A (p more elegantly 
$is follows; 

Dividing the above equation by a, the coefficient of its fim 
term, it becomes, 

B C 

sin A^ + - cos A^ = -• ♦ 

• 1 . , 1 . sin d B 

l#et be such an arc that tan 0, or — -j = -• 



( 134 ) 

' TbeOr by subitltuting, we Iiave, 

^ . •in 9 ^ c 

or 81Q A^ COS 6 + cos A^ fin 9 =: --cos 9* 

C 

tbat is, sin (a^ + A) = -cos 9; 

lanced is an arc whose tangent is known, it is evident in what 
manner a ^ is to be determined from this equation. 

if the error in the latitude is supposed to be evanescent| we 
baye^ 

sin ^jp = £ tan |^X tan a sin f ^, 
or d^ - dk tan « sin ^ • 

Hence it appears that if the error in the latitude be very small* 
tbesine of the error in the time at different seasons is nearly pro* 
, jiortional to the tangent of the sun's declination* 

VIL QUESTION 397. ^^Gallicus. 

Having given the position of any number of towns whatever, 
in the same plane, to connect them by a system of canals, of 
which, the total length shall be the least possible. 

SoLifjiON, by the Prcpostr^ 

When there are only two towns, the canal must evidently be 

the straight line which joins them. 

When I here are three a, b, c, the 

canals must meet in a point p, so 

that the sum of the three dis- 

&nces AP, BP, cp, may be the 

least possible; which is well- 
known to be the case when the 

angles at p are equal to one "^* — ^ 

another, or when each of the an- 

gles APB, APC, BPC is 120^. Simpson on the max. et min. 

In the case of four or more towns, the canals must meet ia 
threes, and make the angles at 
the poiftts of intersection equal to 
one another. Thus, in the case 
of four towns, a, b, c, d, they 
must meet at m and n, and make 
the angles at these points equal; 
for the sum ot the distances am^ 
BM, MM, CN, DH is then evidently 
the least possiblct 
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In like manner for five towns, we have the following sjrsteni ; 

A 




and for lix towns, the three systems ; 




in all which systems, it may be remarked, that the number of 
points M, N, ^c. is less by two than the number of towns* 

The method of construction for determining the position of 
the canals is in every case obvious. 

First, for three points ; upon the line joining a, b describe 
a segment of a circle to contain i20% and bisect the circum- 
ference on the other side of a b in s, which will be a given point ; 
then cp, when produced, will evidently pass through s, because 
the angles BPC, apc being equal, CP bisects the angle apb ; 
therefore the point p where it meets the circumference of the 
circle will be known. ^ 

In like manner, if there are four given points, let a segment 
be described on ab as before/ to contain 120^, and let s be the 
middle of the arc on the other side oi ab ; then mn will pass 
through the given point s ; and if upon the line joining the 

Eoints s and c, a segment be described to contain 120% and s^ 
e the middle of the arc below 8C, the line dn, which bisects 
the angle SNC, will pass through s^ and be given by positionj 
and the points n and m will then be determined. 

If there are more given points, a segment to contain 120% 
must be described on the line joining 8^ and the next given 
point, an(^ another on the line joining s^^, the middle of the 
last described arc, and the next given point, and so on to the 
last point. 

We may remark, however, that when three of the lines are 
determined, the others may be found by drawing them respec* 
tiveiy parallel to the first three* 
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. MmarL When the points are more than three, the problem 
evidently admits of several solutions ; for in the construaioq, 
•he choice of- the points to be taken in succession is arbitrary. 

Thus in the case of four points, if we take ad or bc instead 
©Fab or DC, we shall obtain a diflFerent position forMN, aad 
consequently in this case the problem adnriif^of two solutions. 

^ When there are five points any two of these combined will 
give a different solution, so that in this case there will bc five 
•olutions ; and in like manner it will appear, that when there 
aire six points there will be fourteen solutions. 

VIII/ QUESTION 398, by ViciNUS. 

The extremities of a straight line on the ground are marked 
ly two upright poles, beyond which there i§ no access to any 
point in the line: Shew how a person by planting poles in the 
ground (but without using any other instrument) may determine 
any^ number of points in the line between its extremities. 

Solution, iy A. B. 

m 

Let AB be the given straight line; place poles at any 
two points I, 2,. pro- -«^ 

duce Ai and r2 to 
meet in 3, and b 1 and a2 
to meet in 4. Also pro- 
duce 3, 4 and 2, 1 to 
iheet in 5 ; take 6 any 
where in bi end find 
y the point where 5, 6 
produced meets* b, 2. 
Take 8 and 9 any where 
in 2,6 and 1,7 pro- 
duced and find x the 
point in which 8,2 
meets 9,1 and x shall 
be in the straight line 

AB. 

in^l^A^"^' 4^^' '^^ 1'"'^' 5A and 5x be drawn to meet B.4 
m a and r, and B, 3 in i and d. • 

^r^nlJ'! ^ "^^^'v^"^^" property of a quadrilateral, that if two 
opposite sides be produced till they meet, the line drawn through 
two nnnn?. 'a^ intersection of the diagonals, meeting the other 
two opposite sides, is harmonically divided in the points of in- 
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tcnection. Therefore jft is harmonically divided in the points 
«> A» and for the same reason gd is barmenicatly divided in the 
poitttf r, X. But, beeause of the harmonicals gA^ as, ab and 
#B, sd is also harmonically divided h^y the straight lines an and 
▲B ; that is in the point c» and where it meets AB ; therefore i^ 
is evident that x is m the line ab. 

* 

IX. QUESTION 399, by Gallicus. 

Suppose that a a point in a line of the second order is given; 
a point p may be found such that if any chord bc be drawn 
through it, the lines ab> a c shall contain a right angle. 

Solution, ^^m the Annates de Matkematiques* 

A ixed point being taken arbitrarily in a line of the second 
order, and if the tangent at this point be taken for the axis^of x and 
the corresponding normal for the axis of y ; and if we designate 
by K the length of the normal measured from its origin to th* 
point where it again meets the curvp, by 

^ a: A«+ K 

the equation to the taneent at this extremity of the normal, and 
lastly by p the radius of curvature at the fixed point, we have 
for the equation of the curve. 

Na?*+ a Fjf (y-^A*-p'N) = o (i) 

Let D be a straight line drawn from the origin of the axes .r 
and V, and forming with them angles whose cosines are resp4ic« 
lively « and ^. lliis gives 

a*-|.**= 1 (2) 

and the equation of the straight line is 

ay:sihx ••• (3) 

therefore by combining these with equation (1 ), we obtain the co* 
ordinates of the intersection of D with the curve 

a NPi^* •••• (4) 

-'^ ~ Na* + B ?**— « am6 
ToL. XV. Paux I. » 



Again let anotbier itraight line t>\ having tW isamc brigiii' 
as D, make with the axes x and 2/ the angles whose cosines .are 
respectively a^ and l>\ this gives 

^»^* + *^2=: 1, ,../ '.. (5) 

ithd we have similarly 

2NP a^b' 



Na^* + 2p6'* — 2A?a^b^ * 



(6) 



_ 2 N ^y^ 

^ ^ Ntf'* + 2Pi'*— 2AP<1^*^* 

From these we easily find that the equation of the chord c . 
which, joins the extremities of the two straight lines D» d' is, 
when divided by aV — ha'^ 

\^{aV + iaO— 2ApW'| x +(2fiy—Kaa')y-2iiviy .. (7) 

And H for findirig the points where the chord € cuts the nor- 
mal and tangent, we make successively in this equation x and j 
zz O9 we find 

^=- 3?| ^^^ 



/a , fl \ 



2AP 



whence it appears that when^/ ts constant, the fchofd c always 

cuts the normal in the same point, and that when -r; + iris con- 

slant, the sanie chord always cuts the tangent in the same point, 
whatever may be the directions of the straight lines D and D^ 

Among the divers cases in which r7> is constant, the most sim- 
ple is, without doubt^. that where .Aye have 



aa^ 



tf A^ -+- bV rs o, or where Tp = — t*^; 

the straight lines n, d^ are then perpendicular to each other, and 
the fixed point in the normal through which the straight line C 
passes is given by the formula 

2NP 

•^ 2P •+- N 

Whence there results the theorem in the question. ^ 
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. X. QUESTION 400, *y.PER«<>RIMAT01l» 

. No answer to this question has been received* 

XI. QUESTION 401. iy Mr. W. Wallace, R. M. C* 

A beam is supported by resting on a prop, and with one end 
on a curve surface : Find the nature of the curve so that ^hc 
beam may be in equlibrio in any position whatever. Also sop- 
posing the nature gf the curve given, find the poi^tk>n of the 
beam when it is in equhbrio. 

Solution, iy Mr. CuNLiFTE,/?. M. College. * 

Either a circle or a conchoidf will satisfy the fir«t part of the 
problem. 

In the first place, we shall shew that a circle wfll satisfy the 
first part of the problem. ' . 

Let AB represent the beam, the point g being its centre oi 
gravity : with the centre g and radius 
GA describe a -sehiicircle lvm, in a 
vertical plane, the diameter lm being 
parallel to the horizon, and the radius 
GV at right angles thereto; and let , 
VG represent the prop. Then the 
beam being placed with^ its end a 
upon the circumference of the circle, 
and leaning with its centre of gravity. 
G, against the top of the prop, will 
rest in any position. 

Draw AD perpendicular to AG, meeting Gv in d, and com- 
plete the rectangle aged. 

Wiien the beam is in equilibrio, by the principles of statics^ 

the weight thereof, its pressure against the circle at a, and its 

' pressure against the top ot the prop at G^ will be as GD,. ga = ed, 

and GE ~ AD respectively, and in the several directions of those 

lines. , '^ ' 

Now the pressore in the direction ga, is sustained by the 
reaction of the circle, in the contrary direction AG : ahd the 
pressure in the direction ge, is sustained by the reaction of 
the prop VG, in the contrary direction ; therefore, by the well- 
known principles of statics, the beam will be in equilibrio« 

When G, is not in the middle of ab there will obviously 
be two circles that will answer; viz. either the circle described 
with the radius ga, or that des.cribed with the radius gb. 

IS' a 
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In the next place we shall shew that a conchdd will satisfy 

die first pan ot the problem. 
Let LP be the given prop, perpendicular to the horizoot 

and LM a right line at right- 

aiigles thereto, or parallel to 

the horizon. Imagine the 

beam ab, to be placed lean- 

ing against the prop at P, and 

having its centre of gravity 

Iti /always in the line x*M; 

the locus of the end a^ will 

be the curve, which is called 

the superior conchoid^ as is 

manifest from the generation 

of that curve, and therefore 

the beam ab being placed 

with its end a, upon the curve, and leaning against the top of 

the prop at p, will, in every position thereof, have its centre 

of gravity in the line lm : and the beam being so placed caii 

have no tendency to move, as the centre of gravity will neither 

ascend nor descend by altering its inclinfttion. 
'The same remark applies here as in the case of the circle ; viz. 

when G is not in the middle of ab, there will be two conchoids 

tha£ will answer. 
Thirdly, supposing the nature of the curve to be givm ; find 

the position of the beam when in equilibrio. 

Let ab represent the beam, G its centre of gravity ; pdt a 

vertical prop; nar a given 
curve, of any kind, in the same 
vertical plane with the prop. 
Let AT be a tangent to the curve 
at A ; AS perpendicular to at, 
and PS perpendicular to ab ; 
also draw gh parallel to ps 
meeting as in h. When the 
beam is in equilibrio so will be 
perpendicular to the horizon; 
and the weight of the beam', its 
pressure against the curve at A, 
and its pressure against the' top of 
the prop p DT, will be as the lines 
«c, SH and hg respectively, and in 
the several directions of those lines. 

See Emerson's smaller book of mechanics, prop. 37 and cor* 

Let AD be perpendicular to pt, and intersect so in l ;put 
AQ = ^, PD = Xj DA =z y; then AP = y' Ix* + V*) and 
W = AP~ AG = / (a?* + y>) -d. V -^ ^ ' *«« 
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Because of the parallels pd* ql; af : ag :: ad : AIi 

AG X AD dy , 

AP : . ^(* + > I 
_ AG X PD 13b rn. . . 

Tbe triangles adp^ and POt 



AP X PG 
FD 



AP -"/(X^+Z/ 

are similar, ^therefore pd : ap :: PG : G8 = 

= — :;; , and hoice LS = GL + Ct 

Again by known properties of tangents, demonstrtted bf 
writers on Huxiont — i :> : : al= >, t' .l : ls 

— ;r«/^«*4.v*/ ' whence -j- s= f . 

From what has been here deduced* and the given equation 
of the curye, the values of 9 and y may be found, and the requited 
pocition of AB thereby determined. 

T^e same conclusion will be derived from the known statkal 
principle, that when the equilibrium takes place, the centre of 
gravity will be at its highest or lowest point, with respect to aa 
horizontal line given by position. 

Draw G£ parallel to ad meeting PT in £ : because o^ the 
parallels G£, AD; ap : cp :: pd : pe 



PD X GP 






ix 



which is to be a maximum, by the principle above alluded to ; 
therefore putting the fluxion of the expression ::: o, after proper 
reduction 

— T- = ~ , the very same as before* 

' («* + /r — df ^ 

Example. Let ar be a right line 
given by position, in the same vertical 
plane with the prop pd: It is required 
to determine the position of the beam 
AB, when in equilibrio, resting upon 
the prop at p, and haying one end A, 
upon the line ae« 




i ^ii ) 

Let D^ meet ar rn r ; draw pq parallel to da meeting ar. 
iavQ ; put FR =: a, pq =^ p, pd -. .r and DA = y ; then R0 
rz a 4- ar. Because of the parallels pq, da; rp : pq : : RD 
: DA, whence RP x da iz p^ x RD, that is, ay z=: b (a+ ap)^ 

•• fly = J jc, — r— = — ,— ; and lience the expression — —- 

dxy ' . dxy -^ a 
^ becomes "■ 



• • 



or iflfa?y zz ady^ — a (ap* + y'P, from which equation and 

«y =^ (a-f ir), or andjf may be found, and the required position 
i/i the beam determined. 

In some cases it will be convenient to express the ^bove de- 
duced property in tlie following manner : 

Put AC zz. df, AP = ti, then PC = V -^^ d; also put 
sin Z. PAD (pge) zz j, its cosine zz c; radius i. 

By trigonometry pe zz j x (v — d)f vJhich is to be a maxi- 
mum 'by the question ; therefore putting its fluxion = o» 

s X {v — tf) + ii; zz o, or ^z; rz — s A (v — d). Now 

i* + c* zz 1, and.takiog the fluxions, JJ + cc zz o, whence— s 

cc . ' • • 

zz,— , and by mean§ of this, the expression, Ji; zz — s K (v-^d) 

• cc • " r • 

becomes jr =r — (t/ — d)^ or s*v zz cc (t^—</); from which 

s 

property and the nature or equation of the given curve, the posi- 
tion of the beam ab, when in equhbrio, may be determined. 

Example. Suppose the given curve to be' a semicircle, and 
the top of the prop or given point P, to be at the end of aa 
horizontal diameter PQ. 

join QA and put pjj =; 2r ; then, by trigonometry, PA =: » 

j=: 2ri:, v =: &rc ;. and by means . 

of these, the expression s^v zz 

• • • 

cc (j; — d) b3ecomes ars^c zz cc 
(2rc — d), 2rs^ z: c (2rc — d) 
zz 2rc' — dcy dc zz ar ir* — s^) 
zz 2r (2c* — i) from which 
quadratic equation c may be 
fx}und^ and the position of the 
beam be thereby determined* 

XII. QUESTION 402, by Mr. Cunliffb, R. M. t. 

At the time of the equinox, id latitude 60^, suppose a person 
.sets out at noon, on a clear day, and travels till sun set, ia the 




fiirecttan txF^his sbuidow, a£'the uniib^rm . rarf^ of five mlcs 
an hour j how far will he then be from the place from whence 
he set out, «upposinjp the joiMrney performed upon an hori^ootat 
plane ? \ 

Soi^VTioUt by M4^*.Cu^U.ivsZt the Propeun 

Previous to the solution of the question, it will be proper Uy 
put down the way of finding the relation between the hour angle^ 
and the azimuth, for the given latitude and place of the sun. 

Let the semicircle aqzh3 represeiu the meridian of the 
place, or hour line of 19 o'clock; the 
diameter ab the horieon ; p the pole ; • 
z the zenith ; and Q a point in the equa« 
tor; arid dra\y cP, CQ, Let o, in g^, 
represent the place of the sun, and 
imagine the great circles po and zo to 
be drawn. In ^e, right-angled spherical 
triangle o,(iz, the leg qz is equal to the 
latitude of' the place;, the leg OQ is eqaal to the hour arp, .or. 
angle from 12 ; and the angle Qzois equalto the sun's azimuth 
from the south 

Put z zr OQ, the h6ur angle from la, and ^=: to its tangent :« 
also put m = tan. of z. Qzo, the sun's azimuth, radkis u By 
spherical trigonometry, tan QO = sin qz X tan QZO, and 

; and, by the principles of flux- 




i_ -. tan 00 

hence tan ozo ::: -. — ^^ =r 

Z sm QZ 1/3 



lops, z r: 



3' 



Having found the relation of the azimuth 
i + / 

and hour angle, we Shall now proceed 'U> the solution of the 
question^ 

Let the curve acc represent a portion of the traveller** path ; 
AD aright line drawn due east, from 
the point A, from whence he set out. 
Let DC, dc be two rectangular co-ordi- 
nates to the curve indefinitely near to 
each other, and ce parallel to AD. 
Put AD r=a?,DC=:^, and the curve 
AC n u ; then Dd 1= Ctf r: x^ec =: j', 
and cc =: u. 

. By the question^ the traveller proceeds in the direction of 
his shadow cc ; wherefore the JL cce is equal to the sun*$ 




azimuth from the souths aQd its tangent m =z 
fouiid. 



2t 



1^3' 



as before 
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I 

Mow af 'the tfwveller moves uniformty in hb course at the 

{iven rate of ^ miles an hour, the distance ac will obviously 
ave a given ratio to the time, or hour arc from noaa : therefore 
pol m = ajr, a being a given quantity to be determined from 
the rate of walking. The hour arc, from noon till sun set^ 
at the time of the equinox is a quadrant, which denote hy g; 
and the distance travelled in that time will be 30 miles ; there* 
fore ofzz 30, whence a z= 30 -f- 9 = t^^os^s^Ss* By tak» 
ffg the fluxion of the assumed expression u =: aXt we gel' 

The angft cce is equal to the sun's azimuth from the south, at 
before observed, and its Ungent m s= -y- % therefore^ by trigone* 

metry, 1 : mzz -y- :: / : i, whence i = —-; stfid hence 

• *•(*•+/)= \/\^ +/•) = ^ •f4<' + 3) ; «* 



♦ 



•ndhence « = -i^ =, — . ^». ; . ^ ' , " i * 
First, to find the fluenrof j =r 



(i+<*)/(4'* + 3i* 




4 ^ 

— - — -, 4/1 = vv^ and hence « 5= -. . >v y / ii . — . ^. 

4 ^ , (» + O • (4^ + 8) 

^A ^ 9S ^ 

, , and, taking the fluents, « =; aa X circular arc radius 1 

and tan v = ^(4^' = ft); but when f = o, a? = o, and 
therefore the correct equation of the fluents will be x z: 9a x a, 
where A denotes the circular arc„ radius s, and ungent 

y ■ ^ — • ^! T . ^> *' Now at sun set, / becomes infinite. 
*+ •3^/(4^+8) 

and then A becomes a circular arc, radius 1 and tangent -yr 



c in ) 

or - of a quadiam q^ at which time the exprenion for ;r, or the 
3 

greatest abscissa ad, becomes -^aq zz tonufes. 

3 
We shall now shew a ipetbod of finding ^ fluent of the efts 

Vat^e + 3= (i — 90* = i' — 4J< + 4^. whence * » 




and by taking the fluxion of the expression 

— ^ '*' '**^* ^ 9 < _ 4* X (s* -»• a) _ . . 

I ''^ "(1 +01/(4^+3)*" *♦+ io*« + 9* 

«od taking fh{;flu«)t| 

'• 9 j* + 9«; ■'+8^<v'(4<*4'a) 

But when < = o« jr = o, and therefore the correct equation 

*^ ^ the fluents will be 

Now at sun set, i is infinite, being the tangent of 90*, or 
a quadrant,' in which circumstance the expression for theordfnate 

DC» becomes barely—^ — 2 x A./« g =: 18*1708^8^9 miles; and 

from the two legs 20 and 18 17085859 of a right-angled triangle 
we find the hypothenuse = «7*02 18449 miles, being the travels 
ler*s distance at sun set from the place from whence he starte<l 
at noon* 

XIII. QUESTION-403, iy Amicus. 

If, from a point without^ conic section, two tangents be drawn 
to the curve, and also any other straight line to meet it in two 
points, the lines joining these points and one of the pointi of 
conti^t shall cut oflF equal segments from the chord which piUM 
through the other point of contact parallel to the tangent. 

Vou IV, Part i. t 
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SoLVTiaUf Ijf Amicus, ike Proposer. 

Let BC and bd be tangents to a conic section, and let any line 
be drawn through B, to meet the section in q and A ; also let cc 
and c A be drawn to meet the chord d'h, which is parallel to bc« 
itf rand h ; the segment dh is = Df. 




Joinl>0 intjBnecting ba in b, and throu((h fi draw oep paralM 
to HK or BC meeting bc* in o and ca in p. Because op ib 
parallel to BC» we have bc : ob ;: bg : OE,and bc : bp: : 
BA : ba; but, by the property of tangents, bg : ba : : iBB : 
BA, and alternately BC : gb :: ba : b a ; therefore, by equal- 
ity ot ratios^ bc : oe :: BC : spf wherefore os is = b:p 
9Qd cpnsequently-i^u is = Dr« 

XIV/ QUESTION 404, by Mr. Cun^iffb^ R. M. C. 

In a given boUow cone, it is required to place a solid, the 
4xis of which shall concide with the axis ot the cone, and the 
property of the solid shall be sucfa^ that the area of any eUipse. 
formed by a plane touching the solid and cutting the cone, snail 
beof the same given magnitude; required the equation of the 
curve by whose revolution the solid will be generated. 

SoLUTiOK, iy Mr. Cunlifve, ikcPreposer. 

Let the figure c?qs, represent a section of the cone and 
solid, by a ])lane passine through their ^ 

common axis cs: and let ab be a 
tangent to. the purve PS, at th^ point 
f2» meeting cp» cs, in a and b res- 
pectively. Draw QT parallel to ca, 
and QR parallel to cb; also draw 
AF and Ba at right angles to the 
BxisCB* 




It it manifest Aat ab, will be Aetnniveneaxit of tbeellipiicd 
section formed by a plane cutting tbe cone and touching the 
aolid, in the point q. 

And it is welKknown that tbe rectai^Ie bg X Ar» is equat 
to the square of the conjugate axis of that section; wbcmoii^ 
j It 1$ obvious that AB v' (bo X af) will have a given ratio to 

! the area of the said elliptical section^ and will theiefore b^ 

given. And consequently ab* x bo X af, being the squaro 
of the preceding expression will also be given: Moreover as th» 
cone is given in species the rectangle bo X Ar will manifestljr 
have a given ratio to the rccungle cb x c a; wherefoie, ab* x b« 
X AF, being by the question given, ab* *x CB X CA wil^b• 
given alsor Put cb = v,CA =: «,CR=rQT =;x,andCTi:Ri2=:ys 
also let c z= cos. Z. acb, radius a • 

By the principles of trigonometry and fluxions, the angular 
fluxion, of the point b, about q, will be expressea by 

•b ^ CB(2 X x; : also the angular fluxion of the point A, about 
& ^'" ^ expressed by sin L. CAft x — v, radius being u 
Tbe latter expression will be negative, if the former be posilivei 
for whilst CB increases, ca will manifestly decrease. 
By obvious principles 

AQ : B(2 t: A& : CR : : dn caq x — » : tin CB(2 K v% 
. And by trigonometry ^ 

CB =r tf : CA = « : : sin caq : tin CBQ; 
naid hence tbe preceding analogy becomes 

AR : CR : : — vii : trv ; and, by composition, - 

CA = If : QKZIX XX U9 *^v& \ %v 

whence 9f s ' , ■ •as ^ ' x • 

i»» — fw ^ ^ 1^ £• 

.11 
* Again Ca : cr : : CB := 9 : bt = o— y :: uv^vi : nr* 

whence y sr -r r* 

; ' R. • 

I Trom the two preceding equations, we readily get 

' ■ • • *■ 

*=-^:i4^, whence — « = 25$5 and tUb being wrictM 
for —^1 in the first equation, gives 

3y « wdl«l;;iiOW A property 



is* = Ci* — MB X AC X C + AC* = »* — 2VUC + u^; 
and hence the expression 

em X ex X AB' = v» X (»• -- a^dr + a*) which has been 
^eWn to be given ; wherefore, put uv X (v* -^ Utnie -f «•) 
5^ «'. By putting the preceding expression into fluxions^ 
ifter prbper reduction, we shall get 



li» tf 



six(i^-^4t^M.-hyiM Alsojy = -ii 
4 X (»/ — 2trtfC + » } 



till 
II 



^ V X (v^^^2 vuc + 11^) -h 2t/ii* — 2t/^i ig "" 4 X («^' — at/Mc + a')* 

ilgain^ from the equation vuzz yu + xv before deduced we get j 
^^ . A^ y and this bibig written for n in the expretsloa 

4 ^ [V* — ^vut -^ u") 

4 X J W' — ' + 7 75 f 

and hence 

which being reduced and arranged according to the powers ol 
»• gives 

3o»-.2v*f6»+a^*)+«'(^*+*^^*y+'^y')-4;'(**+*^^y+«»*)=<^» 

ffom which equation v must he faund- in terms of x and y*. and 
having found v in terms oix and y, we shall get u in terms of 

g and y from the equation u zz ~— 5 and writing the said' 
walues of V and n^ in the equation vu X (»• — wiwH^ H*) s: 4*, 
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we ehall have the equatioa of the curve required in terms of iti 
own co>ordtnatci. 

Solution* to a number of curious problems may be easily 
*A(aincd froiQ what has been done. 

We ahall subjoin a few. ^ 

t. Let it be required to find the equation of the curve which 

Ghall touch the base of a plane triant^le whose vertical angle if 

fonned by two linn given by position, and the sum ut t^ 

including side* a given length. 
Put V + u ^ a, the given length, whence v + ii — 0, 

^^ = 1 : and hence * = : = -r-— = - , therefore 



«* **. Also y : 



w = «* 3f' and hence i» + u ~: a' y* + a^ x^ — a; 

dividing by o*, ^* + jr» = a*, which equation belongs to the 
common conic parabola. 

The foregoing property of the pvaboix, may be verified in 
the following manner: 

X^ Fcs be an iioscelei triangle, 
and FQi a parabula touching the 
equal lidea cp, cs, in the points p 
and ■; also let ab, be another line 
touching the curve in q, and ter. 
minating in the lines cp, CS in a. and 
B, respectively: then AC -f- cb 



Demonstration: Draw ae, qr, cd and Bt perpendicular to 
vs; and join ar, br. 

By altnown propenyof lhecurve,PE = er, and bf = FS ; 

and therefore ar =. ap; and ar is parallel to bc. In like 

nunncTBR = bs; and br is parallel to ac. Wherefore the 

figure Carb it a parallelogram, and therefore cb =: ar = apj 

and consequently cb + ca ^ ap 4- ca =: cp. 

s. In a given hollow cone, it is required to place a solid, the' 

axis of which shall coincide with the axis of the cone, and 

the'property be such, that the conjugate axt* uf every ellipse 

formed by a plane touching the solid and cutting the cone, 

riiall be of the sane ^ven magnitude; required the equation 



- Ae equaiioif of the eurve by whose revbloiioif the ic4id will 

be generated. 

By attending lo what has been deduced we shall perceive that 
the square of the conjugate axis of the elliptical section will be 
proportional to cb X CA =: vui therefore put uk =: i^ a gives 

quantity ; taking the fluxions vu + nv :=:09 

^riience -r— = - • and x =: ^ = r:: =^ r» "* **^"^* 

V 

SI =: Mr* Also y zz ■ = — =: -» and hence v =: ay» 

«zr «v a 

and therefore vu =: 4xy =; a\ which equation expresses the 
property of a conic hyperbola with respect to the asymptotes 
CF, and ca; and consequently an hyperbolic co<noid is the 
lequired solid. 

The particular hyperbola, and its position with respect to 
the asymptotes^ will be determined aa follows: we have found 

^» 

^xy zz a\ xf =: — : now suppose x and y equal to each 

4 

other, then x* zz — , and ;r zr - , which is equal to the semi* 

transverse axis ; therefore , we have given the asymptotes and 
principal vertex of the hyperbola, to describe the same. A very 
neat and concise demonstration of the property of the hyperbola 
liere alluded to, may be found, in Dr. Hutton^s course, vol. ill. 
article, hyperbob, theorem 28. 

^. In a given hollow cone^ it is required to place a: solid, tb^ 
, axis of which shall concide with the axis of the cone, and 
the property of the solid be such, that the content of the part 
of the cone, intercepted bee ween its vertex and a plane touching 
the solid in any point, shall be of the same given magnitude ; 
lequired the equation of the curve by whose revolution the 
solid will be generated. 

From what has been done we shall perceive that the area of 
the elliptical section of the cone formed by a phme touchinff 
the solid win be proportional to ai y(CB X ca), and 
the perpendicular fironi c upon ab will be proportional to 

, the angle acb, being given. And therefore, the 

content of the part of the cone intercepted between iu vertex 



and aptuie touching the solid, will be proportional to es y ex 
X V(CB>cg4) = tfu ^vUf which is to be a given quantity, by 
the quettion. Put vu y^vu zz a% whence vu = «% the veiy 
same aam the preceding problem* 

XV. QUESTION 40^, fy Mr. W. Wallace, R. M. C. 

Let tf be an arc of a circle, and e its chord; also let 
€^^ d\ 4!"^ ^"9 &c, be the chords of its half, its fourth, ita 
eight, its sixteenth, &c« Prove that 

sin 41 = c — cc^c" 4- ^tfVV ^' - cr'c'Vtf«V^c'* + kc 
costf = 1 — ct' + c^c'V— rc't'Vc^'c^ + &c. 

both aeries being continued adinfiniium. 

Solution ^jr Afr.W. Wallace, the Proposer. 



By the vithmetic of sines 



<- c sin I # 
— >r^ sin I 4S 

— cf' tin i M 

— c"' sin iV tf 

— «*^ sin yV * 



sin tf=:c cos I a cos a == 

tin I a 1= c^ cos I tf cos | a = 

Sw|a = £^cosTa cos|as: 

sin -}- tf = r'''' cos ^ a cos i a = 

ain tV« = ^^'^ c«>« IT ^ "s .V « = 

&C. &c. 

Hence by coatinual substitution, 
sin a =: c — r ^^ sin } tf 

= c — cc'c'^ cos^tf 

=: c -- c r'l:'' + cc^i/'c'^'sin tV « 
= c — c c' V + ci^c'^ c^'' c*^ cos A « 

asd ao<m continually. By a like manner of proceedings 

cos a = 1 — c c* cos { tf ^ 

— 1 — ci/ -{r cc' c" tin i a 

— i — ci/ + cd d'&^'co^-i^a 

The two series of formulae exhibit an infinite number of eto- 
gantexpressions for the sine and cosine of an arc, and, ultimatclyji 
Uiey give the infinite series proposed in the question* 
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XVL QUESTION 406, by Mr. Herschel- 

AB, CB are the major an^ mi- 
nor semi-axes of a conic section, 
cp any semi-diameter. Draw 
APO parallel to cp meeting 
CB, produced if necessary* in 
o* It is required to prove 
that OA. AP = &c^'« 

Solution, by Mr. Hbrschsl, the Proposer. 

Letcp=:r,AP=R, Z.^gm:=oac=:6, ac— tf,CB=rav'i^^ 
then the two polar equauons of the conic section about c and a 
are respectively 

' 1 ^^ e*. cos ^, 

— ^^ (' — ^^)' ^^ ^ 
1 — <*. cos d* 

These expressions are easily deducible from the well-known 
equations (1 — e^) (a* — x*) - y^ and (1 — e*) (2ax — a?*/ — v* 
by the usual rules for transfering rectangular into polar co-oroi* 
n»tes. Hence we have 



R =: 



2r* = R 



cos 



Now since the angle oac =: 6 and AC r: tf, therefore 

OA = t; whence, 2 c^* nOA.Ar. 

cos 9 

XVII. QUESTION 407, ly Mr. Herschel. 

The wind blows a spider's web hanging freely upon two points 
(and supposed destitute of relative gravityj into a curvilinear 
form. Required the nature of the curve and the law of tension* 

SoLUTipN, by Mr. Herschel, the Proposer. 

Take A the vertex, let am z= ;r, MP = jr , ap = J. and / ss 
tension at p. Then the effect of the 
wind on a particle ds situated at p is re- 
solved into ds X (sin inclin)' = 



dy\^ . 



in the direction sp and 
X cos (inclin) 



ds X (sii^ inclin)^ 

s&ds. - <, ; • in the direction MP. The 
ds^ 

particle ds then is kept at rest by four 

forces, viz.; / in the direction of the tangent PL, i '^ di iBt 




o 
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that qf ,the consecutive tangent pk and the two forces above 
enumerated* Let the tangential forces be reduced to the 
directions am and fm, and they become respectively 

— i. -r and + t. ^ 
as as 

the other fbrces estimated in the same, directions are 

Hence the conditions of equilibrium are 

that it. 

Let (i) be multiplied by ix and (a) by iy, and the difference 
of the results will be 

. ^/x" f dy* . , dx i^x + rfy A 
o= dt..—j^->ft.—^, ' 

d^s being supposed zero 5 that is, since rfx* + iy^ := d%^t and 
dx(hx + dyd^y = o, 

di z:z Of t n a. 

Again. Let (1) be multiplied by dy and (n) by dx, and theil' 
sum will be' 

o = ^! (df + dx') + a {dx<ry — dyd'x) 
and eliminating d^x by the equation dxd x + dyd'y zz Of 

irOU IV. PAST I. u 



O z= 
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Suppoie g =/. 4hen g = ^/TTp aii4 



ifp 



which gives 



' ds = — a r f- ^ • 



4 

Hence, * s: fds^ V* — ^' ^ /^^' or a? + c = ^ 



or. 



and 
and/ 



reducing (supposing, for simplicity, x and / put for x + e, 
y^-f r' Which does iiot diminish the generality oi the equation). 



X 

a 



a o 

e + e 



which, by the solution of question 365 of the last No; of the 
Repository, appears to belong to the catenary. The tension if 

the same in every point, 

» 

XVIII. QUESTION 408, *; Mr. Heuschel. 

To determine the nature of a curve such, that drawings 
any ordinate ^^ M^ and tangent M^ p^, again erecting a se« 




second ordinate p Mtiand drawing a second tangent M p^, if 
this be repeated » timeSf the last tangent (m p in the -figure) 
Ihall invariably meet the axis at the fuot o( ihsfirs^ ordinate* 



SoiVTioKf hy Mr, Hxk8Cbei>, the Proposer, 

Let AP^ = Xf Pj M =: y^ ap^ = f (a?), ^ (x) being a certain 

unknown function of x. Then because the point p^ ii deter- 

imined from p by the tame law of construction tbat p^ is de« 

rived from p^ we must have ap = ^ (ap^) = ^ {? (*)) = 

4>* (x\ denoting by f * (x) th« repetition of the unknown opera- 
tion represented by 9. In like manner, if there be .more 
tangents, * 

AP^ =W)'{A?) BS^'X, •• AP„ =3 ^""^(y). 

The next value of ap will be p^ (x)» but, by the condition of 
the problem, the last tangent will fall at the foot of the first 
ordinate, therefore this distance must be equal to AP. or »• 

Consequently we must have 

^* {x) nap. 

Suppose the form of the function (p to be determined from 
this junctional equation the method of doing which we shall 
presently explain. Then we have ap^ = 9 («}t or 

dx ^ , \ 
whence separating the Vjuiables and integrating 



dx 



^ ? =/^ 



(f(x)' 



All that now remains is to resolve the functional equation f* m 

zzx*. The methods pointed out by Mr*. Babbage in Us ingenious 

papers on the subject, in the transactions of theroyal society 1615^ 

i8i£, enable us readily to accomplish this point. Assume 

—1 —1 

p x :^ ^i^ y^J'^fWherol^ denotes the inverse of the opera. 

tion denoted by 4^, that is, 4^ x k such a function that 



■ <»< n n —^^w**^» mmmi^^^^mfm^m 



mm 

* The parenthesis in ^ («) and simitar exoressiort being superfluous, vr« 
thall disuse them. The reader wiU understand that f^ ff denouii p{9{^))i f>k/^ 
stand* for p{^A'))) and so on. 
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4r4/ *=:«. For instance, if 4/a: = «?*,>J/ « will zz y/n 
because Vi.a?)* ::;= *• Then we sh^ll have 






A v**l ft 

And in like n^anner 9 ^ = \J/ f -^^^ 



Suppose now that fx is any particular solution of 9 a: = dp, 

n —1 n i 

then we have, ) 9^ zz x and pf course >|/ / nJ/jf 1= >(/ >i' ^. 
But 4^ denoting the inverse operation of 4^, there must exist 
f urh ^ form of >j/ a?, that shall not only give \J/\J/ a? — .rj, 
but also \|/ -i^ X zz X* Thus^ in the instance before taken, 

>J/"" X may be either + \/af or — |/jc, because both ( + v'^)* 

and (-^ >/xy are equal to x. but \|/ >^a? has for its values 

-f -/X* sii^d — v/«', that is 4- Jif and -^ ap, so that although 

[4/ n}/ a; is necessaiily x,\)/ 4/j; may have more than one form, 

among which however x is necessarily included. Restricting >]/ 
then to this form, we have 



4^"" /' -i^x = Jt, 



— 1 



Consequently if ^r satisfy the proposed equation, %!/ f'^iM 
will do so likewise, whatever be the forrp of the function %J/^ 
which is therefore absolute ly arbitrary. Now particular solution^ 

of (^ X ZLX readily present themselves, fx zz Xn ^\ \% obvi« 

ously one ; another may be found by assuming Jx zz -7- 

and determining the values of a, fr, c, cf, and others present 
ihemselvts without much difficulty, all which, however, will, I 
believe, be found to be comprised in the formula 

• 



( H7 ) 

tliough to demonstrate this in any case but when n = a seesit 
a matter of some difficulfy. 

If n zr 2, I have not found any curves in which the geom- 
etrical construction of the problem is possible. It is true, by 

assuming (J) x =;: — j:, - , ^d^ .^ x\ all which satisfy the 

equation (p' x •=. x^ we get valuer of y, which have nothing 
imaginary in them ; thus, if (p« =s — - x, we have 



log>^ =y^ " » '""^ ^^* *^^^^' = ^*' 



the equation of a parabola, but though this equation satisfies the 
analytical condition the construction is impossible. In fact the 
subtangent being aop, we have ap = x — 2j: = — x, to 

which value of the abscissa these is no corresponding real ordi« 
nate. Still however the next value of ap being ^ — ap^ is equal 

to X as the problem requires. As this is the first instance I have 
yet met with where the analytical conditions of a problem are 
completely satisfied by a real curve, at the same time that the 
geometrical relations to be fulfilled are eluded by a peculiarity 
in its form and become imaginary I have thoiight it worth while 
to notice it* 

If » = 3, we shall h^ve better success. One value of ^x js 
, which gives 






tan denoting what is usually written thus, arc (tan = ) 
This gives 

— 1 
1 



y 7=1 € ^ ^X* — X + I 



• e 



/2X — i\ 



which being alwayi real, whatever real value we assign to «r 
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remains so vrhen for x wc substitute ^x =: -— t or o*a: = — p 

and therefore affords a satisfactory solution of the problem* 
though of a somewhat complicated form* 

XIX. QUESTION 409, iy Mr. Hebschel. 

To determine the nature of a curve sucb» thatany series of tan* 
fents being drawn, as in the preceding question, the subtangents^ 




ATl-P 



*4 



^ ^1 ^1^ I'g Pj P3 &c. in the same series shall be all equal, 

fcowever they may difiFer in different series originating fiona a 
oiffbrent position of r m» 

Solution, fy Mr. Hekschel^ the Proposer. 

Let Ap = Xq, aPj = a?j, ap^ = x^, •... ap^ = v 
also let ru :z jr^, Fj m^ = jr^ and so on. Then we have 



AP»+t = AP, + 



or, 



A*. = 



+ 


>.'^*» 


''^ 


>« 





^y, 



Now since the subtangent is the same for the pointo M^ and 
V^xi therefore this equation is to be integrated on the supposition 



ibat -^ — is constant^ or at least a function of cot %vm% 

Let it z: / (cos syn )« Then 
X zin. /(cos 2vn) + c ; 



but by the tame principle that ^ — ^ was taken u arbitrary 



fiinction of cos avn, c may be taken equal to another, and there* 
fore to an arbitrary function of the former* Let then c s ^(cof 
araj and we have (writing x and y for x and ^ ) ' 

^ =:/(C08 2««) 

C =: « . y*(co3 a«R) 4* ^(cos **•) 

and the elimination of n from these gives the differential equa* 
tion of the curve. To this end we get by subitituting for 
/(cos asrn) itt valuci 



«nd replacing n in the first of the two equacionSy by thit itt valoe 

The general integration of this it of course not to be at« 
tempted ; even the most particular case except that in which 
y (x) zz const = a, surpasses the powers of analysis ; this^ how« 



ever, gives J^ =: — , and y ;=: « ^ the equation of a logarith 



anc curve. 
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XX. PRIZE QUESTION 410, by Mr- Lowry, R. Me C. 



Required a geometrical demonstration of the following method of 
construcing a regularpolygon of seven- 
teen sides in a circle : Draw the radius 
CO at right angles to the diameter ab ; 
on DC and ob, take OQ, equal to the 
half 9 and o o equal to the eighth part of 
the radius; make D£ and df each 
equal to dq, and eg and fr respec* 
lively equal to eq and fq; take oK a mean proportional 
between oh and oq, and through k, draw km parallel to ab, 
meeting the semicircle described on og in m, draw mn parallel 
to oc cutting the given circle in N, the arc an is the seventeenth 
part of the whole circumference. 




GA. 



EHOT) 



Solution, ^j^ Mr. Lo wr y, the Proposer. 



The demonstration of this construction will be shorter and 
more perspicuous, if the two following Lemmas aiQ first demon- 
strated. 

Lemma i. If the circumference of a circle be divided into 
any number of equal parts, and perpendiculars be drawn from 
the points of division to any diameter of the circle ; the sum of 
the perpendiculars drawn on the one side of this diameter is 
equal to the sum of those on the other side. < 

Let the circumference of a circle be divided into n equal 
parts, in the points A, B« c, D, £, &c. ; and let a^, b^, cc, &c« 
be perpendiculars on any diameter kl ; 

Aa + B^ + Etf &c. zucc + Dd + &c. 

Draw the diameter GH at right angles to kl, and join 
AG^ 6G, cGj &c, AUo draw An perpendicular to gh and 
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let o be the centre of the circle. Because in the right* 
angled triangle G AH, AC* =& en. 6Hs=:(Gp— All) x ftaOy 

therefore , 
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^ 
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IC 



AG 

BG' 

DG* 



200*— Aa X SGO. In the same way it is shewn that 

aco^ — b6 X 2GO, CG* = aGO* + CC X SGO» 
SGO* -{- I><^ X S<^0, EG* 1= SGO* — £< X 9G0; 



Therefore by addition 

' -AG* + BG" + CG* + DG* + £G>+ ftc,) 

= ioGO« — aGO X (cr + Drf — Atf — b£ — £e — &c.) 

= 2»X GO* + 2GOX(CC + Ddf +&C,-— Aa — B^ — £« — &C.) 
But AG* + BG* + CG* + DG* + EG* + &C. = Sll X CO*^ 

as is well known (see Stewart's General Theorems, Prop. iy» ; 
or Mathematical Repository, first series, vol. i p. 19) therefore 

Sn X GO* = 2« X GO*+ 2GO X (CC+ Drf+ &C. — AO — lA — £« — &C«) 

and consequently 

200 X (AG + B^ + Ee + &C.) zrfiGO X {CC + Di/ + &C.) 

or Afl + b6 + zt + &c. =: CC + Dd + &c. 
Vol IV. Part j. x 



Lemma II* Let ak and mn be twodiataeters of a circle at 
fight angles to one another; ab and AG any two arcs, aq = 
their turn and AP = their difference ; the rectangle of the per«> 
l^ndiculars from B and c upon mn, is equal to the rectangle 
contained by the radius of the circle and half the sum or differ- 
ence of the perpendiculars from p and q, according as they ar# 
On the same side or on different sides of mn : 

That is B^ X cc = AG X I (pa + Qd). 



aM 




DrawpQ meeting the radius go in I: ; join fo, bo, and draw 
EF perpendicular to mn. Because aq is = the sum and ap 
= the difference of ab and ACt ab is sis fc and Pc az cq* 




therefore co bisects pq at right angles in E, and consequentljr 
Mr is =L half the sum or difference of fa and Qd% namely = to 
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half their sum when p and q are on the same side of mm, an J 
;= to half their difference when they are on different sides of 
MN. Again, because A B z=: PC, the angle aob (ob6; —cop; 
therefore the right-angled triangles eoX, POE are = in all 
respects ; consequently B^ = 0£,and by similar triangles o£(b&) : 
EF (i(?a + Qd)) :: oc (ao) : cc ; wherefore Bb a cc zz 
AO X 1 (p^i + Qd). 

To proceed now with the demonstration, let the circumfer- 
ence of the circle acbz be divided into 17 equal parts Aa, ab^ 
bc^cdf &c., and let ab and cz be two diameters drawn at right an«> 
glesto each other. Bisect a^, which joins the ist. and 4th* 
divisions, in o''; 6A, which joins the 2nd and 8th, in p ; ce^ 
which joins the 3rd. and 5th. in r ; and Jg, which joins the 6rh 
and 7th, in s : also bisect the lines o^p and rs in m and », and 
from the points of section draw C't, 'pw, RV, sx, mr andn^ 
perpendicdar to the diameter cz* 
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I shall prove first, that the excess of n^ above mr is equal to 
an eighth part of the radius of the circle; and secondly, that 
each of the rectangles ns . mr^ sx i RV and o't . PW is equal to 
the square of a. fourth part of the radius. It is owing to the 
circumstance of these rectangles being constant quantities that 
the problem is constructable by plane geometry ; and to thei^ 
equality that the construction is so remarkably simple* 
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In proving these propositions, it will be necessary to make 
use of the perpendiculars drawn from the several points of 
division a, J, c, d^ &c. upon the diameter cz ; but to prevent 
confusion in the figure, and to apply the second Lemma with 
greater facility, it will be better not to draw these perpendiculars^ 
l^ut to represent them by convenient symbols. 

Let then p^, v^f^^*^^^ &c. to Pg represent the perpendicu- 
lars drawn from the points a^ b^ c, &c. upon co as far as the 8th 
division ; and these taken in the inverse order will also represent 
the perpendiculars from the 9th, 10th, 11th, &c. divisions as 
far as the i6th, and the t7th will be the radius ao. 

Now first, to prove ns — mr zz y ao, or, which is the same 
thing, that ins — 8»ir zz ao. 

It is evident that 2 (p^ + Pg + p^ + Pg) is the sum of the 
perpendiculars on the right hand, and 2(Pi-+-p, + P3-h P4) 
+ ao the sum of those on the left of cz ; therefore, by the x&U 
Lemma, 

2(P, +P6 + P7 + Ps) =2(p, + Pa + P3 +PJ + AOt 

or 8 (Pfi + P7 + P5— Pg)— fi(P^ +^ P4 + P,— P8}=: AO. 

But since yg is bisected in s, 2SX is = Pg + Py ; and for 

• like reason 2RV = p^ — p^; 2T0' =rP, + P4 ; 2PW = p^ 

— P, ; 2«j = sx — RV, 2mr =r o'T — PW ; 

therefore 2 (p^ + Py -+- p^ — P,j = 4 (sx — rv) = 8«5, 

2 (P, + p^ + p, — Fa) iz 4 (o'T — Pw) =: 8w»r, 

and %ns — 8mr =: AO (a\ 

Next, to prove that ns .mr ^zi f — j , or which is the same 

thing, that ^ns .^mr zz ao** 
Because 2ns zz sx — rv and 2mr zz o't — pw, 

4«j . 4mr = 4 (sx — rv) . (o^x — pw) 

ZI 4 (8X RV) . O^T — 4 (sx -r- R V) . PW. 

But 4 (sx — rv).o't is = 4SX . o't — 4RV,©'t; and 
since 2sx = Pg + p^, 2RV = Pg — p^ and 2To' = p, + P^, 
therefore 4SX . o't zz (Pg + P7).(p, + P4), 
and 4RV . o^T =z (p^ ^ P^y (p. + pJ. 
' Now, by the second Lemma, 

P6.(P, + P4)=^. (P^ +Py — P. + P,) 
P7-(P. +'4)=^-('s +Ps — P, + P#) ; 



2 



therefore by additioil 



(rt + »,) . (P. +>0 == -J-. (aP6 +ap, +P«— J,— p^ +»j,;) 

oJr 48X . c/t.=. AC • (flSX + tW r- *l3% 

In thQ isame way it is proved that ^ , 

4RV . O^T = AO • (20'X — SX — PW)# 

and taking the difference 

4 ($x r- Rv)^ o'xcn AjO . (8SX — ^'t + A FW.-— av) 

zi:ao.(2SX + 2ns — j^mr). 

Agam^ I)epau8e 4 (5*Xj-r- |tv) . P.W =:4sac . fw .— 4RT . PWt 
and 2PW = Pa — P« 5 therefore, by proceeding as before, 
4SX.PW = (P6 + P7).(Pg— P«) =ao.<o't— EV— apw)^ 

4RV.PW z= (P3 — P3).(Pg — P,) :;=AO. ( S;c — 2RV — o'xjt 
and taking the difference, 

, 4 (ix ^ Rv) . pw == AO . (^p'x ■+• 3Ry — 8x — 2PW) 

=: AO • (2RV 4" i^^ — *^'^)« 



/ 



flTC 




Gi^. 



ft 

Subtracting again, to get the difference of the rectangles, 
4 (sx' — RV) . o't and 4 (sx — rv) . pw, or 411A . 4i»r,wehavc 

4«* . 4»ir= AG • (4W — Smr + a (sx — RV )}• 

f lY. PART U y 
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But s (sx — RV) = 4«j J therefore 411* — 8mf — a (»x — 
SV) =: Bns — - 8mr rs ao» and consequently 

411X • 4mr :^ AD*. ••••••••••••••••».• (^) 

Again, to prove that sx . rv = C — ] or that 4sx • 4RV = AO*« 
tsx . «RV =(P6 + P/)* (Pa— Pfilf an<J» by the second Lemma, 

AO 



V 



$ 



. (p.— p.) == ^ . (— », + p, — p. + Pi) 



therefore, by additbOj 
S8X . «BV = ~. (P« +P, +Pi— >«— P« — P.— P« — »,| 

S= AO . (SX + PW — O^T— R V) = AO . (dUX— 'SJRf)* 

But ftiti— amr =: — , therefore 2ix • aRV =s AO )ic — » 

4 4 

ud consequently 4SX • 4RV = ad*. ••••••••«••••••• (c)» 

Lastly, to prove that o^t.p w = f — J or that 40'T . 4P w = Ao\ 

ao'T . apw = (P| + P4) . (Fs — Pa)f and by applying the 
second Lemma, and proceeding as in the last case, we have 

« 

tO'T.2PW = — (P64-P7+P8-Pa-P4-P»+P5-P3)=AOX ^y 

2 4 

thereiore 40'T • 4FW =: ao% ••••••••• (d) 

These properties being now proved, the demonstration of the 
construction in the question is readily completed* 

Because ins — ^ imr = ao (a) =: 800 by construction^ 
ns — «r is =: od; and [ns — • »ir)" = OD* 

AO* 

a4d to these j^ns . mr :=: — • (b) 



( j67 Jf 

A A* 

then [ns + mry =: on* + ^^ — OD* + os» = Dft^bccauis 

^Q ^= — ; therefore iw + wr = Dft ci d? =: db by coii« 

Itruction, and ns — mr being = od, 
%tts is =: OF and 2mr == os« 




But 8IW = 8X — RV, therefore sx — Rv = or and 



(sx — RV)* = ofS add 4SX . rv = — (c) ; 

4 

Ihen (8X + RV)* — of * + JB:^ = fq\ 

4 
or sx + RV = FQ = FH by construction j 

therefore ^RV = fh — of = oh, 
or p^ -— p^ =: OH. 
Agaiui because 2mr :=;; q^t -^ pw, o'^x -^ pw = ob and 

oa' 
40' T • PW := (d)f therefore, as before, 

4 

4 

(Consequently o't + pw = eq = eg by construction, and 
therefore 20^T = oe + eg = OG, 
or Pj + P4 = OG. 

But, by the second Lemma, p t . p^ =: — • (p^ — p^) — /^ , 

OH = OQ • OH = OK* by construction ; and, by the property 
of the circle, XM + XM^ = oa, and Xld • &m^ ;=; ox'; 



i C ^«8 1 

iTicrcfore km + KM»=: p, + p^ and KM • km' = f^ . r^^ 

~.«id consequently km = p, and km'.- p . ; that is, KM is = to 
the perpendicular from a upon co ; wherefore the points a and n 
soincidemd an is the seventeenth part of the eircumfereRce* ^ 

A line drawn through m' parallel to oc will evidently pastf 
through df the 4th division, and by setting off fq and EQ on ab 
both ways, and varying the latter part of the construction a 
little, any of the other points of division may easily be founds 

The calculation from this construction is very easy, for if we 
take the radius =: 1, we have od =z i and oq =: ^ ; whence 

OF = iVi/ + Tf 
TK = FC = -•.(oft* + OF*) = t/34 + 2 •17*'^ 



EO = EQ = \/(oe* + OE*) = i/34 — 2Vl7f 



OH = FH — OF = 1^/34 — 2 V17 — W^7 — h 

OG r: EG + OE == fv^34 — 2/1? + W^7 + i- 

OG 

But KM if evidently zz — 4- |-/(og' — 40K*) 

= TT (5a — 4 V 17 + 2V34 — «^>7 ^ W^7-^^^ 

=ttC5»— 4^ *7 + 8 V34+«V^7 — 4 /34 — «\/i7), 

by putting 4v'34 + 2Vi7 for ^84 — ^•17 X (/17 — 1). 



Also 40&" = 40H. OQ == J/34 + 2v'i7 — i\/i7 — i» 
tliereforeoG*-40K*«TV(i7+3v^*7-V34-2/i7-a\/34+2i/i7) 
and KM =^ ^34 — 2 ^17 + ^^17 — ^v + 

T /(17 + 3^^7-/34— 2 Vi7—«/34+2/i7), 

the same expression that Mr. Leslie has given for the cosine of 
the 17th part of the circumference^ at page 419 of the 8q4 
tdition ol bis geometry. 

£od of ihc first pan of the fourth vplf 
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ARTICLE I. 

On Combinations. 
Py Mr. RoBi J. Oishneach, Trinity College, Cambridge. 

To the Editor of the Mathematical 'Repository. 

Sir, 

I hope the following $olution to a problem which occurs 
in the Novi Commentarii Petropol. Vol. X. will be deemed 
vorthy of insertion in your valuable publication. The proof, 
if such it can be called, which is given by the Author Josias 
Weitbrecht is inductive. The advantage of a commodious 
notation is sufficiently bbvious. 

I am, 3^c« 

R. J. DiSHNEAGH. 

Jun6 23, 1814. 

Thie Propositian alluded to, is, 

(I}» If Ally limb has n muscles, each haviiptg m distinct 
motions, determine the number of motions when p muscles act 
ft once. 

To which he adds another Proposition. 

(IIJ, ' To determine the total number of motions which can 
j)C exerted by the limb. 

For convenience, we shall state the first proposition, thus, 
petermine the number pf combinatioins of n things a, ^, c^ &c* 

VOL. IV. ifART xi; a 
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each having m values as a\ af\ &c. V^V* &c. ; and supposing p 
quantities to be taken at oncet snd no two values of the same 
quantity occurring in any one combination. 

Let, in general, ^(n) denote the number of combinations of n 
things each having m different values, the number taken together 
being represented by the characteristic p^ where p and n denote 
any numbers whatever. 

Hence ^ {n — i) = number of combinations of n — i 
things each having m values,^ — - 1 being taken at once, and no 
two values of the same quantity occur in any one combination. 
But each of the m values of a can be prefixed to this, .*. the 
number of combinations of n things taken p and p together in 

which the values of a occur r: m (p''"~ \« — i) ; .'., setting 
aside the values ot a^ we shall have in the same way the number 

of combinations where h occurs r: m<l^ "" (n — 2) : and hence 
evidently^ the number of combinations in which c, </, &c. occur 

will be iznKj;^'^ («—- 3). »»?''"*" V« — 4), &c, respectively. 
But the whole number of combinations =: the sum of all these 
partial combinations : or 

(p^(«)=m(p'^^(»— O + wKp'^^Cw— e)+ Arfn(tr'^[p—\) 

••.(f^(« + i) — f{n)-mf^ ^(«) or A(p^(n)zii»ip^-^(«) 
Hence (p^(fi) =: »i2(p^ "" V) •*• ^^ "" \«) = wS(p^ "" ^(n) 
.*. 2(f)'^ - ^{n\ ^ mS'ip'' - ^{n) and (pP "" \n) = ml(pP-^(n) 
.-. £«(p^ "" ^(n) zz mlY "" \n) : &c. 



Hence, by multiplying the first two columns verticallyi we 
evidently have 

Now (j/(n}= number of combinations of n things each having 
m distinct values, taken one at once, which is .*. evidently = 
m % n 

Now, in integrating successively 1, 2, 3, p — 1 times 

weintroduce successively the factors « — 1, n — 2, ....n (p %) 

and divide successively by 2, 3, 4, . . . . , , \ .. ,.p 

..'. /(n) = m\ S'" V) = nt . n(«-xK>.--a). . ..(«-fP-i)) 

1«2«3******* *p 
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CoROL, ^{n)=:{p^iy^ tenn of the devdopemcnt of the 
Binomial (i+m)"- 
Prop. e. Determine the ioial namber of combiDaitions of 

n things each having m values, no two of the same kind occuring 
in any one combination. 

The number evidently 2= $^(») 4- ?)*(») + <PH«) 4- . . . .^"(ii) 

z^ turn of all the terms of the develope- 
ment of (i + m)* by Corol. to Prop. i. — .•. (i + m)\ 

.-. N=:(i -{^ mT— 1. 
Corol. If each of the quantities has only one value» 
or if »» = 1, then n = (i f i)" _ i = a" _ i as is given in 
Manning*s Algebra, and other Books. 



ARTICLE IL . 

On Attractions to Spheroids of small excentricity. 

By Mr. Rob. J. Dishneagh, Trinity College^ Cambridge. 

To the Editor oj the Mathematical Repafsiiory. 

Sir, 

IF the following method of determining the attractions to 
the poles and equators of spheroids of small eccentricity should 
meet your approbation^ I shall be obliged to you for its insertion 
in the Repository. Bernouilli, In his dissertation on the tides 
(Prob. VII.) has applied the principle to the solution of the case 
of the oblate spheroid in which the sections are circles (Prop. 
4 infra.) : but the conclusions in the other cases he has obtained 
by a very different process, see Prob. VI. I am, &c. 

R. J. DiSHflEAOH; 

Lemma. To determine the attraction to any point on the 
surface of a sphere the attracting force a ^2* 

We must first find the attraction of any 

Idane circle rp on a particle at a. Now 
et the attraction of any particle £ on a 

be represented by — j .*. its attraction in 

A£ 

the direction of the axis = the direct 

AH AH 

attraction x — n --• •*• the attraction 

AE ae' 

aa 
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of the cirCnmitttnct af the circle (rad» SH) is 27XH < 
(«r =z 3*l4M9ft} ::: «» . AH t-^. Now, caHing ah t= dt 

A£ 

EH = f , .'. the attraction to the circumference of the circle (rad. 
bh) =: »vJ . — J therefore the fluxiod of the attrac- 

lion to the plane circle equal the attraction to the 
the circumference of the circle x » = 2ird X 



••. the :attraction to the plane circle =: 2vd . — • v ^ ■ '■ s.' 

C AH i^ 

s= fi9r-^i s .% for the whole circle pq, the attraction is 

t AE ) ^ 

C • AH ^ 

— 27r •< 1 > .Now to apply this to determine the attraction 

to the spherci let AH =:X| radius of the spherc=:r, .% the attraction 

^ K ^ ^ } ^ xi } 

^othe circlp ?pz:^2V<t -^ . ' -e h = a^-< 1 77 — r-r •'• 

the fluxion of the attracdon to the 8phere=av -< x — ■■ > .■ ■> . •. 

the attraction to the spheace zz2v<x — - . •— 7 — ^. y , and 

rection. 

Now, for the whole sphere, « = ar, .•. the attraction ta the 

sphere - 2V (2r— ^ . ir^ = a«- .-^ =: 2^. 

(1). To determine the attraction to the equator of an oblong 
spheroid. 

Since the spheroid is generated by the revolution of an ellipse 
about its major axis p/^, the sections nd parallel to ^p will be 
ellipses. Let Gg be a corresponding section of the inscribed 
sphere, and thcrcTore a circle. 



' no cor- 



Let £0 =: f, PO r: r + pf BF s « 
«iid 9 zz 3*i4<59t. iHow the area of 
the circle Gg zz w . OF» = w (2ra? — 
x*)^ and the area of the ellipse d^ =: the 

DP 

lirea of the circle x — ^ = the area of 



GF 



PO 



the circle X — = ^(2rx — x*) x 

BO ^ ^ 

^^ = 9 (flra? — «*) + ^(2rx^x% 

How the difference of these areas 
is =s the area of the two meniscuses 




Now the attraction to these ipeniscuscs = 

number of all the attracting particle s ^ 

(Distance)* . "^ 

number of attracting particles . i_ _r t • « 
—z — ^-^ ^ aince the surfacet bemg. small 



SG' 



each point may be considered equidistant from £» •*• the attrac. 



lion to the meniscuses rr •? x (2rx — x^) x — ; 

r EG* 






^*) X 



J _ «"(> 



2r;ip 



2r» 



X (2r -^ a?),. Now the attraction in the 



c6s. 



cos 

direction of the axis equa) the direct attraction. X — -r^ 
r= ihe direct attiaaion x — ^ ^ -*^X(flr — ^jr)x ■■ v ' ■ =^ 



• (^rx) 



-^ — : X {2rx^ — a? ) .*. the fluxion of the attraction ta 



tr*y{tr) 



ijje. solid meniscuses = — — ^ 



2r*v{2r) 



X i2rx'^ X — x^x) theref. the 



Vp 



fjrx^ 



attraction in the direction of the axis = — r— ^r — - ( ^ 

i>rV(2r) V 3 

* X « I, and no correction necessary. 
5 / 

Hence when x zz «r, we have the whole attraction to the dif- 
tercncc of the spheroid and the sphere = 



( 6 ) 



7fp 



stn^{2r 



-x|*;x,.„*-ixW| = ..|i-l? = 



►(bX 



EO 



*«5 

Therefore the attraction -to the spheroid i= the attraction to 
the sphere + the attraction to the diflFerence 6f the spheroid and the 
sphere 

4^ 8^ 4^ 2 A . 

(11). To determine the attraction to the pole of an oblong 
spheroid. 

The spheroid being generated by the revolution of the ellipse 
about the major axis Fp, the sections g^ perpendicular to pp will 
be circles : 

^ Let Dd be a section of the circumscribed sphere, and .% a 
circle: call po irr, EOi=.r — :p. Now 
the area of the circle ndzziv x DF^zra- 
X (2rjr — X*) and the area of the 

circle G^ = WXGF*Z= •rXDF'^X 

-Try: i^TX —x"") X r ~ ^ \ =nF 

X (2rx — **) X (i — * —J omitting 

^ , Now the difference of these areas = the area of the sections 

T 

t '9 

cootained between the sphere and spheroid, .•. the areas of the 
two menisci = [2rx — x*). Now as this is double of <a) 

and as the remaining part of the investigation is. precisely the 
same, the result will be double of (b). Therefore the attraction 

to the difference of the sphere and spheroid =-= 2 x — — 

-— ^, Therefore the iittraction to the spheroid :=:z the attraction 
.0 

to the sphere — this attraction. 

""1 15" ^ T 
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(III). To determine the attraction to the equator oizxi oblate 
spheroid. 




< r ) 

The oblate spheroid being generated by the revolution of the 
cliipse about the minor axis pp, all sec- 
tions G^ parallel to it will be ellipses* 
XiCt Da be a corresponding section ot 
the circumscribed sphere and therefore 
a circle. 

Put EO = r, po =z= r — p, EF =■ X. 
Now the area of the circle Dd iz tt x 
DF* =z ^ X (2rx — a?*) and the area of 
4he ellipse Gf g zz the area of the circle 



po 

£0 



zz «• X (2rx — x^) X 




= » X {2rx — A*) — ^ X (2rx — ar*) .•. the area of the sec- 
tions contained between the sphere and spheroid = the difference 
of these zr -^ x (2rx — x*). NoW as this is the same as (a) and 

as the remaining part of the investigation is the same the con* 
elusion must be the same as (b). Therefore the attraction to 
the solid menisci comprized between the sphere and spheroid 

_ 8yp 

Therefore the attraction to the spheroid =: tlie attraction to 
the sphere — the attraction to the menisci =: 
4*r 8rp 4irr 

T" ^5 "^ 3 . 
(IV). To determine the attraction to the poU of an oblate 
spheroid. 

Since the solid is formed by the revolution of the ellipse about 
the minor axis pp, all sections j>d parallel to it will be circles* 
Let Gg be a corresponding 
section of the inscribed t^ 

sphere and .•. a circle; Let 
PO = r, EO = r + p, PF 

Now the area of the circle 
Gg=zv.Gi*=v . (2ra:— X*), 
and the area of the circle 7}d 

,9 






(HI). 



£0' 



= «XDF*= 5rXGF*X — ^ 





^<^^. 


u^ 


-..^^ 


D> 


/^""L^^^ 




•i "^V* 


r 


•/^^ 


F _----' 


V* X 


\ 


^ 





^y 



PO 



? 



( « ) 

Therefore the area of the sections of the solid memsci com^ 
prized between the spheroid and the sphere = the difference of 

these =z -^ X (2rx — **). 
r 

Now ad this iif double of (a) and the remaining part of the 
investigation the same, the result will be double ol (b). There- 
fore the attraction to the solid menisci contained between the 

spheroid and the sphere will s= — ^. 

Therefore the attraction to the spheroid = the attraction to 

the s^phere + the attraction to the solid menisci 

+ ^ — ^ iz 2-- X (i + ^) (IV). 

The four preceding propositions may be thus stated. 

(I). The attraction of the oblong spheroid on the equator is 
to the attraction of the inscribed sphere 

as 1 + — to I. 

(II). The attraction of the oblong jpheroid on the pok is tq 
the attraction of the circumscribed sphere 

4P 
as 1 -^ ~ to 1. 

(III). The attraction of the oblate spheroid on the equator is 
to the attraction of the circumscribed sphere 

2p 

as 1 • to 1 . 

(IV). The attraction of the oblate sphqrpid PQ ihtppfe istQ 
the attraction of the inscribed sphere 

as I + -^ to I. 
6^ 

pence we can compare the attractjons to the equator and tbc 

foh taj an oblate spheroid. 

The attraction to the equator is to the attraction to th^ cli^Uia* 

scribed sphere : : i — - ~ ; t by (III). • 



( 9 ) 

ft 

The attraction to the circumscribed sphere is to the attraction 
to the iascribed sphere : : . r + p : r, by Lemma* 

The attraction to the inscribed sphere is to the attraction to the 

pole of the spheroid : : i : i -+• i?. 

Thetefore, the attraction to the equator of the oblate spheroid 
is to the attraction to its pole 

&r r ^^ br 

5^ s^ ' ': *^ 



ARTICLE IIL 



On Finding the EartVs Axes,* 

By Mr. Jamss Adams, Stone House, Plymoutk. 

To find the earth's axes, having given the measure of a degree 
of a meridian in two given latitudes ; the earth being supposed 
an elh'psoid. 

Let IKEM represent a merit* 
dian of the earth, <*N the less, 
and IE the greiier axis, and z, 
s, the given latitudes ; at right 
angles to which let zx, zx be 
drawn, and let ZM, zm repre- 
sent the radii of curvature at z 
and 2. 

Put 
A =: degrees in the greater latitude ; s =: sine, c = cosine ; 
B r= degrees in the less latitude ; J = sine^ c =: cosine ; rad. t» 
D z^ length of a degree on the meridian, in latitude a 
d = tength of a degree bn the meridian, in latitude a 
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( «» ) 

hen. 



OB = ^ '|°^45°+ B)cos(45'-f B) \^ 
Vsm (45*» ' e) cos (45« + z)/ 



gin(4i*' -^ B) cos (45^ 4- B) , o v. v 

sin(45^+y)cQs(45^+ f) ^ S7'^9^^c X ^, 

OK = ( ""<45"+ B)cos/45^-f bM 
^sin (45° 4- f) cos (45^ + f); 
sin (45^ + B) cos (4^+ b) . .• _^ -^ ^ . 
.in(45° + E;.cos(45^ + E) ^ 57'fi9.&c.xrf. 

OK_ / sin (45;; f f)co8(45^ + f) \^ 

OE Vsin (45*^ + E) cos (45° + z)) ••^^^* 

It is plain from the data that b is less than A* 

In the Trigonometrical Survey, vol. I. page 300* it is said if 
c = cosine and t = tangent of a given latitude, 
p = length of the perpendicular degree, 
m =: length of the meridional degree, 
d = 57*29* &c, the degrees in the circular arc equal to radi 

t :i: p ^m^ and |/ ^ — zz a* Then, 

OK = ^V(«* + <*). and EO = ^ v'i*' + '').*» 
But these expressions may easily be reduced to 

J dp X € 

and o E = • ■ ^ 1 — = ; ^ 

J = sine of the given latitude. 

Put H ;= an arc, corresponding to the xiat; sin sa^ ^ (rad^ 
t^iity). Then, per Trigonometry, 



• A« Mme of our readers tpay not Jiave the oppQituuity of cposulting the Tri|o- 
|soipet»icaI Survey, we shall subjoia to this Article, the intestigation of the aboV^ 
expressions as giTcn at page 300, vol. t, of that work. 

/m * 

f U i Y r-ibe considered as a coiiiif^ thea the sine of u mitft he i^ed. 



\ 



( »3 ) 

t 

{i + iy^^)(i-*.^y^-)=sm(9o'+H)$in(90*— h)=coi"^ 

And, by substitution, 

, , , cos' kt. , ,^ COS lat 

OK = d^(^«) X -^3^^; andOE = dp y. r^^^ j 

m. r ^*^ /^ COS lat '/ % 

Thereforie — = \/ — x ■ " * ^ • l^J* 

OE K ^ COSH 

If the earth be a sphere ; then /i = tfi, and h = lat. Therefore 
PK r; OE = i//» . . . , ^ ♦.,,,..•,... t ....»•».. . .(o), 

Examph i . Giveii A = si"" fi8' 40" ; 8 = 51* &' ^" \ 

D 1= 60868 iath.5 i = 608 j9 fathoms* 

Then (a) 

logsin of B =: 51*5' o'^ = I'Sgioiaa 

, ; . . . ■ ■ ■ ■^' ■ 

log si n of E = 51° 4< 47^^24 ■^=1-8909919 

log V - - = "1-9999786 

log co« 5i» ^•o" = T7980906 

log cos of F = 51" s '^^^'" - *'798o69« 

log sin A + B = 77*26' flo'o'" = 9' 9894786 
log sin A -- B = o' 23'40'V" = 7*8378598 . 
ar: comp. a + e = loa'sa' 27" 24'" = 0-0105155 
ar. comp. A — B = o^ Sis' 52'' 36"' = 2-«583037 ; 

2) 19-9961576 

9.9980788 

A + B 9*9894786 

A — B 7"8378598 

ar. comp. a + J = 102° 33' 48" 11'" = 0-0105253 
ar.conip. A - F = o' 23' 31" 49'" = 2-1646502 

57'29, &c. . . . = 17581a 26 
d ^ 60859. ' - = 47843^48 

Q»s=349t7«S««-"«?«'v^ 6*54304«» 



\ 



( 14 ) 

LogsinA+ B ••••,• r: 9*9894^^5 

log sin A ~ B • • • •• = 7*^37^J9^ 

ar*comp.A + f«««.« = 0*0105253 

«r.coiiip.A«— F.».»«..«..« = g't646502 

•) 0-OOB5139 

0*0012569 

A+B = 9*9894786 

A — B.; = 7*'378598 

ar.compb A + b < • . . = 0*0105155 

tr* cmip. A --^ B • • =: 8*1583037 

57*29, &c. *.•••= 17581226 
d.... =47843H8 

OK = 3466B66 ••••••• == 6*5398619 

Log lin Arh- r = 99894747 

A — F = 7*8353498 

ar. comp. a + £..... = o'Oio^i^^ 

ar. comp. a — e ::: s*i 583037 

«) «9'9986487 

OK 4- 0£ = 0*9927086 zr 9*9968218 

OK : OB : : 0*9927086 : 1 :: 931 : 232*696 

1 : 1*0073449 :: 231 : 232*696. 



* • 



Example 2. Given A = 51" 28' 40'' ; b = 50" 41' cf\ 

B = 60868 fath. ; d s 60851 fatbomi. 

Proceeding as before, we find 

OE == 349154* I OK ^Q 

OK = 3;67687 5 Si = '993^692. 

Example 3. Give» a = 51*" 5' o'' 5 b = 50* 41^ o'', 

l> sc 60859, ^ == 6085 *• 

In this case we find'as before. 



OEss=a49i«t3 ? OK _ 

OK sp 3468854 ^ ^ ''^35957. 



Example ^. Given A ==* 50^ 41^ ; m ssz 60851 fathoms, 

jf zi 6t*i82 fathoBEis ; d sses s7*99, &c. 



( H ) 

Thcft (f ) ^ 

log sin A =s 5o* 41' c'^ o''^ . .. =: 7*8885479 
log sin H = 50** «9' 89'' 1 1'''. . . . == 9*8873699 

log COS A = 500 41' O'' C''^ . .. SS 9*8018193 

log COS a(a.c.) jo"" 29' $9'' 11'''. • .. =s 0*1964^63 

s 

^"^ (S^) •— • ••— .= 9-9965"0 

log ^s= 57*£9, &c * • . . • • • = 17581186 

log v^(pw)=s>/(6ii8a X 60851);..=: 47854457 

OK = 346800& •..••••••.»••= 6*5400793 

log rf •...♦.-....•.»...••• •^. . .= 175812B6 

log ^ =: 61 1 82 • • • • • • .^. • • . .^ • . = 47866237 

*<«^ = 9'998«555 

OE = 34914^7 *. . . •^ • • = 6*5430018 

OK ♦••• «f .»...♦• =B 6*5400793 

££s=: 1*006752 • • ^ 0*06219225 

OK ■ 

Example $- Oivea a = 50*5'. ' =* «* »85. 

« -s 60859, dss:s7'»s, Sec, 

J 

Proceeding as in tW Uit example we get» 

OK == 3467940 { ^ ^ ,.006764 
OE = 849^4<>o > OK ' ' 

JEjKflOT/& 6. Given A =r ^5i'a8' 40^', ? = 61188. 

m = 60868, d = 57*A9t &c. 

In this case we shall find, 

OK= 3468010 , 2£_j.oo6754. 
OE== 849*435 > OK '"* 

The foregoing six examples with their results, as given in the 



•N 



TrigOAometrlcal Survey, (vol, i, page 309) art placcid in the M- 
lowmg table. 



•^m^fim'^f'^'-m m «>■ 



La^tttdes. 



Degrees on 
the merid. 
in fothoms. 



510 28' 4(/' 
51° V (/' 



6086d \ 
60859 J 



51° as' 4(/' 

50° 41' 0" 



51° 5' 0" 
50° 41' 0" 



Degrees 

perp. to the 
meridian in 
fathoms. 



m^imi^t^^—m^ 



60868 \ 
60851 J 



■■ *■ 



50° 41' 0^' 
61° 5' 0" 
51° «8' 40" 



60859 \ 
60851 J 



^ » « 



60851 
60859 
60868 



61183 
61185 
61188 



Semi- 

ttansverse 

osinfaths. 



Semi-coti- 
jugate OK 
lA faths. 



3491795 
3491541 

3491913 

3491417 
3491400 
3491435 



Trigqnometrical Sarref ......... 349 1 420 



3466966 
3467687 

3468854 

3468009 
3467940 
3468010 



3463007 



Ratio — . 

OK 



1-007345 



1*006879 



1-006445 



1006759 
1-006764 
1-006754 



1006751 



♦ * # . 



Extract fr^m vd. t» page. 2299 ^i. of the Trigonometrical Survey* 

Pk9B.L^M. Having Ac ineri4ipnal degree, and also the de- 
gree perpendicular to the meridian, in a given latitude ; to find the 
earth's axes, supposing it art ellipsoid. 

Suppose APAP to be the elliptical meridiaxi passing through 
the point b whose latitude is given ; c A, cp the equatorial and po- 
lar semi- axes. Let b ¥ be the ordinate of the 
point B, and draw br perpeti. to the curve 
at B, which will be the radius of cyrva- 
ture of the perpendicukr degree at that 
point ; also draw bd parallel to AC. Put 
c and t for the cosine diuAjfingcnt of the 
given latitude ; p and m for the lengths 
of the perpendicular and meridional de« 
grees, respectively ; and d zz 57°'29, 
6cc. the degrees in the circular arc which is equalto the radius. 

Then, from the properties of the ellipse, we get fc, or bd = 

-■ — T- : PR =: — y- — 4 - ; ■ ■ = dp, thfc radius of 




t »7 ) 

cnnraHufeof (be perpeadicul» degree ; ami -yt — ^ ■■ ^ , 
= dm^ the radius of curvature of the ineridional degree : but 
the two latter expressions are as i to -3 — a a, 8/*""« » •^wc- 

lor ^, aailr zzp — « «)v wfl get cv* : CA* : : m : p 4- rt% or 

CF : CA :: t : 4/v , the ratio of the axes. 

V aa 

I^ 4/ ^ =: a ; then CA* = a'cp* which substituted 

for C A*r wid we have — ^r-» r = dpt whence CP z= -^ X^ 

c/(n^ -+•/*) ^ a 

$/(a*+ ^*) ; and consequently CA = -^-/(fl* + ^'). 

CaroL 1. If / =: the length of a degree of longitude at the 
point B, then bi> will be its radius of curvature ; therefore, radm 

; c : : BR : BD : : / ; /» hence p zz -^ which substituted in 
the above expressionSt we get \r = a; and cp = 



Jl dl 

—5 i/(a* + ^')-5 ^^<^ CA z= — V^(^* + 0> ^^^ semidrameters in 

41 A 

this case. 



CA« 



Cotr^/. *. Because — rr — ^ — -3 — rr= bk =: ^p ; if i and 
T represent the c^^. and tang^ of some other latitude, and. P the 

■ OA* 

perpendicular degree in that latitude ; then % , , t^cp*) " ^ 
rfp the radius of curvature ol p. Hence ■ ; y.^ * 



pi|/(CA' + x*Cp") 

CA* 

d I and the former equation gives ^g^(cA*+ /^cp') ^ ^ ' ^^^^^ 

Being equated^^weget p*P X (ca'.+ t*cp'} n^V x (ca» + 
^cp*). Let J, and s, be tfic jw^j to the cosines c^ and A ; and put 

-J and ^ for /' and x^ ; and we shall have CA ; CP : : •(pV 
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I 

^ p's*) : \/(p*6* ^ P^^)y fof the ratio of the axes ; which he* 
ing expounded by i : «, we have c a» = it'cp*, this substituted 



CA» 



for CAMn the equation ^^^^^^3 + ^^cp^) = ^' 8^^'* " "= 

^^(»' + O ; whence ca = -^ V(«' + ^)- But the same 
n ■ ' '• . 

values for the semi-axes will be obtained by substituting in the 
other equation* 

Hence if /and Lbe the degrees of longitude in the given latitudles^ 

we have ^ = -, and p = I", which substituted for Pt and P, 

c V ^ 

and we shall get the expressions for the semi^xes in that case« 



ARTICLE IV* 

Mathematical Scraps^ 
jBvMr.THOM A$ WhiTe,^/*^ Mathematical School^ Duffffftcs^ 

L To exhibit the square root of ^^ 3> 5» 7t i*i ^c^inaffirma,^ 

tive terms of the powers of s. 

Lemma. Whatever a is, wehayp -jg = i ^ (t — a) x 

ri+4+ .... +-^, + -iri + \T The truth of 
La a? a ^ a ^ a* J 

this will appear by successively transposing the terms of the 2nd 
side to the first side bejginqing with the last tprp» Hence if a = 2, 

1 . It t _! i . 

also* — — ' • ^o, ' ' = •^ I* •"" "^ I --* TT ^ I r + t:* 

1 t j^-i 



J J 



( »9 > 

Now, ^(s)]=: v^(l+ i) : hence, by the usual proceti 

place this below and cany on 



i + - i = (by the lem.) ! + -»+-;; 



'H 






^+»-^ 



«* a* ■*■ a* 



a + r+rs+n 



f» -i = (i>y ^^ J'"**) 



a 



8' a' 



a' 






2 



2 



2 



• rs—-^ — i-= (by the Icm,) 



1 i 1.11 1.1.^ i^ 



L + L+L + JL + JL 



•+;+?+?+?+.- 



xo-::ti-rW = (l>y*«^«a-) 



to 



It a.— 4.JL -Lx — 

i^'*~2** 2** 2*'"*"2'? 2** 



,«3 



— &c. &c. 



In like manner, 
•(3) = •(*+^+») 






2 



2 



ct 



4/(7)Fi/<^'+« + 0^a + J + p + ^s + 31 + ^ + &<^' 

Htmark. IF the digit 3, for exampk^ were to be employed, 
similar results will be obtained ; but, some of the terms will be 
negative, unless the digit % be also admitted* Unity is necessary 
in all cases, and is equivalent to tP^ 3^^ &c. * 

II. To shew that any equation ntay le generated^ hy the addition 

of its con^ontnt equations. 

Let the simple equations of a cubic be j: -~ a = o ; 

,:i — 6 = o; 
OP — c z: o. 

The sum of the first an4 secend is 9lx — (a + b) zn o; (a) 

first and third is flx -— (a -+- r) = o J (b) 
second and third is io? •— (6 + r) = o ; (cj. 

Now, multiply ( a) by i and taks. the fluents 

x^ -^{u -^ h)x -k- correction = o ; and 
when xzz a^ we have a^^~^a* — ab + correction = o ; 
-when X zz b^ fc« .^ai — . 6* -j- correction =3= © ; 

consequently, in both cases the correction is =r -^^ ab\ and, 

we have from (a) »— •** -^ (a + i) a? + tfi = o ; 
. in like manner (b) ••••«• — (tf + O «* + tft = o ; 

and from (c)»»»«x» — (^ +.c)a? + i<^ = o. 

Again, the sum of these multiplied by x, gives 

3X*x — 2 (a + 6 + *^ + [ah -{- ac+bc)xz=z o, 
taking the fluents 

x' -^ (a + 6 + c) a:« + \al^ + ac + bcix-^ correction = 0. 

Now, if Jcrrtf, a'— a' — ia*—Ctf*+^a'+ca*+aic+ correct. =0, 

if a?=6, b^-^ai* — i'«-H:4*+ai*+aftc+^V4- correct. =:o^ 

and xixziCt c^'^ac^'^bc^ — c^^abci-ac^^lc^+coftcti.:zQ, 



( •« ) 

therefoee in dl db^ie catci tlie con»cd»tt is = '— ubc $ anjd oiuf 
derived equation is 

;r' — (a + i' + c) *' + (aA + tfc 4" *^) * — ^^^ =^ <>• 
the same as by Harriott's method : and thus for higher equations^ 

III. Concerning equations^ 

1^. Suppose a cubic 

«' — (tf + i + t)x* + {ah + ac •{- Ic) x — ale = o^ 
which arises from (x — a) (« — ^J (x — ^) =: o : 

Then, first, x' — abc is = o ; ' 

and,, secondly,—- (tf + i + c)x^ + (aj + it^ + ^) ^ if :^ Ou 

Now, nothing can be determined from these latter equations : 
la tbetr present form, tfacy are paradoxical ; and the ambiguity 
arises from the same symbol x, denoting unequal quantities 
tf, bt and c» 

Let then x, x' and sf' denote the roots, to be deteittuned^ a^ i 
and € ; and we have, by Harrioa's method, 

xx'x^-p-ox'x^ + ahx^' — abc 
*^ixxf^ + acx\ 
'^^txt/ + lex 

Consequently xafx'^ z=zalc^ (a) 

— 4xV + alxf' 

and -^-^ ♦xx'' 4-^x' V = ^» (») 
cxx^ + hex 

In (a) and (b) there is no ambiguity ; but, there is a new 9tate 
of things which seems to indicate that Harriott's theory is not 
sufficient for simplifying the solution of equations. In (a) there 
are three unknown quantities >x, x^ and x^' ; and apparently one 
equation only; but^ this equation will be fulfilled by splitting it 
into tfacee equations, viz, 

mm.a^xf' + aJx" = 0; 

— ixx^' + acsf zz oi 

and, — exx^ + lex r= o. 

From these x, x' and vf' are found zza, b and r, respectively ; 
a^ what is remarkable, equation (a) appears unnecessary: 
But, the difficulty of applying the considerations suggested by 
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tktie equations to one of the usual form, x' + p3f + 9««f*r r:^^ 

lemains unremoved* 

«• Resuming [oc — a) {x — ^) (x — c) = o ; take the fluxion, 
we have. 

This will be fulfilled by three quadratics ; and, the equation 
X' — abc zr o, vanishing, seems to become unnecessary ,as before^ 

Or thus, take the logarithm, we have 

log {x — a) + log (a? — 6) + log. (t — c] = o, 

the fluxion of which gives + r- +• . =: o, 

which is equivalent to three quadratics, and the equation x' — « 
abc =: o disappears, as before* 

Bemari. By taking the fluxion, the roots of the equation 
continue unchanged, when the resulting equation is resolved 
into three, notwithstanding the same symbol x remains. Perhaps 
this observation is new. If we divide the equation which disap- 
pears, viz. x;ifV — flic= o, successively by each of the equations 
into which (b) is split ; and, make each of the remainders z= o, 
relations of the quantities will arise which are consistent with 
ap == a, a/ cr *, and ^^ = c ; and, the like may be asserted oi 
the quotients. After alU how are a, ^and c to be found from ^, 
q and r ? Here is the rub ! 

IV. A transformation of equations by which their roots may be 
approximate t especially when the co^cients and absolute term 
are considerable. 

Let the cubic x^ + px* + yx4- *^ = o be supposed- = x + 

A B 

. ' -• ' •* + * \ '■■ + c; then we have 
x'+DX +ax+r:= <. >=:o; 

^ ^ ^ +BX -{-ah ^ 

C3^ +(«+j3)XCJIf+«i5C 

com paring the homologous terms 

r—xq±c^p-^ r—^(jl+$*p—e^ ' ^_ ^ _ ,, , 
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and, our equation is now transfonned to 

'"^(. + *)(«— 13) (i3 + a) {« — (S)"*" ''"*"" ^=0J 
in which oc and /^ are atsumahie and unequal ; let a == o, we have 

X+-H - r-gf + rp-g» +p.,g~o 
andiS may be any number whatever. 

« 

Let then, /3 =; , we have 

pqr 

0? +^^i , C CIL, m — 4. p =: a; 

p*q*7* pqr 
and, since jp, q and r either are, or may become whole numbers 

in any equation, the terms -r-i-it and -|-y-j may be neglected,* 

1 

which gives x + ^^ — i-2L. ^ ^^ ■ + p .^ ^ ss ; 

® ap a? X ^ pqr 

a quadratic ; and, hence. 



* = ±^[^ 






icZ _f«_ i.n-^'" "I'X 



f^ -('- ^)] 



Again, lei x^ + px' + f x* 4« rx + ^ 1= o be supposed = x 4- 

A , B . C , ^ 

X '\- a a?+|3/^ap+y 
the given equation will be transformed to 

s —otr + %q — o?p + g^ > ^ — /3r +/3*^~j3^p + /S* 

(* — v){p — v)\¥ -V X) 
where a, ^. and v are assumable and unequal : Let a as o, we 

• ' s , s^ er-{-$'q — fi'p + ^ 
have 0? + -3 — + 573 — V73 — :;:i — 

s — vr + v*q — y*P + ^^ , ^ a 
y — v) (i' + a;; ^ 



vx 
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where fi and v ar^ assumable and unequal. How^Pt q.^ r, and $^ 
cither are, or may beeome whole , BumberK Let fi zss. - .- j 
iwr equation becomes 

1 1 t A 

^ i — I C +|>_„.w.-, — so: 

(J^ ,.)(, + ;,) Z'?-^ 

pqrs ' ^ 

where i^ is assumable : If then y be founds by trial, nearly, equal 
to a value of x, rn the gives equation, we may deem jr -* v as 
small, and x + i' as nearly zz ^v\ and since the second and 

ligher powers of may be neglected, our equation bccoMMS 

^ + — 4 — 



vT 



* ~ i-p— J/— . :ro; 

at; (i*. J ^^ 

pqrsj 

ai qaadraUc eqvatkm in which y nearly fulfils %\xt equation gwea« 



r TC 



V. ^^r'ff/ A, Ui*a rigid rectilinear rod ABC revoive^ and ki 
BCOE be a jdnted parallelogram hauing given rigid sides; Now 
supposing the jLd io move in a vertical right line gh> what is 
the equation of the locus of the /LB? 

On the vertical drop the perpendiculars £f and CH ; on thQ 
horizontal the perpendicular £K ; and let 
the rod cut the vertical in I. Describe the 
arc CO. Put AC zn a; AG =: h;-CD = tf ; 
BE=:i; AB r: a — J =: eifiJLzzji; EK 
zz y'; then df =:y^{d* — **). Since AC is 
parallel to i)£, the triangles oEJi.iAG, and 

PHI arc equiangular, x : cL :: o^ : — =; 

X ' 

A I ; therefore a nci ; also x ; %^(d* — x*l ; : 3 : — ^(d^ 

X X 

-^ a?*) = Gi ;' and dg zr y + v^(d» — «*) : Therefore Dl :=: 
CI— DG ss^-^^^/lfl? — ;r*) — y; aW, rf: /(^ff— jp*) :? 




o jta- itk 
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id ax "^^ hd 



^~ Ic ' *~aS — V^(^' -^x*) zz HI ; and since CD* — (j>i 

+ IH)« =:ci» — iH«; we have CD* - (di* + sdi X m) =: 
ci» • that is, in symbols^ 

'* - [~^ V(^* - ^*) - y]' - 1^ [^""i/C^* - x^) - 

^J ^ 25 ^(^ — ^') = (^ ~ ^) » ^^^ equation of 

the curve ; whence y = i /(rf' _ x^) ± /[c* — ( y— *)'i 
thfe required equation. Drop the perpendiculars bl and CM; 
then GM zr CH = ^-J. dh=V[c«-(^- »)»]; andBL 

rr-^v'lrf* — *•); consequently y = bl ± dh : hence, take 

<JK=: BL ; and make a£ and qe' each = dh ; then £ and e' are 
in the required locus. 

If* be affirmative, and ^[c« — (^ — 5)»] zzo^x zz ~ (i 
+ c), its greatest value, and y = <? = ab. 
If X be negative, the above expression becomes •[c' — (^ 

+ bY], which, if = o, gives — ar = - (* ^ c), and y =2^ * 
£=5 ab. 

If y be a maximum or minimum, we will find 1 . ,^ - 

ax ; . 



(— ■ ^T » *rom whence x may be found, and 

thence the greatest ordinates. 

It may be observed that unless 6 :± ag be assumed = ac 4: 
CD = a qp ^, the ^ 

branches of the locus 
cannot be equal on 
both sides of ag and 
similarly situated. 

Figures find and 
3rd are adapted to 
/lg = a — c. 

VOL. IV, PART II. 





c ^^ ) 

About 14 yeartf ago, a young gentletriafi eonnected Vfiih 
Messrs* Bolton and Watt, and once a Pupil of mine, communi- 
cated to me the substance of the above problem, and desired to* 
know whether the curve FE (fig. 2 and 3) differed much from a 
circle: He said that they employed an iron bar £R, which played 
round* a bolt r, to retain the point £ in the curve. On receiving 
the solution which shewed that the curve was not a circle, he 
observed that the portion pf it which was necessary for their pur- 
pose was suffickiiily small to permit the bar to move without 
sensible strain on the bolt and gear ; and added that the beam AC 
being 8 feet, the above system permitted a vertical motion of 5 
feet, which apswered every purpose. Messrs. Bolton and Wati 
have since improved the contrivance without, however, produc* 
ing more than a comparatively rectilinear motion vertically. 

VI • Lei if cut a given circle ; and c be any point therein ; and 
in it another point dbe taken^ such^ that be y. dj -zi cd^ : Then 
if any point p betaken i^ the circumference ^ andpcand pdbi 
drawn cutting the circle in n and m, pd X dm x bd is =: pc x. 
en X cf. 




Demonstration. 

By hypoth. be : cd :: cd : df theref. hd -. cd \\ cf x df\ 
by the circle pd i df i: bd i dm, hence pd i cd wcf : dm; 
by t^e circle fc : en :: pe : el^ 

consequently pd : dc X en :.: pc : be -^ dmi 

OT.pdx dm : nc X pc zt dc i be :: df i dc :: cf : bd:! 
Hence, we have pd x dm x bd zz nc x cp x cf. Q. E. D. 

Cor. 1. Hence pd x dm x be zz nc x ep x dc. 
2. pd X dm X cd = nc x cp x df. 

Several curious properties of the lines concerned may be de- 
duced, and the hope of solvirtg, geometrically, the ancient prob- 
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leni, * the duplication pi the cube,' midit teem to revive, by 
considering the point c in the centre of the circle as in So. 4 : in 
this case we have (hy = prf x tlm x td ; i.e. if pVm' be per- 
pendicutar to bftaAp'ctt' be drawn, (Ac)* = iJ^dy yf. bd — ^ 
given parallclopipcd ; and the side is to be found of a cube 
which IS = to tnis solid: But the difiicuhy lies in determining 
p'd and id such, that a circle will put through b, p' and /so a: 



make ic : cd :: c4 '■ df- This theorem occured to me above 
so years ago : and as £t has gotten abro 
publish it myielf in your valuable work. 



> years ago : and as it has gotten abroad, I think it proper to 



ARTICLE VI. 

Paoblkm. 

By Mr. Peter Nicholson, Architect, JVo. 10, Oxford 
Street, London, 

To -deUrmitu the n«ture of a turfaee described by a atraigit 
line moving ahng two other straight lines which are not in 
tke same plane, so that the describing line may be parallel to 
a plane which is perpendicular to one of the given straight 
lines, and to find the sections qf the surface, as cut by a plane 
given in position, and also the orthographical projection of 
the sections. 
Let AD and be be two straight lines not in the same plane. 

Draw the plane d ec perpendicular to one of the lines ad ; and 

the plane bec parallel to ad : draw ab paral- 
lel to the plane dec at such distance from 

.it as to be perpendicular to the plane bec; 

through the straight lines ad and ab draw the 

plane a&Cd which will therefore be a rectangle, 

popendicular to both the planes dec and bec: 

let the describing lino be ilg which wiU therefore 

be a line on the surface parallel to the plane dec, 

and draw the plane kgf parallel to the plane 

DEC cutting ad in k, bc in t, and be in G. 

In the plane icapdraw hi parallel to fg cutting 

KG in I and Ki at u • tnen hi will be perpendicular to the 

plane abcd* 

da 
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Let AD or BC = a, ^f or ab = *, ce = c, bd =: </, kh =: 
a:, Br or qh = y, and hi = z. 
Thcn,bysim. As, BCEandBPG. BC : CE :: Bi : ro; 

cy 
thatw, a I c :: y : -• 

Again,bysim.As, KraandKHi, KF : ro ;: kh : hi; 
that is, * ; ^ :; 4P : z. 

Whence the equation of the surface is z zz •-^. 

Now suppose z a consUnt quantity, then will z = -^j- or 

aJ>2 = cyx be an equation to the hyperbola ; therefore the scc« 
tion of the surface cut by a plane parallel to the plane abcd i) 

an hyperbola. 

But to find the projection of the section of the surface cut by 
any plane upon the plane abcd, the cutting plane being given in 
position to the given plane or to the plane abcd ; let bd be the 
intersection of the cutting plane in the plane abcd, and let bhd 
be the projection of the section bid upon the plane abcd ; draw 
HL perpendicular to bd, cutting bd at L,andjoin LI, then will the 
triangles bda and phl be similar, for the angles hlp and bad, 
are right angles, and because ph is parallel to ab the alternate 
angles hpl and dba are equal. Now hl represents th^ base, 
HI the perpendicular, and ti the bypotbenus^ of a right-angled 
triangle of which l i is an ordinate to the curve in the cutting 
plane, which will meet the surface at i, and hli willbe the 
measure of the inclination of the cutting plane to the plane abcd, 

Then, by sim. As, dab and dkp, da : ab : : dk : kp, 

ia — by 
that is « : 6 : ; a -^y ; kp = -^ — ~^# 

Therefore ph = kh -^ kp = a? -^ ■ ^~--?^ zz x + ^ — *. 
Again, by sim. As, BPA and PHL, bd : da :: ph ; HL, 

thatis d;a::x+ ^ -^ ; hl = ^^+ ^^'"^. 

a a 

Now let t be the tangent of the angle of incKnation hli tQ 

the radius r, 

then, r : « : : LH : HI, 

ax + by — ab tax + tby — tab 

rt^tis, r I t \: ^ — I Z zz n — . — ^^^ ■ ^1 
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which is the equation of the cutting plane ; from which take the 
value of z, and put it equal to the value of z in t^e equation ot* 

the surface gives tax-\-thy-tab_ cyx ^^^^^ .^ ^,^^ ^ 

rd ab 

equation to the hyperbola, and from which is obtained yzia^htx 

b — x 
ab*t — cdrx 

If X be supposed equal to 6, then yzza^bt X ^^ — Ah ^ ^' 

therefore make ab equal to 6, the curve will p»ss through b. 

If X be greater then 6, the ordinate y will become negative,- 
and will therefore lie on the other side of ab 
till cdrx become = to a6'/, then will yzza^btx 

^ = infinity; therefore make cdrxzz. 

ab% then ;r = ^~7~, theref, make ak = — r- 
* cdr* cdr 

and draw gl through k parallel to ad or 

BC, then Gh will b^ one ol the asymptotes of the curve. If x = 

o» then y z; — gj- == a ; therefore draw ad perpendiculaf to 

AB and make ad =: a and the curve will pass through d. 

Let X be taken negative or on the other side of a, and the signs 
of the terms in which x are concerned will be changed, then will 

y "" ab^t + cdrx" 

Lastly, if x be supposed infinite, the terms ab^t and o^bH wHl 

vanish when compared with cdrx and a*blx, whence y zz -^ ; 

therefore make ae z= --j— and draw^ eg parallel to A3, cp 

will be the other asymptote : Therefore in both these positions 
the curve formed by the surface required and a plane will be an 
hyperbola, and also its projection upon theplan^ abcd* 

Let us now suppose the cutting plane to be perpendicular to 
|he plane ab^d. 
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Thetti by sIm. As, dab and dkh, 
DA : AB :: DK : kh, 
theft is» a : b :; a^y: x; 

therefore ax = ba — Jy, whence y = — ^-r- — • 

Therefore, substituting this value of y in the 

cyx ex 



e(}uation of the surface, gives z =: -^ 
aft— ax 



j_ . yv"^^ 


1> 


t / ) 


K 


)C 












B 


A 



ab 
parabola, 



T- — = Yt (** — ^*) wWch is an equation to the 



ARTICLE VII. 

An expeditious method of ascertaining the Factors of Composite 
Numbers f and of finding Prime Numbers. 

By Mr* P. Barlow, of the Royal Military Academy » 

It has always been a desideratum with mathematicians to possiss 
a ready method of determining the component factors of compo- 
site numbers, and of ascertaining those that are prime. The first 
attempt at finding prime numbers, that we are acquainted with, 
was made by Eratosthenes, and gave rise to the invention of what 
he called his xokxivov or sieve^ a particular and interesting ac- 
count of which is given by Dr« Horsley, in the Philosopnical 
Transactions for 1772. This method however, only applies to 
the finding of prime numbers in continuation from unity to any 
required extent, and is of no use in the case of any proposed 
isolated number. After the work of Diophantus became known 
in Europe, through the translation of Bachet, and the edition 
of Fermat, which laid the foundation of our present theory of 
numbers, a variety of attempts were made for discovering prime 
numbers by means of certain algebraical formulae, which 
should contain those numbers only ; and though no such 
have been found or indeed can be found (as is demonstrated by 
Le Gerdre, ** Essai sur la Theorie des Nombres^" page loj yet a 
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few remarkable formulae were discovered, ebntairikig ai great 
many prime numbers in succession, as at' + a: + 41, 2x* + 99^ 
;c' + a? + 17> mentioned by Euler^ in the Memoirs oi Berlin, 
for 177ft. 

The first of these formulas, by making successively ofr = o, 14 
a, 3, &c. gives a series 41, 43, 47, 5J3, 61,71, &c. of which the 
first forty terms are prime numbers ; the second, in the same 
manner, gives twenty-nine prime numbers, and the third, seven* 

teen. Fermat also asserted that 2"* + 1 would be always a primei 
while m was taken any number in the geometrical progression 1^ 
8, 4, 8, 16, 32, &c. but Euler proved that it faiis when m zz ^a. 
These cases show the danger of drawing conclusions from in- 
duction in any mathematical investigation, as there are few cases 
of this kind, in which we have more reason to infer a general 
law fioin particular results than in the first of the formulae above 
mentioned. 

Waring, in his ^* Meditationes Algebraicae,'' gives a very re- 
markable theorem relative to prime numbers, of which the dis- 
covery he says is due to his Iriend Sir John Wilson, which is 
this, ** If 12 be a prime number, the^ will 

1 • 2 • 3 • 4 . 5« (n — i) + 1 

be divisible by »." 

This property belongs exclusively to prime numbers^ and 
therefore oners an infallible method v^ abstracto for ascertain* 
tng whether a given number be a prime or composite^ but it \t 
unfortunately of no practical utility, in consequence of the e- 
normous magnitude of the product even for a few terms. This 
elegant theorem was not demonstrated by Waring, but was first 
proved by La Grange, in the Memoirs of Berlin for 1771- 

Such being the diiHcuIty attending the discovery of prime 
numbers, and of ascertaining the factors of composite numbers* 
several eminent analysts, particularly Euler, La Grange, and 
Le Gendre, have endeavoured to abridge the direct operations 
by investigating the forms of the divisorsof numbers; by showing 
that when a number is of a certain form, it can only have divi- 
sors of the same, or certain other forms, whereby the number of 
tentative divisions are considerably diminished. La Grange, ia 
the Memoirs of Berlin for 1775, has ^iven several very interest- 
ing theorems connected with this subject, relative to the diviu)rs 
of numbers of the form t^ + an% t and n being prime to each 
other ; from which it follows, that every number comprised in 
any one of the forms /• + «*, t^ + an*, t^ — an*, t^ + 3n*, and 
I* — 5n', can only have for divisors numbers of the same form 
as themselves, excepting only, in the two latter cases, those divi- 
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6ors that are double ah odd number. A great variety of other 
interesting theorems are deducible from the same principles, and 
M. Le Gendre has very considerably extended them in his 
" Essai sur la Theorie des Nombres," and has drawn his results 
into the form of a table, occupying 44 quarto pages. These for- 
mulae, however* though they offer theoretically a great abridg* 
xnent of labour, exhibit many beautiful theorems, and display 
the inexhaustible resourses of the indeterminate analysis, yet U 
must be acknowledged that they afford little or no advantage in a 
practical point of view, as it is frec^uently as difGcuIt to ascertain 
the form of a number, as it is to discover its factors. M. Gauss 
also in his " Disquisitiones Arithmeticae,'* has given two methods 
for ascertaining the factors of numbers, bin these likewise re- 
quiTQ prior investigations, and the assistance of extended tables^' 
Such is the present state of this problem, which the latter autBor 
justly calls *^ one of the most important and most useful in arith- 
tic,". and for the solution of which I propose in the following 
pages, to give a ready practical method, whereby a person, 
having the slightest knovyledge of arithmetic, may discover the 
factors of composite numbers, or ascertain those that are prime, in 
about one-tenth of the time that it would employ an expert ma- 
thematician to perform the same by the usual operations. 

Without referring to the numerical theorems above alluded 
to, (which as I have observed, would rather tend to lengthen 
than to abridge the operation, on any number of which the form 
is not previously known) the only direct method of determining, 
the factors of any proposed number^ is to divide it successively 
by every prime number less than the square root of itself^ and 
if any one of them divide it without a remainder, it is the 
factor sought ; and if, on the contrary, none of them will so 
divide it, it is a prime. Thus if 9901 were proposed, we must 
attempt the division of it by every prime number from t to 97^ 
the latter being the greatest prime number under ^^9901. The 
following method is therefore intended to facilitate those divi- 
sions, or rather to perform other equivalent operations instead of 
them, which require only addition, and that, such as may be 
mentally performed by inspection in the following table, which 
being intended merely as a specimen, is computed only for num- 
bers under 10000 : but a more extended one is given at the 
conclusion of this article. 

The formation of this table depends upon the following ob- 
vious property of numbers, viz. if any ]proposed number be di- 
visible by any other number, the sum ot the remainders arising 
from dividing the several parts of the former by the latter, will 
bf also divisible by that divisor* Thus, if 9911 be divisible by 



anjr number o, then tfaeium Of the remainders 0(9000, c>f 900, mi- 
ofii divided separately by a, will also be diviiible by a, Tlni 
property is so obvious as to require no formal demonstration in 
this place, those who arc scrupulous, however, may see the de- 
monstration, at page 12 of my " Theory of Numbers." 

Now in the following tablet, the upper line contains all the 
prime numbers from 7 * to 97, and ii therefor^ marked prima ; 
each of the other horizontal lines conuins the remainders of the 
numbers standing on the left hand, when divided by the several 
prime numbers in the upper line. 

Thus the first line after the primes, marked 100, has the num- 
bers 8, I, 9, 15,5, &c. shewing that 100-^-7, leaves a remainder 
a ; by 11, 1 ; by 13, 9; by 17, 15; &c. The numbers in the 
second line marked 900, shew the several remainders of soo 
when divided by the same prime numbers; and so on, to 9000. 

Specimen of a Table for finding the factors ofComfontt Numbers 
andfor ascertaining Prime Numbers, computedto 10000. 



To find the Factors of any proposed number under 10009 by the 
ahove Table, 

It appears from what has been above stated, that if a number. 
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93 (or examflle 90119 be divisible by ztxf number a^ lbe:^ttm of 
the remainders ofooop -r a, 900 -f- a, and 1 1 -A- (X» will 'Also be 
divisible by a. Therefore, to find the factors of any nuni^r; 
add its twp last digits to the remainderji in the line of handneds 
find thousands of that number^ and try whether the sum of them 
(which niay be done mentally) be divisible by the prime number 
immediately above them, if not, try the next two remainders, zsA 
90 on, till you find one that will divide, or, by going throuffh-the 
whole, show that no one will* In the former case you will have 
fUt^ft factor sought, and in the latter, the number is a prime* 
Thus in the number proposed, viz. 99li» by beginning in th^ 
^r^t vertical line, and addmg 11 to the remainders in the two 
lines marked 900 and 9000, ive hav.e 4 + 5 + 11 = iko> whicii 
is pot divisible by 7 ; but, in the second column, 9 + a •+- 11 
£= a 2, is divisible by 1 1, therefore so also is 99 1 1 • If the nmn« 
ber prqposed had been 9901, it would be found, that 1 added to 
the sum of each two remainders^ is in no, case diys9>le by the 
corresponding prime nvmboCt w4 therefore gg^x is a prime. 
Again, let it be proposed to find the factors of 7531, here going 
over the lines maij;ed 7000, and $09, aitid adding 31 to the .sum 
of the reipainders, we have in the fourth -column. 13 + 7 + gi 
=54 = 3'i7, which being divisible by 17, tbi^ fiumber is also 
divisible by the same factor* 

Again, required the &ctor of 900/1 ; here all that is necessary 
is to add one successively to «adi of the remainders in the line 
marked 9000, and to see whether the sium is in any case equal 
to die prime number above it ; >^e $,nd upon Ui^ it as not, 
therefore 9001 is a prime. 

There is a trifling inconvenience att^ending this method, in 
adding the two remainders together, in consequence of their not 
being immediately contiguous, the intervening figures in fome 
measure embarrassing the ^operator ; in order to obviate this, I 
have disposed the above table on five small rods, which may be 
calledyar/i>r rods^ the dispositiooi oi the lines being as follows : 

Factor Rods. These rods are ivory, five in ntimber, five inches 
long, and one-fifth of an inch square ; ^ on the four sides of the 
first rod are disposed the four lines of the preceding table marked 
100, 200, 300, and 400 ; on the second, the lines piarked ^oo, 
. 600, 700, and 800 ; on the third, the lines 900, 1000, 2000, and 
-3006; on the fourth, the line ot prima ^ and the rcmaioders 
Ai\ the lines marked ^000, 5000, and 6000; and on the fifdi 
rod, the line of^n;n^i again, and the remainders of 7000, 8000; 
and 9000* 

The advantage of this disposatiQO pf the mimbfiri "is thj#» ifail 
we can bring immediately together the two Uqei :^hiph ar^ (p be 
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t^mfdt€i,, mAouimf figmrw^ intervemag, ad Iiappimt in the 
Miicr. A»4 86 we hv^e two^ haes ^f grimes^ Inkh on the thoii^ 
Madt rods^ we have always one of them diaposable for fonaing 
Ike line ef primes* Thusy inthe (juestioas already propoted 
At Md9^ would be j^aced asr followi via; f<^ ^91 f^. we kive * 
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•llie same ptfsitiotf of tte rddif sttawtt for 5901 , W&idl i* our 
BecoQcf example. 

For' 7^f3t they are placed A\» : 
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Here 7 + J3 + ai = 5» = ^7'Zm therefore 7531 &divi. 
Iihiebyi/, 

for 9541 l^iiodtwoiddlaftinis: ' . 
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Here 3+5 + 41 =: 49 = 77, therefore 9541 is divisible 
by7. 

For90oi9 we have 
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It would be useless to multiply examples where the operations 
afe so obvious, but there are one or two instances in which we 
may abridge still farther the computations, and which it may not 
be amis to notice* 

First. When the proposed number contains in it a 9 ia the 
hundreds place, as 6991* In this case it is better to consider 
the number under the form 7000 — 9» and instead of adding 91 to 
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the remainders of 6000 and 900, to subtract 9 frotn the single 
remainders of j^ooo, which is the same'thing» or rather look and 
lee whether ^ is one of them ; if not, as happens in this case» 
the number is a prime. In the same manner if 8989 were the 
proposed number, look for 1 1 on the remainders of pooo, which 
Deing found under 89 shews 89 to be a divisor of 0989* 

Secondly. When the two right-hand figures of the proposed 
number approach towards 100, as in this 93^7* Here instead of 
adding Q7 to the lines 9000 and 300, it is easier to subtract 3 firom 
those o( 9000 and 40O9 which is obviously the same thing. 

I have at present only alluded to the finding of one factor, 
but it is evident that the same will apply to finding every factor 
of the number that is less than loo. Thus in our tbird example, 
viz. 9541, besides 3 + 5 + 4i = 49=7/ 7» we have also 7 + 
io + 41 = 58=:2Xfi9; and 30+23+41 =94=2 x 47 ; there- 
fore 7, 29, 47 are all factors of 9541* If, therefore, in any 
case, but one factor is found on the rods, the other factor or quo- 
tient is a prime number, excepting only when that quotient ia 
again divisible by the same factor. > 

. By this method I have found by repeated trials, that I can find 
* all the factors of any ten numbers under 10000 in about aquarter 
of an hour, whereas, I have no doubt, that to perform the same in 
the usual manner, it would require near twO boufs. 

At present I have only spoken of the application of these prin- 
ciples to numbers under 10000, intending this paper merely as a 
specimen and an illustration of the factor rods, but it is obvious 
that the same method may be employed to any extent required^ 

The following table is computed to resolve any number under 
. looooo into its eomponems factors* 
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«• When a body is projected into space, either, obUquelf or 
parallel to the horizon, it will describe eht 
curve of a parabola. ^ ^ 

Leta body be projected from A in any 
direction ad ; and let AC, ad be the 
•paces that the body would describe in 
toe times / and t, from the ' uniform 
velocity of projection, and ce and Dsthe ^ ^ 

spaces through which a heavy body would 
desf end in the same time by gravity ; then, 
by the composition of motions, the body will be found, at the 
ends of those times, in the points £ and b. But, by the laws pf 
uniform motions, we have 

AC : AD : ; / : T, or ac* : ad* : : /* : t*, 

smd by those of falling bodies, ce : db : : /' : t% 

whence ce : db : : AC* : ad*, which is a known property of 
the parabola ; and as the same has place for every point of the' 
projectile's path, that path is a parabola. 

Projectiles by Geometry. 

3. To determine the several circumstames of a prejeciiUJxpm 
geometrical constructions* 

« 
Let AB be the range ; ac« the direction of projection, its ve- 
locity being e; and i6xt =^; draw ad perpendi- 



t;* 




cular to the horizon, and equ^I to — (or as it is 

commonly called equal to four times the impetus). 
Draw BC parallel to 'AD, meeting AC in c, and 
join DC» 

If now we call / the time of flight, we shall have 

V* 

, AC zz tv^ CB = gfy and ad =: — , therefore, 

6 
jVD ir AC : : AC : CB ; consequently, the triangles ^dc and 
ACB are similar, having the angles dac r= acb, ADC zz CAB, 
and ACD =: ABC. 

Hence the following constructions. 

j^ TfU velocity and elevation being given^ to fnd tie range* 

r* 
Take ad = --, or equal four times the height from which » 

9 
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body must fall to acquire the velocity v ; from D, draw dc, 
making the angle A DC = ABC ; from c, draw bc« parallel to 
Ai>» meeting the plane in b, and ab will be the range. 

5. The range and elevation being given^ tojind the velocity ^ 

Drs^w BC parallel to da, or perpendicular to the horizon, 
meeting AC the direction in c ; from c draw CD, making th« 

*aogle ACD =: abc, so shall ad == — , or, four times the ti9i« 

ptius. 

6» The range and velocity being given^ to find the direction. 

From B draw bc perpendicular to the horizon, and on ad s: 

— 9 describe a segment capable of containing an angle equal to 

S 

ABC ; which will be cut by bc in the two points c or c^ join 

AG or aC, and it will be the direction required. 

T£e demonstrations are obvious ; for in all these cases, 
we have ad 



AC 



• • 



AC : BC. 



It appears from the last construction, that there are always 
two different elevations which give the same range, unless in the 
case where bc becomes a tangent to the segment, in which case 
there is but one, and that such as to give the maximum range. 
It is also obvious that in the latter instance, ac bisects thejangle 
DAB, and that in the former, the two lines of direction are.eqvial« 
\y above and below the line which bisects that angle. 

/• In the preceding cases we have supposed the plane to pas^ 
through the point of projection, when it does not, the cpn* 
struction is as iollows : / 

Let £ F be the 
plane, AC the 
direction, and 

!;• 

AD =: — , as 

g 
before. Produce 

AC to meetthe 

plane prolonged 

tn F : Draw do 
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I 

(fig- i) njaking the angle adg =: cfBj on fg describe a semi. 
circlCi and concentric with it^ another^ pacing through a, in the 
latter apply ah = AO, and produce it to meet the other eircle 
in I. TaKe AC =: Al, and draw CB paraliet to ]>a» so ahatt b 

be the point on the plane required. 

For by similar triangles, A0 : AG :: fC :- CB, 

and by the construction, AG : AiorAC :: iRorGC : 7a» 

qr by composition, ao : AC :: AC : ,Fe, 

consequently, AD : AC :: ac : CB^, 

tli«rt{iprf th4 projectile passes tWougb B, as slicwn inlbe pm€«4- 

ing propositions. 

The same construction and demonstration apply to the eaap 
in which AC^and bf meet each other on the opposite side of 
B A* 41 ill fig* 9, except ihdi BQ U aUo then drawo on the op- 
posite side of DA, and GC made equal to Ai. In this case, 

we have ad : aq t: iro s cb, 

and by the construction^ AQ : AC or hi :: gc : fa, 
or by division, AG : AC : : AC : fc, 

coiis^quBntly ax> s AC :: AC : cB the sBine at befcrB* 

Cor. When the plane is parallel to the line of direction^ cb 
is given, and AC is a mean proportional between da and cb. 
And when it is perpendicular to it^ ihan Ac ia given, and cb 
u a third proportional to da and ac, as is obvious. 

If tbe point B on the plane be given, all the other circum* 
Stances will be determinea a^ in the preceding propositions. 

PaOJECTIl.ES BT AnAI,Y5IS. 

8. Let A be the point, and AD the direction of the projection ; 
AB the plane passing through A, which also 
represents tbe range. Let ac be drawn pa- 
rallel, and BCD perpendicular to the horizon; 
Jet the angle cad of elevation zr a^ the 
angle of inclination of the plane cab z= 
i, the velocity of projection :r v, the time of 
flight = /, the range ab n: r, and tfi^r = g* 

Then it is obvious from the laws of motion, and those of hk 
Kpg bodies, that ad =z tv, and db = g^ ; and hence wq hajp^ 

cos^ : ft; :: sm(4±4) : ■ ^^^ ^^ '^ =^^,, •.(»)• 

, tV COS A 

cos * : /o : ; cos a : - rt -^ :;: r , • . .(t)^ 
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9* Now to fiiid the gteal^st height, we mtiftt observe that the 
hoiy^ will Continue to ascend till the velacky of descent ftoTh 
gravity, is equal to the uniform velocity of ascent from projec- 
tion ; that is, calling the time at which the height is the greatest, 

i^j we shall have 2gt^ = v sin a^ or t' zz ; but the de- 

sent m the time f z:t gf*^ in which^ iubtftituting the above value 

of i^f it becomes .^'--'-''^ « and the Mdent in the same time from 

projection is zz t^v sin n, or stbstfiuting for t^ at a^ve, it 

becomes — • 1 and consequeiitly the difference of these, vit* 

^* sin* o "' . I 

^ = ^* »«<(3)» the greatest height of the projectile above 

the point a. 

Now, from these three equations (i), (a), and (g), we d^alV 
immediately the foitowing, viz. 

_ V sin U ± ft) __ / r sin (a ± ^) _ a sin (a db ^)v/A 
g cos & "" r g* cats a "^ g c©s ft . sin a 

gr cos ft _ a V^^A 



sm a 



tg cos ft / gr cos ft 

"" sin (tf ± 6) "^ toz a\ . sih (4 ± ft) 

g^* cos a _ p* cos_fl sin (<t ± ft) _ 4A sin (a ± ft) 
*" "■ sin (^ ± ^) *" g cos 6 "" tan /I • cos * ' 

ff/* cos* b • cos* tf t;« sin* a r tan a . cos ft 
4 sin^ (« di ft) 4? 4 sm (a ± ftj 

These formulae involve all the cases of a projectile as far as re- 
gard the rime, velocity , range, greatest height, angle of elevation, 
and irtcljinatiort of the plane, while the latter passed throiagh the 
poiitt of projection* it is only requisite to observe, that when 
the plane descends, [a ± ft) becomes Ja 4- ft), when it ascends 
it is (a — ^), and when horizontal it is simply a, the angle of 
the plane being in that ca^ zero. When the angle of the 
plane is sought, we must introdtice the known formulas, 

fin (a ± ft) := sin a • eoi ^ ± sin ft i» cos a 
whence a quadratic will arise, whose two roots will answer to the 
two different angled of elevation, noticed in the preceding 
article. 

10. If the velocity of the projertile in the curve be required 
jifter ^rty time /'', it ii olrWoor that Hhis is campcftthded of die 

f2 
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therefore calling this last =: (ofx), thig will denote the general 
. term of a second series, whose sum is to be obtained in the same 
manner, and so on. . 

From tliesi- considerations is readily deduced the following ge- 
neral formulae of summation, viz. 

Let the general term of the series be denoted by q^t; and makef' 
C^ — Ifx —Jix— t) ] =,Q'x. 

/{QX)x=fx 

e'* _- |/'^ -fix- t)] = Q"*, 

^x- \f'x -fix ~ ,>f = ^"% 

M"x)x-f"x 
&.C. ' &c. ice. 

So ihall> +/a: + f'x+f'x + &c. feethe sum of the series 
sought ; which will terminate when the series is smnmable, but 
continue ad infiniium when it is not ; its convergency beimr 
however, in this case> much greater than in its original form ^ 
will be obvious by refering to the nature of its generation. 

I have only time to shew the application of the above principltf 
to one or two simple examples, but which I trust will be sufEcient 
for illustration. 

Example t. Let it be required to sum the series of souaret 
1*. 2\ 3% 4* &c n.\ ^ 

Here the general term qx r: x*^ 
?Lnd f(Qx)x =/x*i zz ^x^ -Jx 

J[<^x]i =:Jix - |)i = ix*- \x -fx, 

f[Q:'x)x = \x zzf% 

Where thp operation terminates, and consequently the sum/^ ^ 
fx^fx - i;c? + |x« + \x, which, when x becomes «, \% 

sw^ 4- 3n* + n 

W^ . J 9 

6 
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EaampU t. Find the sum of n tertni of the series i', S, 
3*. 4'. &<: ^' 

Here the general term Q« = «% 

where the operation again ceases, for if we were now to compaCe 
J^^Xt we should find k e^al to zero : therefore by collecting 
tenner we have 

A +/^ +/'^ +/''* = i** + i*' + i** 
or (when » bejcomes n) rr irt* + }»' + J'lf. 

These examples are sufScient for illustrating the principle of 
Bummation above given s which, to the b«»t of my knowiledge, 
\as not been applied before, to this subject; bmt, to much 
has been written on it, that it is diiEcult to speak positively 
as to the novelty of any method. I ba¥e, however, examined all 
Che most celebrated authors on series, and find nQthiog that is in 
any way tantamount to the above prtiuciples, yet the simplicity of 
the conception is such that it is difficult to suppose it has so loiig 
escaped the notice of the several ingenious authors, who have 
treated on the doctrine of series. It must be ackaowledged that 
in its present Corm, although the principles are simple and oh-, 
vibus, the operations are not so concise ag could be wished for^ 
bat I am induced to think that the operation exhibited by 

C«— J>— yia?— ijj 

it reducible to a more ready process Uian what appears upom the 
jace o£ the expression, and if this simplification could be effected^ 
I should have iio hesitation in stating this method to be by far 
ihe most generaJ and simple that has yet been proposied for the 
stunmation of series, whose general term it exprascd by the aamt 
invariable function of x^ 
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ARTICLE X. 

A New Property of the Parabola. 

By Lieut. Drummond, ^/^M* Royal Enginurs. 

SiRp 

The following property of the parabola, which I received fro 
Lieut. Drummond ot the Royal Engineers, has not, to the best 
of my knowledge, been given by any author on the conic sections, 
and, as it is a very curious one, you will not, perhaps, think it 
ondeserving a place in your valuable Repository. 

Your's, &c. 

P£T£R Barlow* 




Let ACB be a parabola, cb the axisj F the focus, £D the direc« 
trix ; then if the line af be supposed 
to revolve about f as a centre, while 
the line ae moves along the direc- 
trix perpendicularly to it, the area gene- 
rated by the motion of ae, will always 
be equal to double the area generated by 
FA ; and consequently the whole exter- 
nal ^rea AEGD =: double the area acf. 

For draw a'e' parallel, and indefinite- 
ly jjear, to a£ ; and draw the diagonals 

AE^and A'^E ; then by the property of the parabola, the angles 
i/a^a and fa'a are equal, aa' being considered as part of the 
tangent at a^; and in the same manner, the angles eaa^ and 
TA a^ are also equal to each other ; and since £ a — af, andE^A^ 
=: A^F ; the triangles CAA^ and e^a^a are each equal to the tri- 
angle aa^'f ; but the triangle eaa' zz the triangle E£^A, being 
on the same base and between the same* parallels ; therefore the 
isum oi the ty^o triangles ee^a and ea^a, or the quadrilateral 
space EAA^fi' is double the trilateral space aa^f ; and as this is 
fhc case in every position of fa', e'a', it follows that the whote 
external area eagd =: double the internal area AFC* Q. £. D. 

Cor. Take dg z: fb, and complete the parallelogram dg he, 
which is double the triangle abf ; therefore the area abc=:| the 
area hacg, or \ of the rectangle abgh, orf of the rectangle 
ABC I, because BC = | BG : that is the ^area of a parabol^ = f of 
the circumscribing rc;ctangle. 
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AnalyticalDemonstratton of the same property hyMr. P.B ar LO w« 

To the above demonstration of Lieut. Drummond's I beg to add 
the following analytical investigation of the measure of me area 
of a parabola* 

The area of a parabola being exhibited in a manner so ex* 
tremely simple, most writers on the Conic Sections have wished 
to demonstrate it in their several* works, independently of the 
doctrine of fluxions, though commonly by an analytical process^ 
but no demonstration I have yet seen is so concise and satis* 
factory as could be wished for ; I beg therefore to propose the 
following, which appears to me to be some«what preferable in 
both these respects, to the analytical demonstrations usually 
given. 



Tojind the area of a Parabolas 

Let ABC be a. parabola and complete the rectangle ABCO« 
Make AB z: 6, CB zz o, and divide DC 
into any number of equal parts (wi) viz. 
CE, £F^ FG, &c. each being therefore = 

— . Then by the parabola 

l^ a 



Via 

Via 

6*: a 
&c. 




~ : ~ = EH 

nr mr 



2^b' 



a 



m" m 

^ ft • — 5" 

wr nr 
&c. 



= FI* 



Z= GK, 



Multiply each of these by the equal distance ^, and we shall 
have for the sum of all the rectangles CH, £i, fk, &c« 



ah , ii^ab 



ao n ao Q'atf , ^ 
mr Tnr n? 



m^ab 



3" — 



ah 



fH 



m* mr m 

-*- ft* + 3* + &c, m^) = 



ah / gffl^ + 3>«* + ^ ^ _ soft ^ 3«^ fl&^ 
m^ \ 6 ) ^ 6 '^ 6m^ 6m^ 

l^hich is true for every possible value of m* But if now we sup- 
TOL. IV, PART II. g 
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pose m indefinitely grcaty so' that the breadth of each rectangle^ 

tor the distance -^i, is indefinitely small; the two last terms of 

m * 

the above expression will vanish; and the first term only -g- or 

\ahy will be the whofe exterior area ADC' ; and Consequently the 
interior area AfiC = \ab. 



ARTlCLfi XL 

ON CUBIC EQUATIONS. 

By Mr. Mark Noble, JR. M. College. 
Cubic equations resolved by completing the cube^ 

*• Adjungere jam liceret rcductiones aequationura per ext^a#9 
tionen? surdae radicis cubicsfe, seu et has, ut quae, perraro «tile< 
tint, brevitatis gratia praeterco". 

The history of Cardan's rules is familar to leslrned mathema* 
tscians: but no account of the method of the inventors h2t# 
reached our times. Cardan, who first published the formulae, 
contents himself with giving geometrical demonstrations. Of 
these he was the inventor : but the theorems, he had received 
on the 25th of March 1539, from Tartaglia^ who had discovered 
rules for the solution of the equations, x^ + px^ zz r, and a?' = 
px*+r, in the year 1530 : and on the 12th and 13th of February 
1535 he resolved the equations a?' + ^x rr r, and Of' =: 9JF + r. 
Tartaglia was not however the firdt who had. found out the 
gener^il solution of the 'equation x^ '\- qx -zz. r: for this, if 
tJardan may be believed, had beett tesolved by Scipio Ferfeus 
many years before and the answer communicated to his pupil 
Antonio Mairia Florido, who was contemporary with Tartaglia, 
Montucla seems to suspect this account, and with justice: 
Bossut adds that Tartaglia himself, in his violent disputes with 
Cardan about the invention and publication of these formulae^ 
denied that Florido was acquainted with thfe rule. Wallis (AIge<» 
bra chap. 46, pa. 187, edit, lat.j describes Cardan's demonstra- 
tion as so perplexed and intricate as to requik*^ no small labour 
to examine it, Cardan going about to elucidate the subject bjr 
means oi solids expounded on a plane. Vietai and o^t Harriot 
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was the first who thought of substituting y ^^ JL for jf in th# 

ay. 

equation x^ + ^x zn r, which is thus transformed to y* + 2- 

=z ry^y and may therefore be resolved as a quadratic. (Walh'sf, 
de Algebra Tractatus, cap. 45, Epist, Leibnirii ad Wallisiumi 
29, Dec, 1698. Wallisii Opera, Tom. 3, pa. 692. Montucl^ 
Hist. Math. Vol. 1, pa. 602.) The same artifice was used by 
JFlorimond d(^ Befippe. (Cartesii Gieometria, Vol 2, pa. 113, 
Edit. 1659.) Wallis himself, knowing nothing at all of any of 
these rules, reading in Oughtred's Ciavis, (cap. 18, No. 15, pa* 
68, edit. 1648,) that {u h vf — u^ + «/^ + ^uv {u + t;), saw 
that the solution of the equation op^ zz qx ■\' r would be.effectcd, 
if he could find u and v such that ^uv zr 9, and u^ -{- v^ zi r^ 
for then would ^ ~ « + t;. This method, which some will 
conclude could not be unknown to Qughtred, Wallis published 
in the dedication of.his ** Adversus Marci Meibomii de prppor- 
tionibus dialogum, Tractatus, 1656, (Wallisii Opera, Vol. 1, pa. 
^40, Vol. 2, prop. 135, 185, 186, 187.) From this investiga- 
tion of the historian of Algebra, that of Hudden, (Cartesii Geo* 
Hietria, vol. 1, page 499, edition 1659,) ^^^ ^^^' ^^ Newtpn^ 
(Arithmetica universalis, p. 279, edit. 1722,) do not visiry much. ' 
This method, the most elegant of any, was extended to biquad- 
jratics by Lagrange. Tschirnhausen proposed ^ general pethojl 
for the resolution of equations in Act. Erudit. Lipsise 1683, 
this he applied to cubics; and Lagrange to biquadratics. Other 
substitutions and suppositions may be seen in Waring's MisceU 
lanea Analytica, p. 38, 44, 45, an. 1762. Bezout, Mem. Acad. 
Sciences, 1762, .1765. Vaodremonde, Mem. Acad. Sciences, 
1771. Lagrange, Mem. Berol. 1770, 1771. Resolution de» 
equations numeriques, p. 263, ed. 1808. Theorie des Fonctions 
jsnalytiques, art. 78, pa. j6. ^it. 1797. The following. raetho4 
is ne^wto me, and server to assimilate the sofptionspf <]uadratics, 
cubics,, and biquadraticsasjsolved by Lewis Ferrari and Waring, 
3Xidi some particular qases of quadrato-C)ibics .and cubo*cubics 
(Miscellanea,Analytica,p.^5, 3$, ^7, Medit^tioqes A lgebraic», 
pa. 141, 143, edit. 1782. Cartesii Geometria, vol. 1, pa. 490,) 
to one genex;al principle, viz. completing each side.of the equa* 
tion to a perfect power, such that the exponent pi the one 
power, jihall be equal to or ja multiple of the exponent of tht 
.other. 

Let t)ie cpl^ic equation proposed to be resolved be 

X^ rr-qx — r =Z.p, 

ga 



( 5« ) 

to each of these equals add (mx + n)', then, 
(I + w') x^ + gw'n^* + (Znin^ — q]x + n^ — r= [mx + n)\ 
that the side opposite the left hand may be a perfect cube, we 
must have, 



m*n* 



tnn* — T? = - 3 , [a) 



and 



, »iV 



tr — r =z ~j- — -| [I) 

If these conditions are satisfied, by evolution we obtain^ 

x^/irn^ + i) +V{n^—r)zzmx + nf 
and finally, 






By(i) 



n^ = 3 ■ , — ^•.. •...•{c) 



rm^ 



3-^ -Aa - ^ (0 



and 

Again by (a) and (c) 

r*w^m^ 4- 1) _ 2^ 

Andby(c)(£/) 

^ a;»' + 1 ^ 2;w» 4- 1 

so that we have fallen exactly upon Tartaglia's rule, for the sum 
et ^he cubes of the two parts of the value of x is equal to r and 
by (e) it appears that the product ot their cubes is equal to 77-7^ • 
the problem to whidh it is thus reduced is the 30th. of the ist, 
book of Diophantus' Arithmetic. Find therefore the two roots 
of this quadratic equation y* — ry + tt?^ — o, let these be y' 
and y^\ then by the theory of equations y^ + /^ zzr and yy =z 
Vrj' therefore x z: Vy^ + V/^ 

The equation x^^px'^ — r zz o may be resolved in a manner 
perfectly similar without previous reduction : and indeed the same 
method may be applied immediately to th^ complete cubic 

Kx'^ -— Ba?* + QX — D =: o. 
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ARTICLE XII. 



THE BUND ABBESS^ 



To the Editor of the Mathematical Repository^ 



Valeat quanti valet* 



SlR» 



Every body has heard the story of the good Blind 
Abbess^ and what tricks were put upon her by the knowing 
sisterhood under her care. But nobody before me, I believe, 
has been at the pains to discover in how many ways it was pos- 
sible to vary the cheat. Neither Ozanam nor Montucla seem 
to have had any idea of the extent to which the joke might be 
carried on; which convinces me that the story is a dull mven- 
tion of their own, and never had any foundation in fact. Had 
such a society ol clever ones ever existed, they would have led 
these frenchmen a fox-chase they little dreamed of. 

— Tis a trifling enquiry. — I know it ; and therefore shall not 
make it appear more trifling by a prosing introduction. Other- 
wise I might say, that if trifles are not food for the intellect, they 
*are exercise, which is quite as necessary ; I might say, that it is 
no easy matter to settle trifling points in — any doctor in any 
university can supply the hiatus ; I might say that Euler, War- 
ing, Gauss, &c. are never so great as when they trifle ; I might 
say— *-but bless me, your readers very well know all that might 
be said about it ; so I say no more, except that I am. 

Your very obedient servant, 
.BaM, Juney 1816. W, G. Horn er. 

The business is to fill the external cells of a square with num- 
bers, as in the margin ; in such a manner, 
that whatever (within certain limits) be the 
sum of the whole eight numbers, the sum 
of each three which stand in a row shall 
constantly be the same. For this I shall 
give a rule which carries its own demon- 
stration with it,and will conduct us directly 
to the calculation of the limits and variations. 

Role. From the whole number * tobe disposed of, takf 
double the number n in each row, Separate the remainder imo 



a 


b 


c 


d 




e 


f 


s 


h 



any two parts h + ^, and again into the same or any other two 
parts d \- e. Place b and g^ ^and ^, opposite to each other in 
the four midfUe cells. Then, supposing b to be as great or 
greater than d, €, or g^ take any number a, not exceeding n — ft, 
and place it in a corner cell adjacent to ^. The other comer 
numbers will follow by subtraction/ 

Limits. Those of a are obviously o ahd «, inclusively; and 
the corresponding limits of s are 2/z.and 491* And since those of 
a are o and n — b^ tbe four corner numbers may undergo n — b 
+ 1 changes, while i, flf, «, ^, remain unaltered. 

Variations, i. When bzzdzzczzg, the variations, as deduced 
from what was just said, will form a series whose general teirmis 
n — i •+- 1 ; b varying from o to «• The sum of this series will 

be i(n + 1 .» + »). * 

2. If s — 2« were resolved into two identical p^irs pf upequ^ 
numbers, or if b zzd — 1 , . . .«, and ^ = g z: o. . . .6 — 1 ; thei^ 
since ahasn — b -h 1 values, and £=ghas^ values^and e^chs^sump.* 

b ,e . 
tioh for b and e admits 4 varieties of collocation* viz. b e^ b e^ 

he . ' . . 

€ b^ e ft; tbe general term expressing the number of vari^tioni^ 

e , b 
is j^h [n — b+i). Consequently the sum is |-(n . » + 1 . n + 2ju 

3. Let one pair^consist of equal, and the other qf.uneqUf^ 
numbers; ordzz'^-|{A f g)— ^i. . . ,t— i,or|(6+i) .. .•&?— j^ 
the former limits obtaining when b and g are even, and the, latter 
when they are odd. Then d will have ^6 or :| (^ -*- 1) valu^ 
respectively. And since hercalso there are four distinct collo^ 
cations, the general terms will be respectively 26 (n— i + l) 
and a (6 — i).(w — A + i). 

If « 3= 2ni, whjie b is alternately 2/:Aand 2jx-—,i,/x represent- 
ing the variable whose limits are t and w, the sum of the series 
whose general terms we have just given, will be ^('4/x . 2»i — ^2(a 
+ 1) + s(2\ 2/x — 2 . am — 2|x -f 2) = — 16^/00* 4- (16m + 
,20) SfA — i%m + 8) S{^' z= |w' 4- 2»»^ — |»i = i[2n^ + 3n*-r- 
;2ii), when n is an. even number. 

* And, if » =1 2 »i 4- 1, while b is alternately 2/x and 2/x + i, 
^e shall have s{^fjL .2m — 2iw, 4- 2} + ^ (4/x .2m — 2/x -4- 1) 
— — i6j/x* + (i6f7i + 12) sfjt. = |wi' 4- 6m» 4- ^m = |-(2;l' 
4- 3«* ^ — 27} — 3) varieties, when n is odd. ' 

4. The only supposition which remains is, that b, rf, tf, g", are 
all different numbers. In this case there are eight changes df 

h g I g d e d e 

position, viz. d e^ d e^ e d^e d^b g^ b g^ g b^ g b. 

g b g b c d ^ d 
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We may ei^nsi^er i^ g, as the extremes, and J, r, as^ termi 
equidistant frotn the.meaiiy of an arithmetical series of b^g+ % 
terms ; the common difference being unity. It is then manifest, 
that I (6 — g — t ) pairs of numbers may be taken for J, «, when 
* — ^ + 1 is an even number, and ^ (b — g — 2), when it is an 
odd number. Now in making gzzo ... .A — 3, while ft remains 
unaltered, th6se conditipna take place ahernateiy ; giving ^ (ft — 
.«) +1(6—2) -f |{^ — 4) + i{ft — 4) + .-..1 + 1=: J (ft.* 
— 2J choices for d^ e^ when B is evefl, znA\ (ft — 1) + 4 (^—3) 
+ 4 (ft — 3) + ....! + 1 — i(^— i)'» when ft is odd* Con- 
sequtotly the general term of the series of variations is 2ft .(i — 
«) • («: — ft + 1) in the former case, and 2 (b — 1)*. {n — i-f 1) 
in the latter. 

In the class now under consideration it must be remembered 
that b can never be less than '3. When, therefore, n iz 27» + 2, 
b in the last formulae must be alternately = 2jcxr + 2 and 2/^.4- 1 ; 
/x representing as before, the variable whose limits are 1 and m* 
We have* therefore* 8j (/m. • /^ + 1 . 2m — s/x -f 1) + 16^ (/**• 

» fi + 1) = 8 X |— 4^/*' + (4m 4- 1) Sfl^ + (2I« + l)5/u^ 

= I- (w* + j^fn? + 5»i' + 2w) = "J-n* . «* — 4 variations, when 
n is even. 

When n=r 2m + i» ft is alternately 2^ and 2/i 4- 1, and the 
sum of tht Varieties is 16s (^u — 1 • fi»m — fi + 1) +-8^ (/**• 

= I- (am* 4^ 4W* 4- m* — m) = -J- (»* — 1 • n* — 3) variations, 
when ^ is odd« 

5* The aggregate of all the varieties of arrangement now 
determined is -J- (/i* + 6n^ + i4«' + t^n -\- 6), or, in a more 

convenient expression, ■|-(«.« + j.7i+2.« +-3) + !(''+ * ^ 
H 4- d) universally t whether n be an even or an odd number. 

Remdris. 1. I have here taken the mean of 'three general 
methods of considering this problem. 

The most extensive view of the question may be thus stated : 

In how many ways may persons, chosen out of n people, be dis'* 
posed in the external cells of a square of 9 cells, so that there may 
be always n persons in eacn side of the square^ and that no two 
4trrangenunts may be identical in the united regard of numbers^ 
jclection, and grouping f 

The general arrangement, as exemplified by the first marginal 
figure^ may be contemplated as a compages of horizontal (fig. s,) 
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a 



Fig. I. 
b 



and vertical rows (fig. 3). In either class, separately considered, 
the exterior rows are to consist of n persons in each, and the re* 
maining N — zn form a reserve to supply the middle row. 

The solution of the question will easily be 
discovered by attending to the practical mode 
of performing these combinations of the two 
classes; which would be this. Arrange all 
the N people once on the plan of figure s^ and 
once on the plan of figure 3 ; then let each per- 
son take his place in figure 1, in that cell which 
corresponds to the intersection of the horizontal 
and vertical rows in which he stood before. 
By this means the conditions of figures 2 and 
3, are combined without any restriction* 
Each class admits of 



/ 






S 



Fig. 2. 
n 



1.2.3 



N 



N 2W 

n 



Fig. 3. 



« 

w 



n 



I 



(J 



(1 w) (1 n) (1 (n — 2n)) 

permutations ; and as the permutations in each 
class take, place exclusively in the direction of 
its own structure, any one arrangement of one 
class may be combined with all those of the 
other, constituting in all 

\ ; rr- ; rr J VanCtlCS^ 

i(l «) {I ....(N — 2«))> 

As the central cell is not mentioned in the question,, thos^ 
persons who happened to stand in the middle row both of the 
horizontal and vertical arrangements, would consider themselves 
at liberty to go where they pleased. Had the number and selec- 
tion of these persons also been contemplated, omit the word 
•'external" in the question, and then the total amount will be 
expressed by the sum of the series, 

.n).(i. ..an) i 

— p»— i' ' ' I III I ■ ^ J 

(1 «)* I 



2«-f-l , fi«4-1.2» + 2 , 
+ 1 :; -T5 1- 



(i.ar 



2«+l .. ..n ) 
(1 • .N — 2nfS 



the successive terms of which are composed of the number of 
varieties deduced from the preceeding formula by substituting 
2w, 2n + 1, &c. for N, and of the permutations of 2n, 2«-f- 1, 
&c. persons out of n. 

As a comparative example in the smallest numbers possible, 
let » z= 1 and n m 4, then on the principle I have adopted, 
there will be 7 varieties of disposition ; but on the principle ol 
permutations there may be 144 or even 336* 



r 9; Proposing the. question as <an arithmeticdl puzzle. U %^^ 
t>een usual tp make the four corner numbers ecjual to each otheft^ 
and likewise the four middle ones.. With these limitations, it is 
readily found by simple equations that a = n-r^ |^ j and t zz ^s^ 
— n ; consequently s cannot exceed An nor be less than 2», an4 
must be divisible by four. Whence it also readily follows that' 
the arrangement may be made in | n + i ways when n is >^yen. 
or in i («+ i) when it is odd/ 

3. In Montucla's example, nis z: g^ which will admit of five 
arrangements limited as inf the last remark. Four of these were 
given by Ozanam. MontuOla, after giving the fifth, adds also ^ 
sixth, limited only as in class i. It is curious, that having made 
this step in advance, and the remarks by which it is introau'ce<I| 
he did not perceive that the conditions of the question admitted 
of very numerous solutions. In fact there are ^ of the same 
class as hh 6 ; and the v^rhole number possible is &Q33* 

4. Instead of a square, restricted to 3 cells in ^ach side, we 
may imagine ai;iy quadrangle having iq each $ide any number of 
cells not less than 3, the other conditions remaining unaltered^ 
and the solution is readily deduced from what has been done 
above. In fact, we have only to distribute the nutnber b intd 
any portions &^, y^ &c. at pleasure, and dispose tfa^m in the ce}l|| 
between a and c, and so of the other middle numbers d, r, g. 

5. The principle may even be extended tb polygons otmy 
even number of sides,, having 3 or more cells in each siA^^^4 
so constructed that each of the angular oells shall be comfnoH 
to two sides. Suppose, for example, the ceils of such a polygofl 
erf e V sides are to be so filled with numbers^ that whik tb^ 
inrhole sum employed varies from ir » to 2 «r n» the turn coQtain^t 
ed in each side shallbe constantly n. To eflect this by a^ajin 
of a mie similsir to thdl on which the preceding calculations weft 
grounded, it is sufficient, instead of ** doisbU the numhr^" to S9ij/[ 
f*^. times tie numher'\ instead of " two ffirH'\ " w />flr^j", >a4 
instead of ^* P lace -^ opposite euck oiker tn thefeur mddle'€ills*\ 
to say ** DistribtUe e^ci afihes^ sets of m parts uoi^ng Aitifib^ 
widdk ceiiSf taken alternately. 



ARTICLE Xin. 

V Immstigatiem efm RtUe fi^r jindimg Ae 

By Mr. Johh Bransby, tff Ipswich. ' 

M page 304, (8th edit.) ^f M<Kife:8^?ractieal ^ai$igat(H> j^ 

a £pUiQjw:iiig ruk for fiiyUiif tik^^ 
VoLt IV, Part u. ^ h ' 



^»^- 



** Aii together the ariihmetical tortiplctnent of the cosine of ih« 
declination, the arithmetical complement of tbe common loga* 
rithm of the diSerence of the cosine?! of the time* from noon, 
turned into degrcei and minute;, and the common tof>ariibm of 
Oie differeace of the natural sines of both altitudes ; the sum of 
tliesc three logarithms will give the logarithmic rogine of the laii- 
Cude." The same ruleii in' Bet tei worth's Naval Mathematics. 

Investigation. Let p be the ' 
tidrtK pole, QO a quadrant of the ' 

equator, and ik c a quadrant of /| 

tlie parallel of the sun's dectina- 7 
4ion. Then, the hour circles pbA, / 
tec, being drawn at the distances / 
from the meridian pqh, answer- ( 
ing to thetimcsofthetwoohser- g" 
^rations, it is evident that the simi- 
lar arcs ic, BC, are in the same ratio as their radii, that is, as 
<jo ; MG ; bat go is the whole radius, and mc the cosine of 
^m the declination : therefore bc = mo x ic. Then in th6 
right-angled triangle Bic, it will be bc (r: mC x£c) ; Bl fthi; 

itffcfence of the tings of the altitudes} :i radius,] '.f ~ ■— =: f 

(111 (Zc = ) ZftOH, the co-latitude. The rule js therefore cor- 
teet. But theaccuracy of the result depends on that of the limei 
of observation ; because in e<|ual intervals the arc bc will be veiy 
different at different times of the day ; and ai the torrect time is 
seldom known at sea, except in ships where the longitude is 
calculated from lunar observations, or where there are good 
chronometers ; this rule appears not to be adapted to ^cnenl uset 
One insunce will shew the propriety of this remark In Moore's 
third example tor finding the lafitudc by double altitudes, the 
tun'i declination is, given = se°i ; at 10" 17" per watch, its 
■ititude was 1^° ig'; and at ii' 17" it was 19° 4 1'. By this rule 
the latituijp wiU be fqund =: 57° 54' N. which is 7° 54' too much* 
But by the common approximating rule, the first operat ton diewi 
that the watch was twelve ininutcg (00 slow. If the times of 
observation be corrected, the result by the rule aj^ve iavettiga. 
ted, will be ^o" 49' ; only ^g' loo much. But this is very Tar 
from being sufficiently correct. By the operation of the second 
approxinution, il appears that tfae. watch wut^ mtntlte* too 
■low. If w« re^t OUT work y'vh this corret^tioq, the latitude 
resaUtng will be 49° 58' which is a' too little. It appears then 
in the ^sent instance, that the drfference of one imnuct tn'^the 
^mei iMte«tedfty.Ae ir^teb makot^ ji'difief«iKe jiiibe)«titud«^ 



which ia a farther confirmation of the defect of the rale, eapeci- 
ajly as from the rule itseJf itji oQt poi^i^le^o detect the ^ru^of 
Uie watch. 



ARTICLE XIV. 

On iki Thickness ef Wharf Walls, &c. to Support •Bank 
of Eajtk, I . 

By Mr. Johk Adams, ef Sionehouse, Plymouth. .) 

Let ABHE be avertical section of a bank of earth, thetrianl 
gular part ABE.that which is uippiosed to be suppofted by m«ans 
0f awall, the verEical leaion of which ii reprBsented by AEfG. 

Let H be the centre of gravity of the triangle abe, throu^ 
which draw hk parallel to 
the slope bb, and, at right 
angles thereto, draw kl, in- 
tersecting NHP, at right an- 
gles to AB, in L : draw HC 
and Ki perpendicular, to ae, 
and Hi^ perpendicular to. be. 

From the nature of forces, 
■ f HI. represent a weight pro- 
portional to the area of the 
triangle abe, then hcxki 

=: the force perpendicular tg ae. and hi = CK = the force 
perpendicular to the base em. From the nature of the con- 
«truction AN = se ^ -^ ab, and £K = ^ ae. ' 
, B)f similar triangles we liave 

BE : AE :: HL : km, be: ab :: kh : ki, ab : ae :: ki : IH. 
From whence be*: ae.ab :: ul : ki, be' : ae':: hu:ih ;, 

Therefore ki =: 

XIX } AE or IHX 4- ab : 



or to 

AE*X 



But HL represents a weight proportional to the triangle, axb 

to 4 AE X A.B.^tt^crcfore KI X ^'K% is proponiraal to 

E*X AB , , , ae'x Ab' . , 

— ■ , ■■ X t ae X AB ; that IS to -y— — j- or lu «nttal 



AE'x'in'AE B 

6 ■• ba 



Pat AiE = », Dl = *z ± Xf thehj = -j >D'= 6r =~ 



We now have the area eg =: de x ^a = 2 ux = w, 
and the area dfg =|rD x DG = 3ar = », 
awTzm's: y sA ^ 2,and,£ s = ed -|r' An ,x: s 2! -t- ft'T. -, 
Hence £»> x w + e« sc tci: 3ax* +6aTzA-6 ar* = 

(«• + 3 r a + gr?) x 2 a = ^** +■ ^ H- ^) i< |l 

If «■'= specific ffrtvity of the vrall, . 

II' :x ipeeific gravity of the earth* . 
■ « = sine of the angle aeB, toradiui l, and if the weightf 
ftuid-'fl,. proportional to the . 
are^ AC r e and abe, be sup- 
posed to be suspended from the 
centres of graviiyy and h, in- 
tersecting the base fm in the 
points g and P and if these 
weights, appended to ,the 
striUght lever ^p, balance 
each other on the fulcrum e, 

it is. evident that £.g n ^— '■ 

EP X R ; that is, 

from whence ' *' -h ^ -i. _?1 =; ?!il^ . /.t 

.!;•: !■ : ■■ ; « . a^^' . - S™ :" ' * 

,,.■.... * " 3W. J ac 

C^. 1. If the fcction of the wall be a triangle, # = o, an^ 
*D = -, and we tav^ from equation fi) 



Cor. a. If the ^Kiioh of the wall be rectangular, - = *jr 
and we then get from equatiqq; (a) . '~' ^ 



«• = 






•^•4 



;»and therefore x z::: a t kA 



3^1 • V ^m 1 

C(7r. 5^.' While c , m, n, 5, remain the same, the breadth of thfe 
Vail will vary as its perpendicular height. 

Example. Given ae rz i8 feet, ab — 15, c r: 8, m tz 6j3^ 

« = 496, and thence 1^ r= ' — ^; to -find the thtckaen of this 

wall. 

* = jy^ '*'^ '""'" -- t> ~ = 4.54=thebreadthattop; 

I'D . 

and -|r- + 4.54 = 6.79 =r the breadth at bottom* » 

According to the principles given by Dr. Hutton, in the third 
volume of his Course of Mathematics, the thickness pf the 

wall at th^. bfise ;= a yr /?L- 4- JS\ ^ which exprension 

tnay be found by a d^pU equation ; by which, and withlhe 

numbers given in the above example, 

the Uiickness of the wall at bottom is 5.85 feet, 
and -its thickness at the top ,3.6 fect^ 

less by one foot than the tbicj^ness found above. 

. When the profile of the wall is rectangular, the thicknesi 
[a s \/ — 1 is the same by both ,aaethods« 

It will be observed that the thickness of the wall has been deter- 

i • ' - , c^^ii ' ' * 

mined without reducing the expression • on account of 

friction, if such reduction had been made, it is evident that the 
thickness would have been less ; even as it isr it, would hot bd 
trusted by ](>ractical men in the erection of Wh«wf Walls, &c. 
According to t7)e data given in the preceding example, the thick* 
ness at the base would have been made upwards of S^ven Feet ; 
and from the observations that I have had an opportunity of 
making on works of this kind, I am qt opinion that the breadth 
at the bottom, should be very little, or any thing less than seven 
feet. This, however, will principally depend on the magnitude 
of the stones the wall is built with, the quality of the mortar or 
cement used, the manner the woik is executed, and the kind of 
earth, &c« it is backed up with. 

In the failures that I have witnessed, the walls appeared first 
ip bulge out a little below the middle, and separate a few fee^ 
fromihe bottpm^ and I have no doubt but that is generally thi^ 



t 

cawe. "ncl^ce, and from other considerations; It appeals that the 
point of appikacton K; as proposed by Dr. Hutton Fn bfs Course 
pf . Mathematics (5th Edit.) is more likely to bring out coikI"* 
sTons nearer the truth than the point c, heretofore chiefly used^ 
provided the siabilitaling forces* of the maspnry and supported 
earth could be more satisfactorily ascertained. However erro- 
^jeous may be the resuha arising from the consideration of the 
action ot those forces on the principle of the lever, it is per- 
haps the only mathematical way of obtaining approximate solu- 
tions. The nature of the question being such as to elude in a 
great measure mathematical enquiry, may be ihe reason of so 
little having been said respecting it in the best treatises on Me- 
chanics. 
March 17M, 1817. 



ARTICLE XV. 
Solution of a Dynamical Problem, by A. B. 

To find the motion of a body animated by two forces one of 
which acts in the direction of the radius vector and the other at 
right angles to it« 

Let AB be a portion of the curve described by a body b acted 
upon by a force p in the directioniof the radius vector fic, and 
t>y a.force.p^ acting at B.in a direction perpendicular. to bc. 
Put a zz AC, 3t = Af», y =z BP, z zz BC and v = the velocity 
of the body in the curve at B. 

By the resolution of forces P will be divided into the tw# 

it. " X V 

forces p and — ^ p acting in the directions AC and bp; 

X 

and p' into the two p^ and ^ p' acting in the f^me direc* 

tions: wherefore the whole accelerating force in the direction AC 

is ir P + i p' and in the direction bp == ^ p^ — • 

z z . • %. 



^ p : therefore by dynamica 



a? a — X y , 

i=i=^p'-2p 

t* Z z 



* This expression is use4 by Colonel Paislev in his <* Military Instructions*' Vol 3» 
^herehe treau on Revetments, and in which he hm given an account of a greai 
Kumber of ingenious experiments made with modeb baciredwiUitkliiites* ... . . 



(. 63 > 
€>r'pttttitig f zt the measure of the angle acb« radrut being^i^ 

= cos (p and -^ = sin (p, whence 



if — X 



X 



^ zz. COS <p p + sin $ p^ • • ( „ t- 



•• 



-^- =3 COS f p' •— sin $ p • • . • •'•«.* 

Multiplying the first of these equations by cos ^ and the second 
bv sin f 9 and uking the diffcretice 6f the products 



X cos (p — y $in^ 

-^-^ 1 ~ p# 



Again, multiplying the first of the above equations by sin f an^ 
the becohd by cos f , and adding the results • 



X sin (p + V cos p ^ ^ 

* ■ , i • • . 

But since a — x = 2 cos (p and y =: z sin p^ by taking second, 
fluxions we get 

f ;r cos f -^ > sin <p =: :?? (p* ~ ;?? 

and <T sui f + ^ cos f =; sz^ + 29. 

• •• 

therefore r = — i-; — ^ («) 



< 



• • 



^d p' = : ..•••.. V • • •(*)- 

Moreover if equation 1 be multiplied by i and equation a by ^ 
and the products added» 



» •• 



• •* 



X- X -f-y y — (;j cos 9 — / sin 9) p + (i sin ip + / cos <p) p', 
♦r substituting for x and jS their equals — [z cos?)* and (2 sin fl\ 

, ^ ' == P^ 9 — P 2« 

Taking the fluents 

5!jLL =: f + 2/(p' (p — pz); 

therefore V := y/{c + y {^' <P - ? «) ) fO 

aiid the three formulae a, A. c are sufficient for determining all the 
circumi^MCC^of the fliotioH in any proposed case. 



( H > 

^AiV.bt piit fot iho vdocity in die directipn*Be^ and « for the 

angular velocity at the^distancc / from the centre, then v =z. -g>^ 

Aid- u zz ^ ; therefore by «u&sthiitirig in formulae a and i, we 
have 



• » 



z vr 



a tt 1/ , 



V V 

z - 
r 2 



the same expression^ that Landen has found at the beginning of 
bis 7th Mempir by a very different methpd. 

ARTICLE XVL 

■ 

An Indeterminate 'Problem. By Mr* Cunliffe^ R.M,C* 

• . • • • 

'problem. 

To find a pJane triangle such that its sides, perpendiculars, 
and line«i bisecting the angles, may all be expressed by rational 
numbers. 

SOLUTION. 

> ■ • ' 
... •• '* 

X.et AC B be a plane triangle, CL, am 
and B N lines bisecting the angles. and ter- 
QAinatiogin.tbe opposite sides, and inter- 
secting in s, the centre of the inscribed 
circle (EuCf 4. 4.) Draw so, SF and s£* 
perpendicular to the sides ab, AC and bc ; 
then will sd z: SF z: SE; CE r: CF, B£ ^ 
;iz BD and AD r: AF* 

Put CE IT CF r: f»* — n*, and SE = SF =: 2»r»j 
AF =: AD ST r'* — *% and 8D =: $f == irsi 
BE r= BD =: p* — y*, and SE — SD r: 2pqx 
then cs* = ce*4- SE* - (j||,*_w«)» + (2w«)* zzinf + «T 
AS« = AD« + DS* = (r* —s")^ + [2rs)^ - (r* + j.T 

Bs* = ^e; + SE' =.{^* -r); +. {^p9f - (p" -H ?')* t 

whence cs =»». -j- »%• as :x r* +. A bs =:jfr* + j* ; 
and hence we get 

A^ ~ AD + JDBS=r*.— J* +/»~^% 

•AC zz AP + FC = r*'— j^ + 7»*_ n*^ 

BC z: BE- + EC =/* — / + m*— »% ^ 

and 2wn = 2rs zz 2pq^ or mn zz rf :^ ^j. 



vl 
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Now i« X I =: 6 ^ 2 =: 3 X 4> Irom whence it^ •vicbmt 
that we may take 
i»r=i2,n = i;r = 6, J=r2;p=4 and 9 = 3, ani hence 

AB =3 32 + 7 = 39 • AC = 32 + 143 = tJQl BC = 7 ^ 14^ 

= 150. 

It will be easy to shew that the sides, perpendiculars and 
lines bisecting the angles of triangles, determined in the forcgoiiig 
manner will be expressed by rational numbers. 

In the first place to show that the perpendiculars will bi ex- 
pressed by rational numbers. 

A B "t* A C -l- BC 

It IS well known and pretty obvibus that ^— ; — -- — ^-;^-^ 

X SD rzthe perpendicular from c upon ab, which must be 
rational, because ab, ac, bc, and SD are all rations!; and im 
the same manner we may shew that the other two perpeadiculart 
muflt be rational. 

Secondly* To show that the lines bisecting the angles mustb^ 
rational* * 

CL bisects the angle acb ; therefore AC : bc :: al : LB* 

and by composition, AC + BC : BC : : al + t.9 = AB : lb, 

and by ahernaiion, AC + bc : ab : : BC : lb. Alsi> the line 

h6 bisects the angle cbl (cba) ; therefore bc : lb : ; Q«i :^l ; 

ab X cs 
wheretore aC f cb : ab :: cs: sl = -7*-^. 

AC-f-BO 

Now AB^ AC^ bc, and cs, are all rational^ therefore kt, and 
consequently cl will be rational. And in the same manner it 
may be proved that the other two lines am and bk will be 
rational. 

-The length of the perpendicular from c upon ab will be 

^^^ ^ ^f = 3l4J^J, The length of the perpendicular from 
89 ^9 

M upon AC will be ^-^ 3 xae ^ — t-5. And the kqeth 

. ^75 «5 ... 

of the perpendkutar from A upon Bd will h^ ^^"^ ■■ '^ ■ ^ iit 

Again from what has been deduced^ CL ss ei + SL sssCS + 
An X ts A6 4- AC + BO 364 X 14.5 i txig 

Ae + BC AC + BC 325 $ 

. Ari + iLd + io 

And in the samfe mannei" we get AM ss X Al ss 

AC nr AB 
TOL. IV. PART II. i 
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go^ ^ -t^ «. il,..2 ; and BN = ; X bss 

214 107 AB + BC 

364 X 25 SflXJS 

We shall now add another exataple of finding the sides of a 
triangle, whose perpendiculars, and lines bisecting the angles 
are all rational numbers. 

12 X 2 = 8 X 3 = 6 < 4, wherefore we may take m = 12, 
)pi=:2; r=8, ^ = 3; p ^=6 and y = 4. And from what has 
been done ab = 55 + 20 =75; AC sz= 55 + 140 =1^5; 
BC =20-4- 140= 160: SD=: SE = SF = 2mn =48 ; cs z= 
m' + n* = 148; AS=r^ + J*=73; BS=p*+ q'=6^>' 

The length of the perpendicular from C upon ab is i§ 

_ 86 X 16 

MM* ■ • 

The length of the perpendicular from b upon ac is ^^ 

_ 86 X 16 

~ 13 ' ^^ g 

And the length of the perpendicular from a upon bc is ^^ ^ - 

= 43X3= 129- Q O^ Q 

430 X 148 86 X 148 
Moreover CL = ^^ ^ = — ; 

,„ -- 480 ^ 73 — 43 X 73 . 
■^** - i^5~ — 27 • 

400 X «2 86 X 52 

When the sides are rational, the segments of the sides made 
by perpendiculars from the opposite angles will be rational; 

For it is well l^nown, that the difference of the squares of any 
two sides is equal to the rectangle under the third side and the 
difference of the segments thereof, made by a perpendicular 
from the opposite angle ; therefore, when the sides are rational, 
the difference of the segments of the sides will be rational, and' 
consequently the segments themselves will be rational. 

Also when the sides of a' triangle are rational, the segments 
of the sides made by lines bisecting the opposite angles will be 
lational. 

AB X AC 

For AC + BC : AB : : AC : al = ^^ , ^^ and ac + bc 



: AB :: BC : BL = 



AC + BC 
AB X BC 

AC + iBC* 
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' Which expressions are both rational, because ab, ac and BC 
are all rational. And the segments am, mc ; and bn, NC, 
may in the same manner be proved to be rational. 

Therefore, we have completely shown^ the method of finding 
numerical values for the sides of a plane triangle^ whose perpen* 
diculars, lines bisecting its angles^ and segments of the sides 
made by the said perpendiculars and lines bisecting the angles^ 
will all be expressed by rational numbers. 
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ARTICLE XVII. 

Mathematical Scraps. By Mr. Thomas White. 

I. Dynamics. 

The principles of Dynamics, that is, the elements of the 
doctrine of powers, do not require the aid of geometry for their 
establishment. Of power or force we know nothing, except 
that, by it the state of a body is altered as to either motion or 
Test : And this alteration in the state of a body, that is the effect 
of the pbwer, as to the change of place, and generally, of its 
motion during the lapse of the time employed, is capable of 
mathematical estimation. Of two powers, the energies may have 
either a hypothetical or other relation to each other ; and this 
relation is the same as that of their effects. The ratio of the 
energies of two powers may be denoted by the ratio oi the abstract 
numbers i and o^ ; and the ratio of the effects of these energies 
by the ratio of the numbers g^ and^V iz o, suppose, where g^ is 
= a number of feet (to be afterwards assighed) passed by the 
body in a second of time, and is the measure of the effect of the 
energy of the first power, as o is the measure of that of the second 
power in. feet : the body being, in both cases, the same. By re- 
stricting the word power to mean that agency, whatever it is, 
which changes the state of the unit of the mass as to either mo- 
tion or rest— ^And the word force to either the abstract number 
which marks the energy, or, to that which measures the effect, 
in feet, of this energy acting on the unit of the mass, it is pre- 
sumed that, clearer notions will be acquired ; and, indeed, the 
use ot even the word force is wholly unnecessary in treating 
dynamics. Thus, then, the energy of the power acting on the 
unit of the mass is denoted by an abstract number; and, its effect 
by a number denominated feet passed by the uqit in a second of 
tiiue : The space passed by the unit and the time employed pre- 
sent themselves naturally to the mind while contemplating the 
'^effect of the energy of power. ; 

19 
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The following w^y of ajTrangbg the subject U uousual i but 
itf U presumed to be more suited to our first notions than the 
previous consideration pf restricted and regular agency, which 
fefuht from a more mature e^^amination oi the subject. 

In general, then; the unit ot the mass may be urged over 
the sp^ce of s. feet^ during the tiihe ot / seconds, by an iiiccs^ 
saixtly varying energy: This admits of two modifications, oar 
£dseSa 

Case i. The energy of the power may be conceived to be 
altogether suspended instantly at the end of the time / : In this 
case, the space, in feet, afterwards passed by the unit during the 
second interval of time / will be utufbrmjy described (Law 1.) ; 
and, any part of this space which is passed in a second of time is 
called die velocity v of the unit at that point of s where the 
energy became suspended. 

/// 

f • J^^Ace, x^^ IV :: /^^ : » . -^ =: «^^ z= the space thtts uni. 

f&rmly passed in i seconds with the acquired velocity Vm This 
Jl the law of uniform motion ; and, applies to the motion gene* 
i^ed by one body impinging on another : For, time elapses and 
velocity ij5 acquired during their contact. 

Case xi. At; the same point of s^ the incessantly varying 
energy may be con^ceived instantly to cease to be variable^ that is, 
may become constant. Then, the velocity, in feet, uniformly 

{generated, by the supposed constont energy, during the uniionn 
apse of th^ second of time next succeeding t^\ that is, during the 
^apse of 1^^ brom p, is the naturjol measuue of the intensity ot the 
incessantly varyipg energy of the power acting on the unit oi 
tb^ mas^ at that point pf its path j; and, saay be called (for 
ze^^ons soon to. appear) the radical r^dodty^ and be denoted by 
ffjpet. 

0. Hence, during die dement / of the time, which is supposed 

10 elapsis uniformly, the element s of the path will be uniformly 
passed by the unit with its acquired velocity v : Hence 

• •• 

s # 

we have .A" \v : : t\ s\ and, therefore, v = —. and » = ^t 

the increase of velocity in V' ; 

and, by 11^. . .i'' : o :: if : i^ = o . ^, Itl ttt the increase (frotp 

the rqotp) of velocity in i!'\ hence o r: o jt* =: #* -p . 37, 
where the homogenity of the terms is visible; thatiis^ is.;i: tOjoither 
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• •• 

T*, wh^re V is concerned, qi to -r-» whcne v is unnecessary ; and 

is the most ^oeraj measure, in feet, as s is expressed in feet» of 
the incessaqtly varying energy of a power acting on th^ una over 
tbe space s during the time /. Both forms require the integral 
calculus* It nmgt be kept in mind that, of the symbols o"" and &, 
ihe former is what is usually called the " accdcraiivc force* ; 
and the latter is the absolute measure of it in feet ; i^e. of the samQ 
denomination as ^« 

k. If at the ^nd of the first interval /", the incessantly varying 
energy of the power become constant^ (as in I. a-)r and continue. , 
9Q during the lapse of the next t^^ : Then, the velocity, uniformly 
generated from o as a root, increasing as the time t uniformlj^ 
Uicreases', will, in this 2nd portion of time, be 0/. ; (or, a& before^ 
1^^ : o ::Y:o/; call this acquired velocity t;^; and the space 
thus parsed in this 2nd portion of time, call s^ : Then • • • »i^^ 

iv^ : : ti s' i and v^ zz -r-; also ••!'': :: / : v^^ei; and theref. 

r 3: diS^ ; and ^ z: d ,yH s: ft .. — , when the unit proceeds from 

rest. Again, if we put s^^ for the space uniformly passed by the 
ianit, with the uniformly acquired velocity v\ in the grd portion 
oi time /, we have, as before, ©/ n i/' ; and, (by I. a.) 1^^ : v' i: i 
t sf^ =. i/V, the space uniformly passed in ^^ with the velocity »": 

Hence, ^^ = tv^ =: Co : Now we have found ^'^ =: . ^, hence 

y == 2/; that is, the space ^^"^ uniformly passed with the ve- 
locity v[ during the time' /, in .which v^ has been unifopnly ac* 
quired from rest, is double of s\ the space passed in acquiring v' 
Ia the'-Qame time U 

c. Hence, the radical velocity is z= —* (without involving 

the vel.) zz. -- (without involving the space) = -r-; atidif / = 

1<^ W€ have o = 2/ =: double the space passed in i^\ in which 
• is acquired from rest, 

d. Hence, also for any time T, in which the velocity v Is 
uniformly acquired from the. same root q, the unit passing 
uniformly over the space s with the velocity v, we have s 
= j^T*: theref. (IL h) ^' : s :: v't : vt :: 0/^ :ot' :: /* : t* 

s: ir^' : V*; for, ^ : t :: t;' : V. These resuhs include all that 
Mongs to what is called uniform acceleration. 
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e. These results arc yet to be adapted to the known measure, 
in feet, of the energy of some natural power. By experiments, 
the measure of the energy of the power called gravity has been 
discovered .- For this energy is found to be constant near the 
earth ; and such as to urge any mass whatever over 16-rV ^^^^ ^"^ 
the first second of time, in our latitude. Hence, of two homo- 
geneous bodies, the energy of the power called gravity on the 
one is to that of gravity on the other as either their weights or 
their masses. 

J. At the ends of a flexible thread hanging over a fixed pulley 
(neglecting friction, &c.) conceive the homogeneous masses a 
and B the less, to be attached : Then, the energy of the power 
producing motion in the system is, in this case, denoted by the 
weight (II. e.\ of the mass a — b ; and the energy of the power 
opposed to the power producing motion, by the weight of the 
mass A 4- B ; 

Hence ..A + b, the weight moved, usually called the mass 
moved which may be designed by {ms\ ; 
: A — B, the moving weight, called usually the moving 

force, and may be designed by (tw/) ; 
:: 1, an abstract number,- denoting the weight of the unit 
of the mass ; 

: ^^ = K?. an abstract number, denoting the 
A + B {ms) • » s 

restricted energy of the power acting on the unit zr 0^ ; and is, in 
this case, invariable ; for a and b are known. Hence, if {nif\ be 
'= (wj), then 0'' := 1, an abstract nurnber denoting the unre- 
stricted energy of the power of gravity on the unit ; consequently, 
if we denote i6yV feet by ^, the velocity generated in i^' is (by 
II. 6.) zr 2g' ; consequently 1 (energy of grav.) : 2g (its eflFect 

in feet) :: 0^ ~ -—V (the restricted energy ) r Sif . :^^ 

(its measure in feet) zz : Hence, g< (used at the comnience- 
ment) is =r jsg ~ 32-j- feei ; and, hence, the absolute velocity 

acquired in Z^'', by a constant power, is (II. 6.)— -77- • » = 

2^ . ^' . 0' ; where 0' is an abstract number called usually the 
accdera iive jorct. 

If j^x =: ^' be expressed by a function of variable quantities^ 

we have t (energy of gravity) : 2g (its effect in feet) : : 0^ =: ■ ' ^ 

(the varying energy of the power) : 2g . o'^ zr^o its effect in feet^ 
Here it must be remembered that V is an abstract number; andl 
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that, iii this case, * 

2g . 0^ z= is =: ~, when a function expressing y is known 

and fig" . a' — © ii -:-, without the expression of v* 
A Synoptical view of the ahovc Method and the Results. 
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The space ^, described with an incessantly varying motion, is 
represented by a curvilinear area : because, the abscissa represents 
the time elapsing uniformly ; and the ordinate, at any point of 

time, represents the velocity v at that point of time; and j, being 

rz vt^ s\% "^^ fvti The space s\ passed with an uniformly ac- 
celerated motion is represented by aright-angled triangular space; 
because ^ -=. \ base x _L ; and, the space s*- is represented by 
a rectangle ; for ^^ =: i/ X ^ z= X X base ~ 2/. 

Scholium 1°. If v be the velocity of the unit of the mass 
at the end of the time t'^ in which it has passed the space s ; and 
o^, an abstract number, denote the energy of the power, usually 
called the accelerative force, at that point of 5, and, which is 
measured by feet passed in 1^^, as 1 (unity) denotes the energy 
of gravity which is measured by ^g zz 323- feet passed in 1*' ; 
Then, 

1°. If =: 2^ . 0' =r o ; ^ is passed uniformly with the velocity 

acquired, and is z= vt* 

2^ If =1 2^ • 0' be constant, v is uniformly acquired and is z: 

/© = 2g ./.»'' : Also, J, passed with an 
uniformly accelerated motion, is 1= 



\H'^ =: 2g . d' 






If t> = 2g . ^' be variable, v = ?>/ = 2^ . »^ /: And, szz r;/, 

when© is expressed: Also, in this 

case, $ = h . ^ zi2g .t\ i^; which is 
independent of v. 
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ScilOLiUM ft*. Various opinions have been cnUtuif^ti o£ 

iht equation 9 r^ o • -^, j. e.vin ^i^ which is admiued by all 

to be fundamenjal. D'Alembert, Bezout, &c. consider it to be 
a definitibfi or an assumption and are followed, in this, by sotne 
celebrated names in this country : The reasons given appear, to 
me, singularly unsatisfactory ; and, if well founded^ reduce the 
whole system of dynamics to a dependence on definition or as* 

sumption. To deny the theorematic nature of the equation v zn 

^t leads to a suspicion that, due attention has not been paid to the 

subject. Surely, & r: e • --^^ is a theorem, if we consider it 

merely as the expression of the increment of velocity uniformly 
generated during the uniform lapse of i'\ without any attention, 
whatever, to the cause of this increase, which is, indeed, un- 
known to us. By. this theorem, doubtless, the energy or the in- 
tensity of the cause is measured, whatever the causle may be. 
' To rest on a definition in physics, is certainly not so safe 3i^ to 
do so in matters purely geometrical. The above equation shews 
the relation between the hieasure 5 (in feet, for instance) of the 

energy of the power ; — the element v of the velocity generated ; 

'»— and, the element i of the time employed : Of thesi^ nothing 
seems to be obscure ; and, the equation itself is bottomed on the 
snd case or modification of the most general view of incessantly 
varying energy, without the (consideration of power at alL 
If the modification, on which the radical velocity or measure in 
feet of the energy of a power is rested, be called a definition^ 
because it is assumed as the measure of the energy by which the 
unit is urged at that point of its path— and, here their argument 
should have begun-— it is an assumption which is so consonam to 
the laws by which our judgment is regulated th^t, it possesses the 
simplicity and character of an axiom ; and, admits of explanatiop 
but not of proof. 

n. CoNics. 

To derive the properties of the ellipse, the hyperbola^ and the 
parabola, by means of the circle, independent of either their ' 
" determining ratio,** or the *• cone.'* 

Prop. I. The base be of the Prop. I. The base ^ of the 

triangle ^ad (6g. 1. a) is bisected triangle caS (fig. I,^.) is bisefUed 

kr and both ways produced to in e, and the points g and h are 

g and hf so that, ca + od = 9ge taken thereioj so th^t, ca i— abss 
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• 2eA; theo» dropping tlie perpeodioular 



z 


A 


^ 

^ 


^-^ijf-*- 




/ 


\\ 




k: g i> d 


1 


9 C 



. For, 

(ca^ab)(ca'^ah)szlcd+db)(cd-^bd) 
that is 2ge . {ca "^ ab) zs 2be . 2ed ; 
bence ed: ca-^ab : : ge: 2eb* 

Prop. XL If about 6^ a centre, and dis- 
tance ge = ehf a peq>endioular at e be cut in 
1^ and ^ be drawn, and the sine and cosine 
l^f the angle abd be called respectively f 'and f ; 

t!henad=: «^t — . 

ge^eb.p 

By I. edicH'^ab :i ge: Qeb, 

that is erf : ge-^ ab :: geieb, 
Xgbc'^^bd^^be'^ab . p i ge — ab :i'g€ : eb; 
fberet ad.(ge>^eb .p) ^ge^-^eb^ss^; 



Consequently db s= -^ , - . 

jf p ^^" eo • " 



Cor* 1. ffig* l,(f)* On, gh describe a semi* 
circle gih, and produce da and ^ to cut it in 
j^aod a: 

Then, because episzg^'^^\ and bd =i 

— =^ — 7 — ; and ad = — '^ ■ . ■ ; 
we have 

and. 



hence 



'ge^b, p' 



^' ^ • (F^St^P' "''*" '^^'^•'^ 

^^ Lj — . . which is to rfa B= — »^— ^~ — ., 

(ge-^eb ,p) ge-'^b. p 

tige to ^; that Is, as ei to ef, a given ratio : 
Hence, also, dk ja ^ than d^. 

^ Cor. 2. HenceorfS:^* :: «Mr«:0»'; that 
is flrf* : g^* :: gd . dh : ^c' ; 

Also, ^* = (grtf + e^) Or^ — c^) = 6A ,^^ 
ae square of a X from b to the circle. 
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2gesz2ehi then, dropping tlie perpendioulai 

ad I 

ed: ca + ab' i: gei ^6. 




that is (ca -f* tf^) • ?^tf sr SdSr . 'M; 
bence erf : c<i -J- a^ : : ge: 2ek 

Prop. II. If about ^, as a centroi vA 
distance be^szec^ a perpendicular sit « be ctit 
in/, and ^ be drawn ; and the sine and cosine 
ofthe angle a^be called respectitrely f'and #, 

then,a*=^^J^ ^. 

By I. «rf : ca+ «* : : ^ : 2e^i 

thatiserf:^ + tfi^ :t^e:«^ , 

or,#3+W=«^4-^*.f.^^-4-^ 'ig^'-^l 
iheref. ab.ige-^^ • P)±iei»'^ $g*as.ef*i 



ef* 
Consequently tf^ 3s JJTI^JTJ* 



Cor. 1 . (fig. 1, -5). On gh describe a semi- 
circle ^'A; and draw the taMgent rfAr. Then 
because ^* = ^ • — <?^ ; 

we have 



^e-^b-^p 



'ge-^b.p 



and, 

and hence 
di*=hd. .*=««•. (««*-e^) --^^^^ 

that is, dksseg.4/. -_^^ ■ • whkhisto 

that is, as ei to ^, a given ratio ; Hence ^mdj 
be either > , =t or < than ei. 

Cor. 2. Hencearf':^^ :: dk*ssigd,t^ 
: ge*: Hence, also, e/^z:i{he^ eg) {be — ^) 
s: hb.bg Si i9 tiie square of a tangent from i. 
the circle. 
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?ROp. IIL A point * may be founci in hg 
produced, such that, drawing a perpendioular 
XA to gh^ and ay parallel to it, 
hg \ gx : ; baxai/. 

By hyp, bgigx : : bai ay^dg + gx m 

00— - Ar S: - — ^ — r — -^og : bg.ge, ^ ■ . — 
ge + eb , . ^^ 14-^ 






1 ige 



ge^eh.p ' '^^ ' ge — c* . p 
Conse<l|ueotl]r hg : gx ti eb ige; 
^henee g» is found, and the ratio Lg iogx is 
that of minor to tnajcr, and is called the dsier* 
fnining ratio. 

.4obwl' The locus of a is called an ellipsis of 
jfldTnicli 5.juid c are the foci ; f^ and ^ the semi- 
^ axes, and xz the directrix : Hence all the pro- 
perties of the curve may be found. 

Prop^ IV. Produce Bg both ways; take 
gh' = 4gB ; and in it, taking any point' d, de- 
scribe a semicircle on Fd cutting the perpen* 
dicular gki in ^, and draw ka parallel to gd, 
and da perpendicular to it ; - meeting ka in a; 
tlien it ts: plain that, da^z^gk^ = h'g . gd = 
^^ff 'fd; therefore* the |^lnt a is in a para- 
bola of which is the vertex, and B the focus. 

The above i;9^ a simple method of describing 
a parabola. 



Ftp, 2. a. 




Prop* IIL A point x may be found in k 
such that, drawing xy perpendicular to gk, ad 
ay parallel to it, 

^ ' gx : : Ba: ay. 

By hyp. >Bg: gx :: Ba: ay =z dg -i-gx; : 

aB — Bg sz 



ef 



g^ 
ge — eb 



eb.p 



•^■■^•^'■^^ 



^l :eg 



P 



ge — eB»p ' '"^ * ge — eb.p* 

Consequently Bg : gx : : Be \ eg\ 

hence gx is found, and the ratio of Bg: gx'i 

that oi major to minor; and is called the (ft 

termining ratio, 

SehoL The locus of a is called a hypetbok 
of which b and c are the foci ; ge and ^ tiM 
semiaxes and xz the directrix. 

And, hence all the properties may be found.. 

pRo>. IV. Produce Bg both ways ; tald 
gB' = ^gB ; and in it, taking any point d, dq 
scribe a semicircle on gd; draw a tangent A 
with which cut, in k, a perpendicular ^| 
draw ka parallel to B'd and tia perpendicubj 
to it, meeting in a : Then, a is in a parabola: 
For, gB' . B'd = if//^ = Bk^;' that is 4bg , (4i§ 
+ gS' = B'k'^ = gk^ + (4g5)» ; that is ^hg , 
gd s=z gk^ = ad^ : andg is the vertex and & tlH 
tbcus. 



Viy,2,i. I 




. In both figures («. a. and 2. ^.) draw ba ; and put the sine and cosine of tk 
angle abdzz^ and f; then, ai—ikb . ^; and bdzzab • ^; and because €U^::^\h^* 

' {gi + W).; we find a6 = ^^^ ; Also, a point x may be found such, that 

: ^a? : : ba : ay z: f^d •{■ gx ; and, this ratio will be found that of equality; ai 
the perpendicular from*jr is the directrix. 

By conceiving the points g^ b and a (fig. i. a ; i. I.) to remain fixed in 
. cUipteand hyperbola, while gf is indefinitely lengthened, the arc ^i will c( 
tinually^end to, and will ultimately coincide with a perpendicular gdztg; 
ka will continually .tend to be and will ultimately become parallel to gd; and 
interact the perpendicular ^/a in «, a point in the new curve : And, as the elli| 
and hyperbola require each a fixed circle, so their parabolas require each anal< 
gously, each a variable circle; the one ^^i^ originating at 6'; and, the other ^^ 
originating in g ; and, the hyperbola and its parabola require each a fixed exterii 
point c and b\ 

If we conceive another ordinate a^d' drawn to the ellipse, we have (If. cor. 
ad* r a^d^^ : : gd . dk : gd\ d'h : Now let h be indefinitely removed, dh will uH 
Tnatihl be = dfh ; and, hence ad^ : a^d^^ 'I gd - gd' : : ^Jfg . gd : ^Ig . gd^; anj 
d^ = /^bg . gd ; then £^d'^ =s 4^^ • gd\ a parabola : And, thus for ' 



ca/ .S^^/ of Dumfries, March 5, 1816. 
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ARTICLE XVIIt. 



To the Editor of the Mathematical Repodtory* 

t 

My letter^ containing the result of an improved method 
of treating the problem of the Blind Abbess, reached you, 
I presume, too late for the use of your 15th Number ; you will 
therefore oblige me by allowing a place in your next, to the 
following remarks, which ^re supposed to follow immediately 
after the Rvlc. 

Calculation. Every thing hinges on the number we 
have denominated h. The limits of this are o and n inclusively. 
Those of a are o and n^h \ admitting n — b \-i choices, while 
h remains unaltered. Those of d are and g» which admit h^^g 
-f- X choices, while h and g remain constant ; or i(6 — ^ + j) 
choices, while b remains constant ; g varyipg froip o to b. 

Speaking generally, b may occupy either of 4 different situa« 
tions at option, viz. either of the middle cells. So that for 
each value of b^ we may now infer the number ot solutions t«i 
be equal to 

4 X choices of a x sum of choices 6f d* 

But in the h — g + 1 assumed choices of d^ are included the 
cases d zz^h and dzzg .% e zzb ; and by each of these it Is ob- 
vious that exactly half of the 4 situations claimed for bj are pre* 
occupied; so that these two cases are. in calculating, just 
equivalent to one. We must consequently estimate the choices 
oy/ati — g only^ 

And as by this arrangement we exclude the class of solutiont 
in which b zz g^ and r. d = e zs b zz g^ which includes one so- 
lution sippertaining to each value of b and a, we must account 
for this class separately. 

The correct number of solutions, corresponding to each valu* 
ot bj or the Terminus Generaiis of the whole series of solutions, 
is therefore 

lis(b^g) + t\ X ln — b+ i\ 
the correct value of which, when g varies from to £, it 
{2b* +2^ + 1) . (» — 6 + t). 
Hence the whole number of solutions is 

^[{2i*-t- 2^ + 1) • (n— * + i)| 

k a 



i¥hoie correct value, when I zz o • • • •'^« .n, is the same as was 
determined in my papcF,* but may ^tiU- more neatly be expressed 
in the form 

I am, &c. 

W. G. Horn er. 



ARTICLE XIX. 
7^ ' the Editor of the Mathematical Repository* 

Sir, 

Baron Mascres, in the second volume of his Scriptores 
Logarithmic!, has reprinted £uclid Spiedell's Logarithmotecbnisi» 
^ut, by comparing his text with the original » I find tb^t there is aa 
omission. The pamphlet was printed in small quartoi, and there 
was annexed to it a folio leaf which foUed up; — ^This» most pro- 
bablyf had been torn oflP from the copy, which the. Baron printed 
firoro, a; it is not to be found in his book ; and I therefore send 
you a copy of it. He is too liberal a* man to suspect that the 
insertion of it in your Repository can be intended as any re- 
proach to him. In a great work like his^. it was impossible to 
avoid such an oversight, and I do not. know how it can be so 
well repaired as by reprinting the leaf in your valuable tms* 
celiany. 

Decp 9» i8i8. &» 
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The Infinite Series of 
NmbbeH j^bportional. 

A 50,0000000000000 

B 95 

c 125 

D 625 

I. 15695 

G 78125 
H 390685 

» 1953*25 

K 97656«5 

I, 4882 8135 

u a44i4o6s5 

M i»8 20703 125 

6103515625 

' 305* 7578 125 

ft 15258789062 

» 762939453» 

8 3814697265 

1 1907348632 

V 9536743*$ 

W 476837 »58 

X 238418579 

T 119209289 

z 59604644 

29802322 

14901161 

7450580 

3725290 

1 862645 

931322 

465661 

932830 

116415 

58207 

»9io3 

14551 
7275 

1818 

909 

454 
277 



I 
II 
III 
IV 

V 
VI 

vir 

VIII 

IX 

X 

XI 

XII 

XIII 

XIV 

XV 

XVI 

XVII 

XVIII . 

XIX 

XX 

XXI 

XXII 

xxiri 

XXIV 

XXV 

XXVI 

XXVII 

XXVIII 

XXIX 

XXX 

XXXI 

xxXii 

XXXIII 
XXXIV 

xx3i:v 

XXXVI 

XXXVII 

XXXVIII 

XXXIX 

XL 

XLI 

XLII 



TBe Quofes to t>e Added. 

* 50,0000000000000 A. 

— 125 B 

* 41666666666666 c 

— 45625 n 

* 625 m- 

— 2604166666666 F 

* 1116071428571 a 

— 48828125 K 

* 217013888888 X 

— 9765625 K 

* 44389204545 «• 
—- 20345052083 M 

* 93900 14037 X 

•- 43596540*7 « 
? 2034505206 p 

"T 953674316 <j 
448787914 R 

— 211927625 s 

* 100386770 + 

•7 47683715 

22706531 

•— 10837208 

5183013 

■7 2483527 

1192093 

•7 * . 57312a 

• 283355 

■7 »38«»4^ 

* 64229 

7" 31044 

• 1502 1 

7 7^76 

3527 

7* - I7i« 

• 831 

• 196 
7 96 

• . 46 
— 22 

• 11 



C 7« ) 



10,00000000 =? 

XK« whole Sum 

A "^^ Jft • A • • A — • 



6,66666666 = 
Impares 



^"^^\"f "^ ^ 693147180559945 

Half the I-o- ) ^ 

garithmofs^ 549306^4834055 



3-3333333a = 
Pares 



Logartth 
of 3 



i^fcm ^ 10986 



12288668110 



B— D : B 



B = 



/ 



A — B • C — D . E — F • G — H Logarithm '\ 

. = 3-33333 3333 betwekn2&^ 405465108108165 



1-f-C — D+E — F+ S,onheL6g« W , 

- 3-333333333 



^ . >» A *■ 



A+B+C+D+B+f+O 
A — B + C — D+ E — F + G 



143841036225690 
287682072451789 



ARTICLfe XX* 

FOUR PAPERS. 

By Mr. Thomas Knight, PapcasiU. \ 

No. I. Of the summation of the series represented by tte 
teprfssion 

w— 1 



, \ • f^* fix r ^ ^^ 



It is well known that the aiost elegant method of summiDg 
complex series is by comparison with others of a simpler kind. 
Those made ^y the earlier analysts for this purpose were confined 
to * circular and hyperbolic series, or circular arcs and loga« 
rithms*. This, method of summation has of late been very much 
extended by Mr. Spence^\ and a still larger class of simple series* 
than those he has so ingeniously treated of, will be necessary 
for our present purpose* 



* Jhmokrt, Miscell. Analyt. p. Ill, f Essay on LogarkluaiG TranBcendeats. 
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ARTICLE XXI. 

Certain properties appertaining to a Triangle inscrihed in « ^vtm 
GrcU, havit^ two of its sides in a given ratio. ' 

By Jlfr. CUHtiFFE. R. M. College. 

acrb'm, and CNL, are two given circlet, touching eacti 
otlier inwardly ^ c; CL, CM, 
the diameter) passing through the 
point of contact c ; aqnr, isa 
chord of the greater circle, cut- 
ting CM, within the lest ch'cle, 
at right angles in Q, and the cir- 
camierence o( the lesi circle in 
N. Draw the tines ca, ck, ' 
CNB, AB. am; also draw the 
line N LP meeting AM in r, and 
join CF. 

. I. The triangle! acn and bca are timiUr. For Z. car s= 
Z. CRA ^ A cba; and £. ACK (acb) is common to both the 
triangles; wherefore the triangle acn is similar to the triangle 
BCA, and consequently AC : Cn :: bc ; AC. 

II. The sides AC and cn, or bc and CA have a given ratio* 
For by obvious propenies AC* = CM x Cft,andcN*= CL X 
cq; therefore AC* : cn' : ; cm : cl :: bc* : CA*, a given ra- 
latio, because cm and cl are both given; wherefore the ratio 
of AC to CN, orof BC to AC is given. 

III. CF is the diamrter of a circle passing through the points 
A, c. N, F, and is given. 

For il CAM (Caf) being in a semi-circle is a right angle; at 
also Z. CNL (CNF), therefore cp ii the dianieier of a circle 
passing through the point; A, c, N, p. Now Z.CAN (caq) = 
A CPN, and Z. CAQ = ^cMA, wherefore the right angled tri- 
angles CNP and CAM are similar, and therefore Ac' ^ cm X 
cft : ON* =ui. X C(j : : cm :,cl : : cm' : .p'sscii x cm ; 
hence it appears, that CP it a mean proponional between CL and 
CM, which are both given, consequemlv CF is givr:n aUo. Or 
we may prove that CP is given as follows. Z CAN (CA^j) ~ 
i CPN (cpl); and Z. caq = A CMA (cmf'-, wherefore the 
triangles CMi>, and cei. are similar, therefore cl:cp :: cp 
: CM, that is cr it a mean pioporiional between the given line* 



ii^ )i 

CL and CM» and is therefore given ; consequently the locus of p 
ii a given circle whose cthitt Hr c. 

IV; The triangle lmf if similar to the triangle acn or bca 
airf tfeerefofc fhetwdes lf and" Mp "have a giver? ratio. - 

For Z. AON (aoh) is the suppteni^nt 6( Z. apn ; aU6'Z.MPl. 
is the supplement of the same Z. APK ; wherefore the Z. acb 
=r Z. mpl: also anglfr c^'Arss: Z. CMA fLjs^*^), ^Id therefore 
the triangles acb and lpm are similar, and as the sides ac and 
Bie, have been shewn to have d given ratio to each- other; there- 
fore the sides, LP and MP, of the triangle lpm, must have the 
saiBsr given' ratvo^ to each other. Or We have proved fIII.)> that 
the tri^mgle^ cM]^ and cpt jire iriihilarfc.that i^ cl : cp ; : i*p 
: MP, a given ratio because Cl add c^ are both given. 

w Vi Eet'ECf. be a tangeiit to bodik the given cihcles' at' c^ or- 
wliichrjs-this same thing, a^line perp^ndiouiar to cm; GfA^Er^ii 
tangent to the grater circlb at a,' and^MF avtangeht to the less 
circle at i9\ and\draw th^ eight, line. ao ;tbeh ocwiU bisect 
the angle"EG-F^ Fopfnczifc, and ba-:s='^0; and -^because' of 
the parallels AN, £f; fa:G£ :: FN.r=::ro: ea::^ eo,iv4icp©. 
fore by 3 £uc. 6, gc bisects the angle egf. 

VI. s, the middle of cp, is the centre of the inscribed circle, 
ofohe triangle eg f. . 

X}raw as and. es ; then in.the triangles, ecs. and SAS^ cs-=:- 
A.^ ec.= je;a,. and es is common, therefore the triangles ecs 
and'EAS are equal in all respects, and consequently jL aes = 
jL. ces, that is the angle c£.G is bisected by,E». 

.And drawing fs we may in the same manner prove that the- 
Z.. CFG is bisected by PS.;. whe^^fore s is the centre of the in- 
scribed circle of the triangle egf. 

VII. cs, the distance of the centre of th£i inscribed cirtlc'of 
the triangle egf, from the point c,- is given* Fores is the 
half of CP, which has been shewn to be given. 

■ 

V41I. The points c, p and g are in the same ri^ht line. We 
havepfoved that gc bisects the angle egf, (V.), and it is welt 
known that the lines bisecting the angles of a plane tnangle in- 
tQjrsect in the same point ; consequently CG must pass through 
a ^ but s is the middle of cp, therefore gc must pstss through P. 

IX. Draw pk perpendicular to ef, cutting ak iny; al^' 
drawer/ perpendicular to cSt : then it is evident that p^ri q/, 
alnd'^Ktrzqc ; and the circle whose diameter is cp, will ob- 
vfous>Jy pass through the poinds c; N, l{ p; a, k. By the pro- 
perty of the- circle Aq x ^n z=z Pq X gK := Q,t X Qc ; alsd^ 
A^x^N=:Q/x QC and therefore Aj'x ^nuiaq x qn, wherefore 
J»W =r A^, ^Aq = QN. Eor if the same right line be cut at-two* 
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different points».mto jtwo parts, whose re^ctangles sure eqiKA to eacjb 
other; then the two greater segments in each case will he cqusi, 
and c9nseLquentljr, the two less segoients will be equa^l ^ilso* 

^¥• Qi' X Q,u zz ^i\ a^d th^r^fore q/ is equgltp a. tangu^ 
S^om Qtf to, the circle whose diameter ^ vLM* 
£i^(:^ui^ af th^ p^\RUe]& Pijr, qu^ 

AQ : Ajf z: QN : : qm : pq zz Q^t; also njp =: A(j : QN- ti 
JPf =5^^ : Qi*, M^herefore qm :.(,/ :; Qt : qj,, and henpe^Qii 
X QM' = Q/*; therefore (jf, 13 equal to 9 tangent from (^t to Ac 
xircle whose diameter i^ lm, as is very well known. 

XL AB cuts cp at right'angles. 

Let x^ be ^e point j^Antersectioa of AB.;|nd CP.: then C4:Jti9 
{a?x)z=: z. anc (qncJ ; and'z. mab (pa.;cJ == /. mcn (q^n); 
hence A APa? iH z.pa»5 :r 4*:^HiC -4- 4. ijcN ; but Z.i^N<7 + 
^ QCN = a right an^, s^id ^^onseqaeniiy ^ ap« -+ ^ PA^:^ 
a right aqgle, arid therefore jL^pxa is;. fright ^gle» 

XII. Imagjne the siffcs eg and f©, of the triangle tofj to 
be bisected at the points of contact A and N, of the giVen eiru 
cles : then it is well known that the triangle eof will be the 
least that can be so described. (See schol. to theorem 8, Sitop* 
j^n on the Mf^im^aad'Msnta^a.) 

It is mqreQvcx*; well known thai the triarOgle. acn (seeUif 
iaid schol.) :will be, the greatest. tb»t -can be.inscribed in ttie- |a^ 
^ngl^ EQF^ aod consequently the. triaggle ack will h^ t^i^ 
greatest that can be described to have its vertex at.c, a|id UM 
base AN at right angles po qm; ai:Kl the extremities oftheiMfe A 
and N in the circumferences of the two given circles. And 
furthermore the triaiigle acn wiU be idscf ibed in the circle wiu>se 
diameter is Cp. 

XIIL Let r, T)e the^intersectson of OP and an ; then a A zz 
A£=r EC, or G£ =: 2CG : and because. £8 bisects the aiigle Qt0>B 
£C : G£ = 2£C :: 1 ;a :: cs:<2CS=2 sg = cp» tji^retofC 

cc — - — ; but G<\is bisected in r, tterefQi^e cr =4-^1 a94 

* - ' ^. . 

Cp 
hence f p 3= — -. Moreover because of the parallels p^ and 

3CP CP 

rQf cr = ^-^ : rp =1 - — : : 5:1 : : cft : Qt. 

.4 4 

Jn article (XIIO we have made out the following remarkable 
property of the greatest triangle that can be inscribed in a given 
circle, havirfg two of its sides in a given ratio; viz. The base 
of the greatest triangle that can be insciibed in a given circle, 
having the other two sides in a given ratio, cuts the diameter; 
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passing tbroagh the vertex, at the dittance of | otthe diameter 
from tne vertex. 

We shall now eo on to determine the greatest triangle that 
can be inscribed in a given circle, having two of its sides in a 
given ratio; and is prder to proceed clearly, it appears necei. 
•ary to put down the following problem with its cuutructioD} 
vir. 

XIV. I.TM (Fig. a.) is a given circle, and c a given point 
without the circle ; it is required to find 
■ point Q, in the line CLU drawn through 
the centre o, from whence a tangent qt 
being drawn, qt may be to qc in the 
given ratio of mto n. 

Draw cr perpendicular to CO, in which 
take cv a fourth proponional to tit, n and 
xo = |lm: then cv will be given be- 
cause LO is given, and therefore v be. 
comes a given point. From v, draw the 
tangent vt to the circle, cutting co in q^ 
and the thing is done. 

Demonstratioh. Draw the radius ot, to the point of 
contact T, theo the right angled triangles qto and qcv being 
wmilar, qt : qc : : ot = ol : cv; but by the construction 
M : » : : OL = OT : cv. Consequently (JT : fic ::»:», the 
given ratio. 

XV. In a given circle to inscribe the greatest triangle poi> 
tible having two of its sides in a given ratio. 

Draw a diameter cm {Fig 3O upon which take cl, so that 
cu shall be to cl, in the dupli- 
cate of the given ratio of the 
aides. Upon cl and lm as di- 
ameters, describe two other cir> 
cles, which will touch each 
other in l. Draw cf perpen- 
dicular to CM, in which ulcc' 




cv = 30L 



_ 3LM, 



irom 



draw a tangent vt, to the circle 
whose diameter is lm, cutting 



CL in Q. Through q draw aqn at right angles to CM , cutting 
ihe given circle'iri a, and the circle whose diameter is cl in n. 
Draw AM and NL^to meet am in P ; draw CP aiul CN ; produce 
CN till it meets the given circle in B and join ab ; then ACB 
U the greatest triangle that can be inscribed in the given circle. 
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so th!\t Bc* : AC* : : CM : CL or BC : AC :i CM : ct>, cv hcm 
ill)? a mean proportional betweeh CL and CM, 

Draw P/ parallel to an*, meeting lm int* by the construc- 
tion cv : OL z: OT : : 3:1,, and per similar right-anglfed tri- 
angffes c V : uT =: OL : : Cq : qt r: q/. Also by reason of tfee 
paralK^ls aq, p/, cq r q/ : : or : rp ; consequently cv : ot 
:: or : rp :: 3 : 1 ; wherefore (Art. XII.) the triangle aCFT, 
is the greatest tha: cart possibly be inscribed in the circle whose 
diameter is Op, having the sides AC, cn m the given ratia of 
CM to cp : and therefore the triangle bca being similar to ACii» 
will be the greatest that can be inscribed in the given circle, 
having the sides bC, AC in ihe tame given ratio of CM 

to CP* 

That the triangle ACB^ts a maximum when Aci^ i& a maximuia 
may be shewn as follows : 

Area of the A acn a area A acb :: CN : CB :: CL : GU 
a given ratio, because ql and cm are both given. Therefore 
when the triangle acn is a maximum the triangle acb must be a 
maximum also^ 

XVI. In a gtveti sphere it is required to inscribe th6 greatest 
oblique cone possible, having its greatest and least slant sides in 
a given ratio. 

Let AN [Fig* 1), represent the diameter of the base of the 
greatest oblique cone, that can be inscribed in the sphere whose 
diameter is CP, and having the greatest and least. slant sides, CA 
and CfJ, iri the given fatio of CM to CP, 

From the SchoK to "Theorem 19, Simpson on th^ maxima and 
mifiima^ We gather that in the case of the greatest inscribed con^ 
ACN, or zt acr, or cr zi -J^oc, and therefore by reason of the 
parallels xr, £c ; GA = 2a£ = 2£C ; and hence £G = gAE 

=:3EC- 

Now Es bisects 2i GEC, therefore ge + EC =: 4 EC : GC 
:: EC : cs zz — ^ ; and cp zz acs r: — , and hence go =r 

4 . « 

«-. f GC GC GC 2CP 

2c?, Therctore r p =;: cp — cr zz 



23 6 6 



CP CC 2CP 

cr zz 



3 3 3 

Then because of the parallels rQ, f/, and from what has been 

AAA . 2CP ^^ 

deduced- CQ : 0/ : : cr zz - — - : rp =: — : : 2 : 1. 

• . 3 ^ 3 

From which conclusion we derive the following method of 

constructing the problem, 
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DemonsiroHon. (Fig. i.) Let arc ad =r a, arc ab=3; then it 
is obvious that arc AC = ; and arc bc =: arc bd = 



• The triangles dbh and ofc are similar, therefore oc 



a — h 

s 
X DB =r2Dm :: OF : dh, whence dh x oc = dh = 20111 x 

2 

DH r= D6 — GH = DG — • BE = sin tf — sin & : and writing 
these values in the expression dh = 2Dm x of> it will become 



OF. Now 2 DIM =: 2 sin. 



[a — h) 

^ ^; OF = COS. 

2 



. an^ 



tin. a — - sin. & z= 2 sin. 



t' - *) X COS. (^±^ . Q,.E.D, 



2 2 

Lemma 4* (Fig* i.J Let a and ^ denote the same things as m 
the foregoing lemma 3 then cos b — cos « = 2 sin x 



sin 



(a+i) 



Demonstration, The triangles dbh and ocf being similar; 
OC X DB := 2Dm : : CF : bh, whence bh X oc = bh = B^m 

:X CF. Now CF =: sm ; and bh = eg = oc — OG = 

2 

cos i — COS a ; the rest as in the preceding lemma ; and writipg 
these values in the expression bh zz 2Dm x cf, it will become 

2 2 K0 -^^ 

Lemma 5. If z denotes a circular arc, radius t ; then 1— cos 

z = 2 X («n - j . 

Demonstration. Let db =r s, be the 
arc of a circle, radius 1, o its centre ; 
draw the radius ob, and the sine dg 
perpendicular to ob ; also draw the chord 
BD> and the radius omc^ to bisect the 
chord bd in m. 

Then oc =: cos z; and bg = ob— - 
OG = I — cos Zm Also hm = Dm =: 

tin - • And per similar right-angled triangles bgd, nmo; bo 
\ BD = 2Bj» : : Bm : BG» whence BG x bo =: bg := 2 x Bm*; 
that is» s <— icosz = 2 X (sin - J . (l.E.D. 




F/ickZ, 
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The preceding properties maybe found in most treatises oa 
trigonometry, but it has been deemed expedient to annex them^ 
properly adapted to the subject, with concise demonstrations^ 
for the purpose of rendering what follows more complete. 

1. To find the sum of the infinite series AO? -|r b« + 

n+2 n+3 

cx + DX &c. in which' the quantuies a» b^ C, d, kc. 

denote a series of the sines, of circular arcs in arithmetical pro«- 
gression. 

AX — j?JP n . 11+1 . i|+2 , «+a 

Assume -r—¥ = Aa? + B« + cx + d* 

n+4 _ 

+ 1.x &c. 

Multiplying both sides of the expression by i -^ 2cx + x*t 

n n+1 

gives AX — gx 

n , n+1 ^ n+a , w+S 44.« -, 

= Aa? -h B* + ca? + D* + E;« «c* 

«+l «+2 «+3 '•+4 a, 

— 2CA4f — 2CBJIC — 2rCaP — 2CDX «C# 

n+2 fi+3 11+4 • 

+ AO? + BX +Cx &C, 

n4-l «+2 , n+3 «+4^ \ 

or BOP -f- CJ? + DX + BX &C. i 

n+1 n+2 n+3 n+4 f _ ^ 

*-^2CAX — 2CBX — 2cca: -^2rDap &c.f — ^^ 

«+l n+2 . nJ^3 n+4 ^ 1 

gX + AX + BX + CX &C. J 

By making the coeflEcients of the like powers ot x =: o, we 
have B = 2^A —^50=: 2f B — A ; d = 2CC — B 3 £ =: 

2CD — C, &C. &C, 

NbW let y and z, denote two circular arcs, radius | ; and let 
e, denote the cosine oi z ; also let a =: sin. y + (n+ 1] z» and 
g Z2. sin. y + nz. 

Then from what has been deduced above^ and Lemma 1, 
B =2i:a — g=i2c X siny + (n-+-i)« — siny'^nzz:$iny + {n+2)zi 
C=2CB — A=2CXsiny+{«+2)z — siny+(n+i)2=:siny+(ii+3)z: 
D=2cc— B=2r X siny +(11+3)2— siny+(ii-h2)2r=siny+ («+4)2,&c: 

And these values being written in the assumed expression give 

n n+1 n . , , ^. ^ «+l 

AX ^^gx _ a? X sm.y + (« h t)z — x xsin.y+nz^ 
1 — 2car + X* 1 — ficx-ir x* 

n n+1 n+2 

X X sin. y + (« + i)z + a? X sin.y + (n + 2) z + « 



( «*8 ) 

X •la.y + (« + 3) « + * X iin. y + (w + 4)«,&c. &c. 
„in infinitum* 

' («) Take n z= o, and the expression becomes — —, --^ 

=r sin. y -}- z + a: X sin. y -t- 22 -+- ;if' X sin. y + ^z "i- x^ 
IC srA. Jr -f 4* -4* *♦ X sin* y *-h 52 &c. in infinitum. Taking 
tbedifiet'ence between (he (WO preceding exprcsffloiiB (vis^ 9 and i) 
there will be had 

V^x 8in..v+:y— a? siri.V+a7 x sin y + 7/*— a? Xrin.y+(«+i)2 

X — 2 cx -f-';r* 

zz sin. jf + 2 + ^ X sin,^ 4" 22 + *•* X sin. y + 3- + x' 

fi — 1 
X sin. J + 4« &Cv *\' X X iiti4 y •+- nz^ 

Take a: = i and the preceding expression becomes 
sin. y -f- z — sink y 4- sin. « -f- 722 — sin.y + (n 4- 1) 2 

2 X t^ -*-0 

=r sin. y -J* « + 9'i»* y •+• 2:r + tin. y + 32 + sin.y 4- 42 &c. 
+ sin.jf +. W2. Now, by Lemma 3, sin. ^ + 2 — sin. y 

2 2 \ 

r: 2 sin. - x cos. [y +-) also sin. y -|- (n + 1) z — sin. 

^ . 2 2 

^ -h 112 zz 2 sin. - X cos. y 4- (2« -*- 1) - , andby meansoi these 

2 8 

sin, y '^^ z -^ rin. / -f sin, y ■{- nz ^ %\n.y 4- («+ ijz 

2 X (t — 

sin.^ X COS. 7+ -^ — sin. - X cos. y + C2« + 1) - 

"" I — cos « 

Moreover, by Lemma 5, 1 — cos. 2—2 (sin,-) ; 

, ' - siii.y + 2-*-siTi.v + rin.y 4- nz — sin.v4-rf/+-i^2 

wherefore ^ ^ ^' ' ,. 1 ^ — ^^ — ^-^ sr 

si X (1- — c) 

sin. -• X co». y 4* - -^ «ni -' x cos. v + (2n + il -* 
2 ^'2 2 2 

1 — cos. z. *" 

lift..- X €o*v (y -+- --) — stn. -. X cos.y+ f2«+ »>- 



2 



(sin. ^ j 
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COS. y 4- — — cos.y +^sn -f i)' 

• Again, by Lemma 4, 



ft 



(«n.f) 



cosy + - — cos y + (2»+i) • = asin — x siny + (ii + i)-r 
a *' ^ ft ft >*.ft 

co8y4-'"-co8y + (2»+ij- sin — Xsinjf + (»+i)-* 

•If. 2 '8.8 8 

and hence—— 



("n f ) 



2 

sm - 

ft 



.= siny+z^siny + ftz f smy+3«+ &1c«-f siny + nz (4)» 

To find the sum of the infinite series A« -^ bjc -{* Cop . 

+ i>r + Sx &c. in which the quantities A. B, c, D» &c* 

denote a teries of the cosines of circular arcs, in arithmetical pro* 
gression. 

What has been deduced in Art. 1, may, with very litt}e ad- 
ditional trouble, be applied in the present .case. 

Let y and z, denote two circular arcs^ radius 1 ; and let c 
denot<e the cosine of z, as before. Also; put A=icos y\'{n h i)z, 
and^ = cosy +ji2. Then by Lemmas, and what has beea 
deduced in Art. 1, 

B=:2Ci%. — g =:2c X cosy + (ff + i)z — COS y + «z=rcosy4- 
(11+ 2)js. c rracB— A=: 2c / cosj^+(«-H2)z— - cos^ + (» + «)« 
=cosy + (n| 3)z.D=.2CC--Br:2cxcosy+(in-3)5-cosy+'(n+2J« 
=:cosy4-(»+4)2.Ezr2CD-c=:acxcosy4.lii+4)ls-co»y+^«+8)ai 
=cos y f (n. f 5}z, &c« &c. 
{ j). And therefore, 

AX — gx _ jc X cos V + rn 4- i)z— ;c >r cos y4»ffz 

« ^ . n+1 ^ , n-fB 

;=: or X cos y + (» + i)z + x X cos y-f. (« -4-2)»-|-4P 

. , n+3 n+4 

X cosy + (if-+-3)z+* X cosy+{ii+4Jz4-* X cos y + 
(/I -f- 5)2 &c* in infinitum. 
(6). Take n zz o; and the last expression becomes 

cos y+z—rX cosy . . . . 

' — ^_g^^^^> ''' =cosy+zfzxcosy4-ft«+af*xcosy+8a 

+ «' X cos y + 4Z -h a?* X cos y -f. fz &c. in infinitum. 

And taking the difference between the two preceding exprts* 
ttons, (viz. $ and 5) there will be had 

VOL* iV. BAKT II. r 



( 3)0 I 

s:cosy+«+«x cosy + sz+x'x coiy + ^r*^*' X cos 31+48 

+V X cos y + ^z&c. + « X cog y + nz. 

akife d? z: i|. and the last expression vtill become 
cos V -4- z -»«cos V +^os y + 11^ — cos w 4- (« + i)« 

ft X (1— c) 
— c^g,i- ^ — cos y +C08 y ^ nt-^ co%y + (n+ t)z 
"" • a X (1 — dOfczJ 

^tos y +4+c6i y + ti4'CO<y4.)z+co»f 4-4^+00* y+ji to, 
*ftosy + Jl2. 

Wow, by Lemma 4, cosy — cos y +z=asiti - X wn y + -l 
ani cos y-|-«i— coiy + («+i)z=a sin — >c imy4-(s»4^i)-« 

Also, by Lemma .$^ 1 >««- cos z atd(sib ^ \ ^ and therefora ' 

cosy-4-g— ! cosy + cosy 4-iix — c^ay 4.^ii + i)f 
* • a X <l "^coBzj 

Z Z Z ' t 

am r- xsmy4-(««+i) 7— -ain-:-- X siny-l-r 
a * '2 5l*^a 



ft X (sin 



^i) 






siny + (211 + i) - — ainy+ J 

— ^ =:feosy^k*4*^sy +s^ 

B X sm r- 



• • ^ •• »■• 



+ CM jf + 3X -fxos j^ + ^x&c. •+• cos y + HZ. 

But; by Ldhhu 3,ihi y + (a» 4- i) -ii-titiy+ i i± * «» * 

»»- ■• • . • ■ 

'■',■■■•' ■* • . . ■ ■• 

X coay+ («+ i)|.. 

And therefore, 

2 2 2 * 

2 sm - sm T 

•'- ..;'.. '- 2 .' 2 

=coay+z+cosy+2z+Mfcy4-JtH-tr<»Jf1-4z&c,+6Wy4-^» 



^ <• ■» 



fty divldtng the expFessioh (or tile siim ef ilk llflit^ obtained 
iti Art. 4, by the expression for the sum of the cosinies jttMT 
deduced,' we shall have the following iremarkablf formula #f 
theorena ; , ' : 

sm y + (« + 1) J- 

: ^ . — , ^ = tangent »+ (« + 1) 5 =s 

cosy + («+ 1) — 

Vtq y -^ 2; -|- giD y -fr fl^ + aiyiy+a? 4-.&C, 4-s,iny rt-iir 
w»y + i^+ $9ffy -\r 92i + ?p«y + 8* + *^» ^^^ 9W y *• iM 
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ARTICLE XXIir. 

, .....^ . •■"_TL 

On ike popular methods of approximation. 

iSy Mr. W. O. Horn eh, Bath. ** 

, ■ ■ ■ • » 

If the following. concise investigation, and the subsequtot 
remarks, shall be so fortunate as to in^upf; a V^V^ correct eftj^ 
mate o{ the utilitv of these valuable theorems, than seems ^t 
IHpesent to prevail, even ampng respectable mathematicians, the 
wish of the yfrkec will be iunply satisfied. *" ' * 

Let fx=x+px + px + P^ = P [il 

1 If m n - 

tFtpresent any equation i^^hatever, ^nitis .or iiUinites mad fuppi:i#e 
4hat, on making x zz r + 9^ the equation tranrformsto 

i. Then, it it maai£esi tfaa( 



t ' tt 4a^^^l s tt^^^^K ' lfeh^^52 ^ 

A =:^— (R +pR +^R + PR ....)=/>—?>» 

^1 2 3 ' 

d rz »R +«— 1. />R +n— «. ^R + . . .= ( 225=)dae 

and go of the rest ; agreeably to T a Y LoVl theorem. [g] 

r a 



_ J. 



( «8« ) 

Now, if m be so nearly equal to the correct >alue of x, that 
Ihe difierence z heart but a sinal) ratio to r, the numerical value 
^ ^ , it assumed to be rr cz^ vrill generally agree, to a certain 
number of figures, with its actual value in equation s. Tq 
that extenl^ therefore we shall have 



a 



« =^ ••• [4] 



which 18 the symbol, of Newton's and Raphson's methods, 
pt well as of the second case of Barlow's method, first 
publichtil in No. 19 of this Repository, and since that time in 
the 8vo edition of Bonnycastle's Algebra. 

The effect of equation 4 may vcfy commo(]iousIy be aug« 
mented by substituting it in the result of the more correct equa* 
tion A ^ tf ' "i ^^*i which thus produces 

* '^ a^hz^ a+ bti ^ a* -h i^ "^^J 

equivalent to Hali«ey's and De Lagnt's rational methods. 
If, in rhese-cxpreisions, we make i zi ^-^ — 'r— , weobtaipthe 

following commodious formula ; 

_ A gRA rgT 

41 4 • ■■ 

which symbolize the other case of Barlow's method, or that 
which he directs us to employ when r > i. The more terms of 
the equation that are deficient, the more nearly will the correction 
thjus obtained agree with that deduced from H alley's method, 
with which this is accurately coincident in the case of pure 
powers. In other cases since it neglects the same quantities 
€Z* &c* as Halley's, but on the other hand adopts a quantity, 

which the other does not, it will sometimes be the more accurate 
method. At the same time, it will be in general much the mqre 
convenient, in regard of the smaller numbers which it employs. 
Adding b, this formula gives 

, . N «tfR + (« + 1) A - - 



{ ^38 ) 

But, if A*:::= <ss •f' ^^' ^^ treated as' a 'qaadfatiCy and we '^ 

.1 
niakein the result V^' t 4^*^ =j, we have 

*=^- • —m- 

^hich is the favorite irrational method of Hal ley, Ti^ 
iniprove its efficacy, call the value thus found r, and, taking 
in two additional terms of equation 2, we shall have 

(c V dr^. r' - _ 

z-r ' ,. [9] 

This amendment, which usually quintuples the original num. 
ber of true places, is due to the same eminent marhemancian, v/h^ 
also remarks, that, hy successively substituting in ihese fo^^mulae 
the^corrected values of a and r,^the advantage may ut carried t^ 
a^ny extent, without finding new valuta for a, A, c, &c. 

Tho* it is perhaps a digression from the general train of this 
investigation, yet it will make the syllabus of theorems more 
complete jf we observe here, that when (px is simply x» = jr, 

which produces A=iH*-*R,ai=«R ,6 = - n.n^—u & 
&c, we derive the following formula : 
From eq. 5 or 6, 2 =: . — - — • — — ^r — f to! 

equivalent to Halley*s rational formulae for approximating towarAi 
the rout of a pure power. 

From eq. 7, or by adding R to the preceding expression, and 
reducing, 

* ( = R + «) =1 j nj 

the well known theorem of Hutton, for the same purpose* 
Frpm eq. 8, after the proper reductions, 

* . / gW f (« — 1>, (n K«) R ■ _ 

n — I y lift'*— <«i n — 1 '- J 

or, adding r, 

n — 2.R , 1 /nN-f-Cii — a>.(N — R«) _ - 

* - n-i + sr^iT V ;ss::^ [^3] 

equivalent to Halley*$ irrational formulae, but more commodiously^ 



C tS4 ) 

raprMed-"^ Each oC these theoremi admits of vaijons cnunidia- 
tions» by combining any of the synboUt-M^-Hy a » S (== H + ](")• 
^ut, to return and conclude, the accurate value of z is 



f[K + 2) — ^r' 



tnd» rf the approximate value r be her<? introduced In the place 
of z» it gives 

/which exhibits the method of DoubU PosiHortf 

Concerning these epitomes, of all the approximating rul^ 
Vhicb are adopted for general use, the following observations 
naturally occur : 

S, Whenever Newton's method fails, in consequetiee , of 
sn ambiguous or inadequate assumption for r, Hal ley ^s rational 
method must also fail ; since it is only a corollary to ^he focmerib 
The same may be said of more complicated theorems, such as 
ihos^ ija Simpson's jTraaa and Alg^^bra^ whicli proceed on the 

aupposition that — is a disiind sfipa-osimation to. the v^lor 

of r» 

2. The coefficients arising from substituting r -)- 2 for the 
fxnknovfn quantity .x in ;jny pjrv'P<>#pd eqi^i w, ^p reftpcaivi^ 
equal to the quantities arising from su)>s£ii:AjA,ing ^ 4br or, fiibiff 
in Newton's jipiting equatioi^s^ pr inij^ijiftfr^ui^l <c»efficifrnt8 
(so called) which are derived from the given expression 10 Jr bf 
taking the successive fluxions, making at each step x = 1, ana 
dividing by the expopept of the ^ijep> !Fx)X equJit^OB ) shew^^ 
-these three views to be identical. 

In practice, the first mode of obtaiwiog these Cioefficieo^ 
iviil be naturally adopted in finite equations, when r, a good 
conjectural value of «, is known; the second may be neces- 
sary, when R is an^biguous; the third, in cjise of %urds and 
Uifiscendciital .expressions. \ > 

" 3. Hence it follows that, excepting of course^ the rules for 
the roots of pure powers, none of the methods ahpvp invesH- 
gated are restricted to equations of any particular class; but 
their operation applies to transceudem'al s^ni ilXSMDjd qu^- 
•4ities, as well as to sttch as are finite.' ^ 

It does not however appear, that ^ny one .of tj^je iji ventQfs 
\.was aware of the uhiyersal influence of bis principles; and. 



thd* pn Bwoke Taylor, ft cefltuly ago, pbSm^d 6ut and ex- 
trtip\lfied this fact in regard of Halley*s theorems, yef it wottlJ 
iiot be difficult to ihew that, leVeti at this day, the full value 
6i those aitd the feit of our formulae is far from being gmtrAllf 
adverted to* 

' A vety probable eause of thii neglect fceem* to be th^ latetitst 
6f.the period at Which fluJtiorts are taught iti our great seminaries; 
Thettis hO apparent reasbti why the direct method should 
ftot belntroduced (for €iampte) between the ist and and partti 
6f the Cambridge Elemems of Algebra, so as to precede aiii 
assist the general theory of equations. But whatever may be 
thought of this suggestion, which is submitted with peffcict de^ 
ferttice, it is certain, that not otily the convenience of iht 
calculator, but in some measufe the honoiT of English matfae^ 
tiiatics, is toh(rerned in t-endertng theae ptocesses as familiar^ 
iA general, and as certain as possible. ^ 

This object has notbeeft effected by the foreign mathewia* 
fkians. Lagrange, in particular^ Whose avowed design wai 
to substitute a perfect theot-y in place of the Newtonian fwe* 
|hK>ds, t>f which he has not failed to place the defects in tht most 
}>fejtnlicia1 light, has, indeed, so faf succeeded, that his theory ia 
^onfcsiredly perfect ; but that perfection consists altogether ol 
ittdu idetiL The nucleui, within which its practical applica^ 
bility has sct>pe, cannot be ssid to ektend beyond cubic equations i 
and, even placing out of consideration his tedious investigattofl 
erf limits, what is the t&k of his process but a solution of numeric 
tal ex|uations by means purely algebraical, atnd Without the aitl 
of any of the facilities peculiar to numerical notations? The 
fival method! present a contrast^ similar to that between an 
a£tivt intdligent man, and a beautiful statute, standing secluded 
kti the gartleu) and immoveable ion its pedestal* 

The real defect t>{ N*wton'«\ method, and the rest of the tame 
class, does not consist, as Lagrange intimates, in x>ur unceitaintjr 
%^hetlier the assumptive Value is a distinct approximation or not, 
Newtdn*s solution, like that of his critic, compriees two disi. 
tittct operations ; and, in case of ambiguity, it is perfectly invidious 
to contempiate his method of approximation separate!)' from 
Ids mtihod of limits. The commencement of every operation 
otteason, is of a class totally distinct from its ulterior prosecUi- 
tlon, and depends either on observation or on experiment. This 
)b ttste of the fftost elemetnary processes of arithmetic ; and 
the utmost 'which it is not Chtmetical to attempt in regard tof 
difficult equations, is to render the preparatory experitnents as 
simple as we can. In this respect, the English author has a de* 
cidtd supclifdrityi 



In whit then con#ist8 the defect? Clearly, in this; thac^ 
professing numerical solution^ it nevertheless leaves us the 
necessity of recurring at stated intervals to the symbolic data» 
and^ instead of one equation, obliges us to solve a succession of 
shem. The French writers instead of removing tliis objection, 
faave greatly increased it ; so much so» that the number of digits 
in the decimal notation of the root ot an equation may, in ge- 
neral, be accounted as equal to the number of transformed equa- 
tions necessary for the solution, exclusively of the calculation 
of limits. In fact, the number of decimal places obtainable at 
ai operations, by the methods of Lagrange and of Newton, are 
liearly as n : 2** ; not to mention that the very labor of reducing 
Lagrange's continued fraction to a decimal form is nearly equi- 
iralent pt itself to that of Newton's whole operation. 

A numerical solution ought, at least after the first transform- 
ation, to proceed in an uninierrupted tenor> without once recur- 
ling to algebraic notation. This is what Budan professes 
to have accomplished; but his method, mote tedious»* if pos« 
fible, than that of his distinguished master, is properly nothing 
but an improved mode of gettmg the results of Newton's limit- 
ing equations. In fact, it may advantageously be - substituted 
for the Newtonian method of limits, wfien it is necessary to 
acrutmize them ; but^ as an ulterior approximation, ic is quite 
nugatory. Not only every digit of the root, but every unit 
<^( every digit, costs a new transformariom 

The arithmetical practice of division and square root, 
are instances of a continuous mode of solving equation^ 
az = A. and ji^ + saz = a, of the preceding investigation* 
|f on arriving at the higher powers^ calculators ^have been at 
fault, and adopted recurring approximations, it has been because 
the general theory of evolution was not properly unravelled. 
This theory and that of equations in general^ are intimately 
connected, or rather are one and the same* 

These ideas will be found fully developed, in a paper com- 
posed by the writer of these strictures, and honored by insenion 
in the Philosophical Transactions, for this year ; to which he 
humbly solicits the attention of mathematicians. By combining 
she improvements of preceding analysts, he has also endevored 
to simplify the questions of limits and possibility. In a word, 
be has labored to render the solution of an equation, from first 
so last, a purely arithmetical process, direct and certain, easy 
lo be remembered, and easy to be practiced. 

Bath, 1819. 

End of the second part of the fourth Volume^ 



CAMBRIDGE PROBLEMS 



THE SENATE.H0V5E PRQBLWS. 

* ^ 

' tAt begne of 3. A. in January, 1814. 

First and Second Classes. 

u Thfl tWW *f » b<»4y'» felUng ti^roHgU half radios by the uni^ 
•f«rmacti»i| of M»««»<T>pfi»i fp'c* W tl»^ circurntcrenc? ef a 
circle is to the periodic tiaw 4s radius is to the qjr<;mpferen9ip 

^thecir*!**. 9Avmi^?f99f' ... , ,, 

«, Pwv«, witbflilt mplvws ^he equatipn mte Mctors., iB?t U 

two aws^nb « a!»4 *» whw Wbltitwed fpr t\» Mnl^iiflWn «J«afj- 

tUy in the edition #"-K-/ + Jf"""^ -,«'?• = <». 8^ve 
respk* effected with eontwry sjgn«, therp « at least pM root be- 

tweon a and 0. • r 1 • r 

o If a line intercepted between the extrtwity »i the base of 

anfwicele^ triangle, and the opposite tide (prodttcedii neceiawyj 

te eaual to a side of the triangle, the angle form<s4 by this line 

and the base prdduced is e^qal «o thre* times wtlKr of the sqiul 

singles of thp tfiangle. 1. • . i 

t. Given the greatest range of a p»oJ«ettIt upon m honzontiil 
plane ; determine »t what dirtt«e« frost the point of praJMtHi» 
kn object whofe perpendicular height i» (d), miMt be situaMpd, so 
Siat the proie<:tile*^niay just strike tl,et«ip^tt. 

* ;; From the vertex of a parabdloid of given ^meosion*, i 
oart'cqual to onp-fpurth of the whoU is «ut off by a plane pai^U 
15 to *e base ; and the frastom being then pkcted in 4 fluidwuh 
Its smaller «id downwards, sinks till the aurfece o| the flqid W 
iects the axi« which is vertical. It U teq««d to determinf th« 
toecific gravity ^f the saraboloKl, that of the Auid »n wlufhtt ,j» 
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6. Given the fluent of ^ / ■ ^,4 r: a« tofibd the fluent 

« . (tf ^- «*)• 

of ~j-; — - — -5 , and find the algebraical relation of x to y, in 

Z •(d -\- CZ )^ ^ ' . 

4 

the equation y/ =: 3)'X;tf —*•/. .1 

'7. Find the )ium of the' series —»+-• + -^- + ^t 4- &c* 

. .^ J 10/18 . 18.21 14 • R4 o 

10 mf. and ■' ' + " ' > - ^ ■ - + ^ 6* ^ q + &c, 

a.4.9.18 4.6.12.15. 6.8.15.18 

to n terms. 

8. Required the nature of the ctirvt such, that if any point i^ 
in it be taken, and an ordinate pn and normal pg be drawn to the 
axis; then if the triangle png be placed in such a' position that 
the subnormal ng» majr become the ordinate, po will be the 
normal. 

f|. To spectators situated within the tropics, the Sun's azimuth 
1 admit of a maximum twice every day, from the time of^ his 
leaving the solstice till his declination becomes equal to the lati* 
tude ot the place. Required a proof. 

10. If parallel rays fall upon a single thin lens of given sub* 
stance ; determine the diameter of the leastcircle'into "which all 
the rays of different colours are collected, the linear apeitiire of 
the Jens being known. 

1 1. Compare the magnitude of that part of the disturbing force 
of the sun on the moon, which acts perpendicular to the planp 
of the moon's orbit, with the moon's gravity to the earth. 

19. The velocities of two bodies a and B are in a given ratio, 
and •they begin to move at the same time from a and b^ the ex- 
tremities ot a given line ab ; a moving uniformly in a directiofi 
inclined at a ^iven angle to ab, and B uniformly in the direction 
B a. Determine the nature of the curve to which the line join* 
iBg the bodies is always a tangent. 

l^« The mcKUi's n.odes complete a revolution in about 19 
years. Determine the periodic time pf the nodes of the third 
aatellite .of jnpiter, which revolves in abofit seven days, Jupiter's 
period bemg about ta years. 

14. If (a) be the number of chances for the happening of an 
event, and (b) the number ior its failure in each single trial ; find 
the probability ot its happening^ times and failing q times in 
(p^q) trials ; and determine how many irials are necessary tq 
fpakt k 20^ ,even chance whether t)ie evetit. will happen or x^o\^ 



: Iil(m9Ay-ArxEJiM0OH«*--rMai^ Blakd* 

Tiftk and Si^th Claises. 

i: I^Mict the'fqiMTC.rooc of S^SM^IH?^ 

25-3009 

^ 2. Prcyve' fii6 nsle' for completing th^ squiUie in a quadrade 
equation. 
' g. Find the sum of the seriei 

— 9 — 7—4— &c. to 20 termi; 

• and 1 + * + ^ + &c. to lotemt.' 
3 9 

. * and 1*2 4-'2«3«4*3«4 4- &c« to n terms* 

4* If ilnoec qnsnlttiet areiivan increasing aritbmetical progress 
lion*; shew. that the second will. have to the fiist a gi;eater ratio 
than the third to the second. 

^. The weights of two perfectly elastic halk are ii andS^ 
and their velocities in opposite directions are 12 and 7* Re« 
quired thcjr velocities after uojiact, 

6. Let the height of an inclined plane be (a) feet, and its 
length (c) feet. Find tbe.time of a body ts descending down (d) 
feet of the plane* 

j&. Two fluids, whose magnitudes and specific gravities are 
given, being mixed together; the magnitude of the mixture : 
'sutn of the magnitudes of the ingredients : : n : i. Determine 
the specific gravity of the mixture* 

8« Compare the tiipe in which any prismatic vessel is emptied 
by an orifice in the lower surface, with the time of a heavy body's 
falling through a space equal to twice the depth of the orifice* 

9* Divide a right line into two parts such, that their rectangle 
xoay be equal to a given square ; and determine the greateist 
square that the rectangle can equal. 

le. Find the fluxions ox [a •\' cz J X « , and of x X 

11. Construct Newtons's Telescope and find its magnifyii^g 
.power* 

12. Explain the reason why the order of the colours is inverted 
in the secondary rainbow. 

sg*. Given the sun's altitude at six o'clock) and al;^ when ^^^ 
east ; ^nd the latitude of the place. 

aa 



14. If fretti a ^iHuitii))^ whkh writt «• Jj, Mf ^tbntky W 

subtracted , which varies as a, the TtmaiMlcr will vary in a high- 
er inverse ratio than t^e inverse square of A ; but if to a quantity 

varying at -r; another be ft^dcli IrfaMivma^MWiLtlHifQii vhII 

^ftry <R ft lewtr ifiyeme ratio than iht inversa iquani of a* Ae«. 

quired proof. , 

i 3* Find the law of the force tandaqg to tlie centra of tm lo|(i* 

l^ithipic spiral. .. . .^ . . 

16. throve that whtn the force acts in parallel lines, the vdom 

cky in tba directfen pCk-pen^ciilar to the direction in which the 

force acts, is constam* 
1^4 If iht dtitude of a cylinder beieqaal to the diameter of its 

belfe|theWbi»k-ibrbceissiK«9ineatdivai«aiDf d» ,* 
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Monday AFTERNo©lfw«*-"B»»M4i^*Alt%*Alf* 

. 1. ReqiArcd the perpendicular Ifri^tlbe vefte^ 
ot a triangular pyramid, all the sSles of Whic'b are ei|uilatahil tri- 
angles of a given area. 

• -a. Given the difference of the times ojf setting of two stars 
whc^e declinations are known ; find the Ikti'tude oftllie place, 
g. I^ind the centre of osciHation of a cdhical surface strs« 

Sanded by the vertex ; and find the rtitio between Ithe raiSius of 
ebase and the a^^iSj when the centre ot bsCitlsStion is in the 
"base. 

4* The length of a pendulum t>scitlating seconds on theeartli^s 

>surfa^ being given ; find the 4^ngth of a ^ndtt|uai naciUating 

seconds at the distance of the earth's radius from 4ibie surface. 

^Then detei min e a point bdow the ^iitt-fate ^ndfc^ abc imt ycttda* 

lum will vibrkte in the s^me time. 

5. Two roots of the equation 4f* + x^-^itx^+gt -H 1^ tro^ 
^re of Ae fof hi + a, — a. fitA all ftfe toots.* 

6. When the force Varies as that power bf the distance Vbpie 

i^de X is \n — i). "^hiw tha:t the vei'odty of a bordy iaSK!ng^ii 
rest ^vartes ^w a/-- — ' — -^ -vrtittt ^ is the greatest «id ^ 



f 



At variabk distance. A ad £iid tbe yadae pf this oKpressioa 
when the Torce varies inversely as the distance. 

7. If irom the extrvout)r o£ the diameter of a circle tangents 1)e 
drawn and produced to intersect a tangent to any point in tihc 
circumferenccfe the right lines joining the points of intersection 

and ifae centre of the circle shall form a right aagle. .. 

» • « 

8. Sum the sems -S !^ + ~ -t-t; + *t. to H 

<•$ ^-4 S-S 4^ 



«-S 4-5 6.7 8-9 

^. Fbi thfc fluents of ^ — - and 



sin 4^ X cos e ^{a^ ^X'^^^m^ 

t^. fhid the atiraetibti oF a sphere on a partttle of tmittt 
piaeeft at any distance froin the centre, the force of each paiti^ 
cle varying inversely as the cube of the distance. 

ti/ ^md the equation tt> tbe curve, the length of whose ttam 
^etttl)etween any point and the axis is a tonstantiquantity. 

SB. The equation to a curvets y* — ■ uxy + *' i: o. TmA 
(tit value of the ordinate when ^ maxinmm.and the eorrespondinr 
tahie of the abscissa ; and ishew that tbe above is a maxitnnm an4 
not a mitiimnm. 

13. A para^loid phced with its vntex downwards being full 
of water, is supplied at a given rate. There is a small hole in the 
vbrtex, which, when the vdssel h full, w6uH discharge n timet 
ihe qtianrity snppfied. fteqnired the altitude at which the 
surface remaitxs stationaiy, and the time elapsed before this takes 
l^lace. 

Monday £v£KiNc,— -Mr. Macfarlan* 

• ■ ■ 

a« A4sQdyj|danedia the leeotm of giittvi^iof a 'triangle is aoiaA 
upotn by time forcea repreMtited ki quattttty and divectioa hf 
^baUuikjaiaimg dsiceiitre of gravity wiA, the thffee angfei^ 
Shew that the body will remain at rest. . . 

a. The sides of the spherical tri- 
«iigle^B€>ttieea#h^ qtiadnmt. 9 and 
£ (any two points on the surface of the 
jphef^) are join^ by the arc of a great 
circle. Shew that the cosine of d£ is 
equal to the cos ^r> x -eos ajb :f cos 

BD X cos JIE Hh cos CO X cos C£. 

3* If the sum of the odd digits in a 
snittber be i tm ^ e and of die even 
"ti« 4- e, tbisntxmber being divided 
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iuccessively by 1 1 and by 9^ leaves the same rexQadnder ^fh^ 
n + c when divided by o. 

4» In a dial foragiven latitude, the plate of wKicb oaght to have 
been horizontal, the interval between ten and noon is lets by two 
imnutes, than the interval between noon and two o'clock. The 
line between tiorth and south was found to be horizontad. Re* 
ttuiied the dip of the plate towards the east.^ 

5. A sphere Jilled with water empties itself through a small 
|K>le in the bottom ; find wljere the velocity ,of the surface of the 
Ascending fluid is a minimum, and where k ic ec^ual to tlMrve» 
locity when the sphere is half fulL 

6. The mean apparent diameter of the sun and moon'f «hori« 
:s0ntal parallax being given, together . with the length of a year 
ai^d aino^th, find the density of the sun coippred wi^lhe dien- 
iity of the earth ; also shew how Hewton finos the; density cif the. 
moon* 

^ jt f^rom. Newton's construction for the solid of least resiM- 
ance, shew that in the section through the axis, the curve m^st, 
siake with the end an angle of 1^5. i. 

8. If the quiescent orbit be a circle (the cemre of force in.the 
circumference) and the angular velocity in the. moveable orbit is 
ooublethat in the quiescent ; Find the law of force in the orbit 
in fixed space» and investigate the ratio betweien the perpendicu- 
lar and distance. 

g» 4 vooden ball connected by a small wire with a. ball of 
leayd of the same diameter is dropt into the sCfi, s^iid upon their 
striking the bottom^ the wooden ball is disengaged and rises to 
the surface; the whole time elapsed, and the specific gravities 
and diameters of the balb being given ; find the depth of the 
sea* . . : ' I 

10* In any con;c section, if tangents be drawn ait the extre« 
miti^s of any diameter* and be produKred toii^aet a tangent to any 
other pomt in the curve ; Prove that the rocungle. unaet the seg* 
«ients of thefirst tangents will be equal to the sqioaze of the semi« 
conjugate diameter. 

IS* «.— «(7i — fi) + ». — r — • (« —4) — ^a * .i> f 

t 

-——•(« — 6) &c. continued to -, or -^— — terms, is e* 
3 .2' 2 . ' 

qtcal to 1 ;^ 2 X 8 X ..'....« X 2*"^ *. ' iTie demonstration 
is required. 

12. A given number (n) of similar balk being put into.ao.urik; 
Required tl^e chance of drawing an odd, 19 the chance oC-di^itr 
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itig am^timnnlier; any tiamber from t to iiinclu^iirei being 
eqtfaliy likely to be idrawn. 

13. Find the equation and construct the curve of which this 
kthe property : K from a fixed 

Ctm in the axis a perpendicular 
' dtmmtiio it, and produced to 
meet a tangent to any point in the 
ciirt«; the length ot this perpen- 
4]ctthir and isingent together shall 
'berdedible the length of the curve 

between the vertex and the point from whi.ch the tangent vfsm 
dradrsK 

In the figure annexed, bt 4- tp s t a P. 
Does the cnrveadmit of«ti*a»ypmtote? 

14. Iti a medium resisting as the square of the velocity, shew 
that a perfectly elastic body falling irom an infinite height will 
at each rebouna rise through spaces proportional to thelogarithois 

of the fractions -, ~, - — ^ • 

123 n 

15. Sum the series ^— -1 + -» ~ Ti + *^- a^w^-^^ndl 
t' + 3* + 5' + 7' to » terms* by increments; 

16. Given the fluent of («+//)"• X xPi, i}nd the fluents pF 

(^+/^")*xa:'' + "i;andof;^-h/x'')'"'*'* X^^^i; aUo Sp4 
the fluent of \ ^ ^^ X }^ 

tf* Solveibe following fluxiqnal equations^ ' 

cx^x -^ yx zi ay. 
i8» Shew thjA the.log. (1 + » * cos z) is equal to A + — x 

COS z H X cos.a«-| — — x cos, ^z + — x cos* 4Z &c. wbtfe 



• t f t J * \/(* ~ '**) 

A IS the loff of 2B and b = " ■ ■ ■ ■ • 

19. In a. medium resisting at the square of the velocity«fiq4 
the nature of the curve to he described by* a heavy body urged 
by theibrce of gravity, so that. the times of descent through dif« 
ferent arcs to the saipe fixed point shall vary as the velocity a^. 
passed. 
' 20. Four persons (a, b, c, d) tp ^yhom fhe cards of ^ coqj^ 
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( 

i. 

nofi pack are dealt iit order, one by oar* siakecuck t/i» ^di the 
condition, that he to ivhom the first knave is deaJu ihaU be the 
winner. What is the value of a'i expectalipii f 

1 1 Find the curve by the Tevolution of vrhicb voiinA M aiis 
the solid will be formed, which shall attract a particle placed at 
its .vertex with the greatest possible foree, the force of eaAhpai* 
ticle varying inversely as the square of the discaoce* • 

a2' A cylindrical vessel full oi water is ba|aiie«d by^4 wdgbt 
p over a fixed pulley. A hole of given dimensiims being made 
in the bottom, it is reciuired to find bow far l> viU desfitafl<liu>« 
'Jng the time of emptying. 

83. Pi o\*e that the sum of the reciprocals of the prifoe oasinbers 
is an infinitely great n umber though mfinkely Idt than the sum 
q( the reciprocals of the natural nUinberst 

TyESi>AY Morning.— Mr. Macfarla^^ 
First and SccondChssu* 

it A person borfowed >/. at ititerest. To di^cb^rg^ thi^ he 
invested fi/. at the aid of the first year, 4/. at the end of the se- 
cond, and $/. at the end of the third* and sq on. How mapy y«^ 
>vill elapse before this fund be large enough to discharge the 
debt, — com[K)und interest being allowed on ooth sides at a given 
irale? 

2. Required the length of a spherical shelj of iron, which, 
when filled with a fluid, shall just float in water; the speci^c 
gravities of iron, of water, and of the fluid being given. 

3. Compare the length pf a degree of Intitime at any place 
on the earth's surface, with the len^ of a degree of longitude at 
the equator. 

4. The inclination of a small tube ill the side of a vessel of 
^ater \>tm^ given, and its height above the horizontal plane ; it 
is required, from observing the point of the plane struck by the 
stream, to assign the altitude of the water within the vessel; and 
to describe the whole track of the issuing fluid* 

5. If round any point within the circun^terence of a circle 
(not being the penfer) espial adjoining angles \>^ 4es<cribed ; of the 
circumferences on which they stand, that which is nearer the 
diameter passing through the point is less than the morn rensote. 

6. In a combination of two wheels andaxlca, the circum£er« 
jcnce of each wheel is n inches ; of each axle |. A weight, f^ 
|s applied to the circumference of one of the wbeirfs as a power 
f9 faise rnatter to a certain height. How much mi^st be fai«ip4 



each time, that the whole quantity may be raised in* the least time 
possible ? 

7* Of all cones containing a given quantity of matter, to find 
that which attracts a particle placed at its vertex with the greatest 
possible force. 

9. Show that when a quantity is a maximum or a minimum, 
the first fluxion vanishes ; and that the quantity is a maximum 
or a minimum^ accordingly as the second fluxion is negative or 
positive. 

^ 9* An imperfectly elastic ball is projected with a given velo« 
city against an hard horizontal plane, and being reflected, j.u$t, 
reaches the point of projection in t^\ Required the distance of 
the plane, from the point of projection, ind the elasticity o( the 
body. 

to. A cylindrical tube of given length, closed at one end, be- 
ing let down in a vertical position into the sea, it was observed 
what part of the tube the water occupied. It is hence required 
to assign the depth, 33 feet of sea water being assumed to mea- 
sure the weight of the atmosphere. How must this tube be 
graduated to be used as a gauge to measure depths in the sea ? 

1 1. Find the length oi a common parabolai and deduce CotesV 
construction. 



US 
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lion, »* + 1 :r 0. 




Shew that z ; 
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13. Sum the scries i* + 3« + 7* + S5» &c. to n terms, and 

L. X i + -i- X i^ + ~ X ^ f &c. ad inf. 
«.^ » 3*4 a 4«5 » 

Tuesday Afternoon. — Mr. Macfarlak. 
Fifth and Sixth Classes. 

1. Find the value of Je'ia34i4i4i4i &c. 

2. The amount of £joo in ^ of a year was £580* Required 
the rate per cent. 

3. Find the circumference of a circle whMe radius is unity* 

4. Sum the following series, 

i^h 9 -t* 3 -f 2 + &c. to ao tennsi 

h 



"'1 

faY, -iL a. — ^ -Jd- -i-1- + &e. to n tenni , 
^ >-3 »'4 8-5 

^A "I ' o i '-»- /n jH ' ii: Hr *W» »di ijrfvtag i«*?««»«»M.. 
»-«-3 3-4-5 

jp $alve the; (ollowiog: equation, wluos^ ipooti^ a(« ii^ acitfaxQAtiC 

IW^eilw^aj 4P' — 9a?i -jr ? a« -r-, iR :=: o., 

6. Find the fluenU of . , . , f. ,. » and tli6flu,»wi» 

^ 7* The^ «^ oF'a* circle < whiohia l}od^y a«t(|d^ tiipdit byv a 6eiitf4^ 
petal force, uniformly describes in any given time is a mean pi^ 
portt(Miar- ietwedli the- di^metefp of the' oirctei aind( tl(e -tptice 
described by » hiMvy>body from rest in thesatn^ t4Wid'When> urged 
by the force in the circumfepence continued uilifbrAi'. 

11*^ 
\ & Show that the iogMrithjsuQf ('$.4* uj'is Qi]>ual! to^v H»».-cr *|4 

8 4 5 
9« Given the radii of the surfaces of a double, convex lens and 

libo latipiofi th^ siflOf^qfin?ci<ic§c«T»r?4 rcfractioju find l]le.&ical 
length. 

ip. Find the latitude of the place at whioh^ tbi: aun^ols^at 
three o'clock on the shortest day. 

11. When the force -varies a^.the-disttnce, the periodic time 

fall ellipses round the same centre are equal. 
td. A body (A I weighs islbs. in vacuo^ and plbsi in- water ; 
another bpdy,(B) w^^ighs uolbs. ii| vacuo, and 81b%. in ^yati^r; com- 
pare their specific gravities. ' * 

13. If the nppiber of mean proportionals iftterJ[)osed between 
|wo elastic bodies, a and :& be increased witjioujt hnaity^Jie velo* 
city of A will be to the velocity communicated to x by.ineansof 
the intermediate bodijes ::* v<;Xn %> v^A. 

14. The apparent diameter and declination of the sun being 
given, find the time of. hif tcapjsit* over the meridian.. 

' \b\ '^^ l^iane of % circle l|^in^^ vertical,^ and, any nu|i|bet,of 
chorus being drawn to the lower extremity of the; v^tical.dijt^ 
fi\e^r,}, ^indxhjerlocusrof.au); numt^er^of hf ay.y. bqdiees falling to- 
gether from the upper extremities of the diatnetepand thfi^hqjrds 
at any given instant of time. 

s6. If any number ^fi^j^Uie^rte thr0wn .aL* t^.«|nie in. 
fftjin^ from the same ppmt and with equal yolocitkn', but in teve- 



4al Jirections on the sm^ vertical jilane,. th^ wifl al tlj^ 
expiration of any tibe all be Found in the circumferencm <^f -sote 
tircle. 

Tuesday Afternoon. — Mr. Buakd* 

f - . . ■ • • • ■ ■ • ■■ 

' 1. Shfcw fi-otn the prmciples 6? th6 fifili book 6( fiutHa, thai a 

ratio of greater inequality is diminished, and of less infc^^ality 

^iiicteased by adding a quantity to both its terms. 

" ' i. The tifhe of day at a given place determined from observ'a- 

^tion&^of the sun's altitude is 9** 10" 4^* ; and a chronometer stetto 

^dfrcen wich time shews 6* 3* 1 o* . Required the longitude tX the 

jjilace of obsefvation from Greenwich* - 4 v 

, 8- I*^ a^y harmonic pvogressioh, fhfe product of the two first 

^terras is to the product of any two adjacent terms as th6 differenfce 

t)etween the two first h to the difference baveen the two otheris* 

Required a proot. . • t. ^*_ 

4. An object is placed bfetween two plane reflectors which ^ 
inclined to each other atan ahde of 66^ Determine the WhdlQ 
number of images fofmed by the reflectdrs. ^ i_ j 

. 5. If the greatest possible rectangle be inscribed itt tte^tiad- 
rant of a given ellipse, sheW thatthfe elliptic at^as cut off ty the 

^sides of the rectangle are equal. ^%*,^«.:^„. 

6. Prove that an equation of art odd number of diThensions. 
'and to equation of an even hUihber if its first and last terms bo 
of different signs, must have at least onfc real root. 
' 7, Find the sums of the seriei* ' 

a.«.4-i-a.9-^ + 3-4-6 + *c.tonterm^ 

i 4- 1 + 2 4- ? + &c, to n terms. 
3248 

and t.2 +2.3.x + 3.4-**+«^*^-i^^^f- ^ ^. 

8. If the force vary inversely as the square of the distance^ 
^a body be prQJected at a given angle with a velocity which is 
Iftbe verity ii a circle at the same distance, al /a : i. 
•Botermiiie the nature of the orbit described, 
^r Prove that the surface of any segment of ^^^tfl^^""^ 
i^'^iw^DaraUel planes is to the whole surface of thii sphtt^ Us 

X^^^^V^^-- -y '^' ^^"^ ^ ^" '^' Whole diaihetet. 
tp. Fma the fluent of ^^ 5 ^^^ ^"^ ***»' f 

ba 
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xi 
, ' ' M l , where a is leu than unity ; and shew that the 
*•— a4«--4- 1 ' 

fluent of ;^ , ^ , , =: -rr X circular arc whose tine is — -- 

and radius = i. 

ti. A paraboloid whose vertex is downwards is filled with 
water to a given altitude. Having given the diameter of the 
upper surface, find what ought to be the diameter of the hole at 
the bottom, so that the upper surface may descend through a 
given space in a given time. 

12. If the force varies as the distance, and two bodies fall to- 
wards two different centres of force ; compare the velocities at 
any point of their descent. 

, 13. Two elastic balls beginning to descend from different 
points in the same vertical line, impinge on aperfectly hard plane 
inclined at an angle of 4 ^^ and move along a horizontal plane 
with the velocities acquired. Shew that if a circle be described, 
passing through the two points from which the balls besan their 
' motion, and touching the horizontal plane, the point of contact 
will bisect the distance between the vertical line and the point 
where they impinge on each other. 

14. Given, that the distance of the centre of gravity of an 
area from its vertex is an nth part of the abscissa; find the distance 
of the centre of gravity of the solid formed by the revolution of 
this area round its axis. 

j^. Determine the proportion between the radius of the globe 
and wheel, when the length of the cycloid within the globe, 
(Sect. loj is a maximum. 

16. If centripietal forces tend to the several points of spheres, 
proportional to the distances of those points from the attracted 
bodies, the compoimded force with which two spheres will at- 
tract each other mutually is as the distance between the centres 
of the spheres. 

Tuesday £v£ning.^Mr. Blakd. 

1; The sum of n arithmetic means between 1 and 19 is to tbe 
aum of the first n — 2 of them : : 5 : 3. Find the means. 

a. Two equal weights are connected by a string passing over 
a fixed pulley. Supposing a weight to be added on 6ne side, 
and tbe length and weight ot the string, and the difference of the 
altitudes of the weights at the commencement of the motion to 
' be given ; determine in what part of the descent, the velocity 
«Hil be neither increased nor diminished by the string's weight* 
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3. If the abscissa of a curve bear a finite ratio to the ordinatqi; 
prove that the abscissa will cut the curve id a finite angle* 

4* The place of the node and the inclination of the moon^c 
orbit to the plane of the ecliptic being given ; find the place ot the 
moon when her declination is the greatest possible. 

«• Find the value of ^^ ■- — f-^ — -Swhenr^a; 

and find the fluxion of the hyp. log. 1 > ) ■. ■ « mm, YA JT* / 

•(a + a?) — v^(a — *) 

6. Ify in a circle a straight line be drawn cutting the diametef 
at any angle (A) ; prove that the difference of the segments of 
the diameter will be to the difference of the segments of the line 
as the diameter is to the chord of an arc, which measures twice the 
complement of A. 

7. If, from the extremity of the major axis of an ellipse which 
is perpendicular to the horizon, chords be drawn making with it 
angles of y^^ and 45^, and from the points where the chords meet 
the curve, ordinates be drawn to the axis ; the square of the time 
down the first chord will be to twice the square of the time down 
the second in the subduplicate ratio of the rectangles under tjie 
segments of the axis made bv the ordinates. 

8. If a square be inscribed in circle and another circum* 
scribed about both : compare the pressures upon the circle and 
the squares when immersed vertically in a fluid, the angular point 
of the circumscribing square coinciding with the surface of the 
•fluid. 

.9. A hollow cone whose vertical angle is 6o^ is filled with 
water, and placed with its base downwards. It is required to 
determine the place where a small orifice must be made in itt . 
side, So that the issuing fluid may strike the horizontal plain in a 
point, the distance of which fi^om] the bottom of the vessel is ta 
the distance of the orifice from the top as ^ : 4, 

10. The distance of the centre of gravity of the surface of a 
solid from the vertex is equal ib half the abscissa ; determine the 
nature of the curve by the revolution of which round its axis 
the surface was generated. 

ii* If two equal parabolas be placed in such a' manner tliat 
they may touch each other at the vertices, and one be made to 
roll uppn the other, its focus will describe a right line, and the 
vertex a cissoid, the diameter of whose generating circle is equal 
to half the latus rectum of the parabola* 

ia« If a body revolve in an orbit round a centre of force, and 
at the same time the orbit revolve round the same centre in suod 
a manner that the angular velocity gf the body in the orbit if 
#xed, may be to its angular velocity when revolving, in the ratio 
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...-If 

|rf flr :: C. i3Rifid4ift tentripettd force neceMary to relMithelyo^ 
dy in a jrciitolring cwMt, ^thc force hi the fixed oHbk ^afiyiwg as-tte 
lAdb powser of lius dwtance< AtKl apply this to -ifhe cases WF an 
cUifise ivfaeii tbt Centtt ctf iarce is hi the focvs^ and ivtien inthte 
centre. - * 

.1^. l£t «, /S, y, •&€. T)e the roou of die oquahtan a?'--^"'^^ + 

jflP*^ — &c, =: o, (m) of which are possible ; shew that if the 
equation be trantfemed into one w)io«e rocfts ^xrt {x-^T* («^^ 
y)'f TP •— y)\ 8tc. the last term of the transformed equation .will 

■m, • I ' ' 

%e|X)tkive(»r negative according as m . is an even or ah 

4)dd number. 

•J4« Find .the fluents of / f - s^ ^ wlme < z: the . liase^ of 

JlT9f logs* 5 *' "4"." I al y/ ' 4 ' " ' av '3 ' ' » ' ' a ^' S" 9 tHu 

y*^ ^ * (ar* + Vj . V^(r* — y^y sui. inp x x«Si'^ 

If, Find the nelation of a? to ^ in the equations, 

y^ — ii*^^ay + ^^yx =: o, * 



and determine the nature of the curve, in which - ^"^ ^ : - 

^ f y 



:: 8 : 1, X and 2^ being the abscissa and orifinatc* 



i6. Find the sumjrf the series, 

■■■ ^ ■' + — 2^ — + * - ^ ■' -**• 1? + tc. to M terais 

4i8.8 A»e,4 8*4*S 4'5«^ 

by itscscflients. 



■ - — *• -"J*^ + * ■ — » — ^-^ + &c« in itif • 
.8-5 5-7 7*9 9-" 

'*■■ ; .^*" — » -S-s! — — + ■ ^* ^ •— &c« in inf. and having given 

.s 1 1 

the sum of the series -^ + r« + ^ 4* &Ci in iiif« &id Ac 

^um of •■ ^ ^ ■ ' ■ ' - + -5 4- —A V ' + ;&€• in inf. 
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17* ^he reite^mg' cw^efof* 9 9emUsirele» and- ^nidiating 
|>oint is in the ciroumference ; determine the nature of the 
caustic, its length, and the density at different points. 

18. The latitudes of two places on the earth's surface are com- 
plements to eadi^ otiiei, and. on agi>Gen'dbjr the, sun rises (n) 
hours sooner at one place than at the other ; determine the lati. 
tttd^of each placd. ^ 

19. li a syuem of boiiies^ \m: oinoftcted togethss and support- 
ed at any point which is not the centre of gravity, and then left 
to descend by ^at pu4 el their weight whichM» not supported ; 
4/ multiplied into the. sum of all the products of each body into 
the space it has perpendicularly descended will be equal to the 
sum of all the pnGsfaa£ts»o£eftehibod^ intoJ therjo^uare-of its velo* 
city; / being 1= iS^feiet.. 

20 • A ring of given weight descends by Its gravity down the 
9Xi^.oi anya^Bimtd€UfSDeq: a^ifc tiie ionciw nevolves .uriEifbimly 
abautr its axis whioh is perpendicular to the horizon in ^^; 
Btetermitie^the vetocity-of the^ring at any* point ofliw desteht* '- 

.2Jl«- If the- force of gravity be uniform,* and act perpendicular* 
ly to the horizon, d'etennihe the path qf a projectili^ in a mediaxQ^ 
the, resistance of» whicji ia propprtibnal to the velocit); of thi6 



2ii. Having dlyen the relation between'the centrifugaf forc^ 
and the force of gravity at the earth's equator ;, determine the 
relatipn betwoeaah^ centrifugal force and the force qf gravity at 
tlie equator qf j 'i^i^iter ;. tb(? densities and times of revolutioa 
fouiul th«ir a*xe$-.bei|)g. known, 

ag. Shew that tbft nvean, motion of the nodes of the I'unafor- 
bit.15.not affected by the excentricity of the orbits and that tliQ 
true inotion of the nodes y in an. elliptic orbit is equal to the motion 
of the nodes in a circulkr orbit when the radius vector is a mean 
groj^rtional,betwe^ th^semi-axes-m^forand minor. 

24^ If-a hyperbplQid and a conebegrnerated by the.reyQlutiofli 
oi an hyperbola and'its asymptotes ; and the cone being excav^t* 
ed and piftcod^ vnih itsraitisivcylieatl water b^paufti into, it till 
the surface touches the vertex of the hyperbolbid'; shew ibiA 
whatever be the indihation* of thfeaxis; the surface^of the*wM^ 
will always be s^.tangent plane to the«h7perBQkli& 
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CAMBRIDGE PROBLEMS. 



THE SENATE^HOUSE PROBLEMS, 

Given to ike Candidates Ji>r Honors during the Examination for 

the degree of B. A. in January^ 1815. 

BY THE TWO MODERATORS. 

M01CDAT9 Jaxuakt 16» ldl5. '/ 

Monday MoRNiNo.-^Mr. Hustler* 
First and Second Classes. 

1. If A be any arc whatever, prove that cosec* A 4- cosec# 

• A • -VI 

tA + cosec. 4A "f &c, to n terms zz cot. — — « cot % a« 

fi. Shew that the sun's rising is least accelerated by refraction 
at the time of the Eqinoxes, 

^. If an hyperbola and its asymptotes reVolve about the axis 
major, prove that all the sections of the cone made by planes 
touching the hyperboloid have the same axis minor^ which is the 
^xis minor of the hyperbola. 

4; Near the solstice the variations of the sun*s declination arc 
as the squares of the variations in longitude nearly. 

5. Find from Taylor's Theorem the arc in terms of its cosine. 

6. Having given the refracting powers of two mediums, find 
the'ratio of the focal lengths of a convex and concave lens formed 
of these substances, which, when united, produce images nearly 
free from colour. 

7. If / = tangent of half the angle ASP (Newton^ Sect, 
6«) to r =: 1, shew that the parabolic area asp =: a^ x 

5 - -¥ t[ where a is the focal distance of the vertex. 

8. If a caustic be formed by a reflecting curve, shew that the 
Teflected ray is always a tangent to the caustic. 

9. In any recurring series a + i« + cx^ + &c. whose scale 
of relation is/ + ^ + A + &c. if any row, of the differences of 
tf, i, r, &c. = o, prove that/ + ^ + A + &c. = 1. 

1 o. If a cylinder be cut by two parallel planes intercepting 
a given part of the axis, shew that the solidity between the 
planes is the same whatever be the inclination of the planes \o 
ib? axis. 
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11. Find the flaents of 

jr' (a* — A*) ^ ' 

IS. Havmg given the latitude of the place and the moan's 
declination, determine the height of the superior and inferior tide, 
and compare the height of the tide at the equator and pole of the 
earth, when the moon*s declination is 30^. 

13. If the moon's orbit be considered circular, and the positiotf 
of the nodes be given, shov/ that, when the horary motion of the 
node is a maximum, the moon's distance from the quadratures 
equals half the node's distance. 

14* A semicubical parabola moves in its ovrn plane, with ies 
axis always coinciding with the same line. Determine the na- 
ture of 9 curve which, beginning at the vertex of the parabola 
in its first position, is perpendicular to it in all positions, 

Monday Afternoon.— Mr. Hustler. 
Fifth and Sixth Classes. 

1. If four quantities be in geometric progression, the sum of 
the two extremes is greater than the sum of the two means. 

2. From the equation a*^ == A — a "'^"" find the value of x* 

3. If the interior an|(le b AC and the exterior angle ]> ac of any 
triangle ABC be bisected by lines ae, af which also cut bc 
in E, F, show that bF, BC, and be are in harmonic progression. 

4. Required the number of guineas with which four persons 
A, B, c, D respectively begin to play, if after a has vfon half of 
b's, B a third o| c's, and c a fourth of n's, each has twelve 
guineas^ 

5. What power acting parallel to the length of an inclined 
plane whose elevation is 30", will draw a given weight q, 40 feet 
up the inclined plane in 5 seconds ? 

6. The latus rectum of an ellipse, leing produced both ways 
to meet the circle described on the axis major, n axis minor. 

7. Given the cot a and cot B, find cot ( a hh h) radius being 
=: 1 ; and adapt the expression to radius r. 

8. Form the biquadratic equation, two of whose roots are 
I + V(a^) and— /(— 3). 

9. How far must a body fall internally towards the focus of 
an hyperbola to acquire the velocity in the curve ? 

!©• The sun's altitude at any time being 30*, find the positioi;i 
of a stick of given length, so that the shadow may be the longest 
possible ; and find the length of the shadow at that time* 
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11. Find the solid traced out by a curve whose equation is 

y = 



a — X 

12. IF a billiard table be in the form of an ellipse, and a per- 
fectly elastic ball be struck from either focus in any direction, it 
will return after two reflections from the curve to the same point. 

13. An object at th^ bottom of a vessel appears to change its 
place when water is poured into the vessel. Explain this cir- 
cumstance. 

14. Given the specific gravities of wood and water : : 2:3* 
to what depth would a given paraboloid of wood sink when 
immersed with its vertex downwards ? 

1 j. Find the fluxions of 

a , of Jp . (a* -h a;*) . •(«' — x') and of the secant of x; 

also the fluents of and of r-. 

X %r(t — oar*) 

i6« At a given place, and on a given day, find the point of 
the horizon where the sun rises, 

17. Shew, according to Newton's second section, that if a 
parabola be described by a force tending parallel to the axis, 
to a point indefinitely distant, the force must be constant* 

Monday Afternoon* — Mr. Bland* 
Third and Fourth ClasseSm. 

1. Extract the square root of 

ai — i* + 4c* ± 2 y/{^abc^ —abd^). 

2. The sum of an even number of terms of any arithmetic 
progression, whose common difference is equal to the least term, 
will be four times the sum of half that number of terms dimi- 
nished by half the last term. 

3« The greatest and least conected zenith distances of a cir- 
cumpolar star being sS'' 19' 43'^and 34"53^49"' ; determine 
the latitude of the place oi observation. 

4* Two forces acting upon a body in the same or in opposite 
directions^ will cause it to move with a velocity equal to the sum 
or difference of the velocities which it would have received from 
the forces separately. Required a proof. 

^. If bodies fall towards different centres of force, from dif- 
ferent altitudes, compare the times of descending through any 
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6. The length of the subtangent to the cissoid being equal to 
one-fourth of the diameter of the generating circle 5 determine 
the point in the curve horn which the tangent is drawn, 

7. Transform the equation x^ — px* + qx -^r ::zo into one 
whose roots shall be mean proportionals between the roots of the 
equation, and a given quantity (m)» 

8. One side of a cubical vessel of water ot given dimensions 
being loose ; find the position* magnitude, and direction, of a 
single force which shall keep it at rest. 

9. Find the time in which a vessel formed by the revolution 
of a given logarithmic curve round its asypmtote, will empty 
itself through a given orifice in the bottom ; the length of the 
axis md extreme ordinate being known. 

10. If the force of gravity oc jr — rr from the centre 5 find 

(CllSt*J 

according to Newton's method, the absolute velocity in feet, and 
absolute time in seconds, of descending through any space to- 
wards the centfe. 

11. Find the fluents of zIa/ —— and- X (a^ + z^fi 

and shew that the fluent of (,_^,.j .""^(...aj = Z^) ^ 

circular arc, whose radius = 1, and cosine = a/ ^, 

12. The focal length of a double convex lens, whose thickness 
is inconsiderable, and whose surfaces have the same curvature, 
is equal to the diameter of one of the surfaces. Determine the 
ratio of the sines of incidence and refraction. 

13. The areas of unequal ellipses are in a ratio compounded 
of the subduplicate ratio of their parameters, and the sesquiplicate 
ratio of the principal axes. Required a proof. 

14. If a body be acted upon by two forces which vary accord- 
ing 10 different laws of its distance from the centre, as the />th 
and Jth powers; determine the angle described, while it passes 
from one apse to the other, the orbit described being neariy cir- 
cular, and the forces at the apse being as 1 : n. 

15. > Let a plane isosceles triangle vibrate edgeways, sus- 
pended by its vertex. At what distance from its vertex must it 
strike an immoveable obstacle, so that its motion in the plane of 
vibration may be destroyed ? 

16. If two similar mediums are separated from each other by 
a space terminated on each side by parallel planes ; and a body 
in iti transit through this space^ is attracted ox impelled pcrpea. 
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dkalariy loKrardt ekher MediuHii and ii not agitated or hindered 
by any other force ; and tbe attraction ig every where the same 
at equal dUtances from either phne« taken towards the same side 
of the plane; prove that the velocity of tbe body before inci- 
dence IS to its velodty after emergence as the sine of emergeace 
to the sine of incidence. 

Monday £ve)iiko.««-Mii. Blakd. 

1. If [a) and (6) be the tvro first terms of a decreasing geo- 

metric progression, tbe turn of the series in inf. is =: — > *■ j. % 

Required a proof* 

d* If a iangentbe drawn to any point of an ellipse, and from 
the point of contact a straight line be drawn to either focus ; this 
shall be parallel to the straight line drawn from the centre to the 
intersection of vhe tangent and perpendicular from the other 
focus. 

3« The moon's longitude at noon at Greenwich, Jan. iSs j, is 
on the i6th ,•..,. q* i6'- 48" 
17th.. •...12 46 55 
18th 25 35 31 

19th...... 38 40 4. 

Find its longitude on the lytfa, at 6 o'clock. 

4* In a given latitude, determine the vertical circle in which 
the difference of the altitudes of the sun in any two given days 
shall be a maximum. 

5* If a body revolve in a reciprocal spiral, the force tendii^ 
to the centre ; prove that the times of its moving through sue* 
ieisiv^ AB^lf a of 3189% afe in the proportion of the 9umbers 

, , ♦ &c. 

1 . 2 2 . 3 3 . 4* 

6. Prove that every odd cube number i% equal to the sum of 
as many terms of a series, which have a common difierenci 
unity, as its root contains units, the middle sum of the series be« 
ing the square of the root. 

7, Fin4 the value of — r^ j- • ; — r— + 

a? + a (;c -f a) • (« -h *| 

,.. I , .1 t ..■ .** — . . . ... . ■ « ■■ 1 -J* ace. to n terms ; 

(X ■{• a) . {X -}- b) . (x -^ c) ^ ^ 

and of — + ' ^ + &c. In mf. 

1.3 5.7 9 . II 13 • ^6 

8^ Qin ttte side oi a vessel fiHed with fluids let any Aumbcr of 



CAMBRtDOS VROBLBUS* 1%$$^ St 

€ireles1[)e lo sittiated that the pressures on them may be as the 
eubes of their diattie^rs ; determine the ratio of their distances 
from the surface of the fluid. 

9* If water aseend and descend in the erect leg^of acylindri* 
cal canal, ahernately; determine the nature and dimensions of 
the curve described by the centre of gravity of the water in the 
legs. 

10. Two chains of the same uniform thickness and density are 
suspended from two given points, and attracted towards a centue 
of Force, the law of the force being any power or root of the 
distance. Shew that the pressures on the points of suspensiofi 
are proportional to the squares of the velocities which would 
be acquired by bodies falling towards the centre from the points 
of suspension^ down spaces which are equal to the lengths of the 
chains^ 

11. Trace the curve whose equation is a:' + y^ :z v* 

aod find its area when b zz a. 

12. A perfectly elastic ball A falls from the upper extremity 
of a given vertical line ab, and at the same lime another per- 
fectly elastic ball b is projected upwards from a horizontal hard 
plane at the bottom ; they meet in some point c,and are reflected 
back. Determine the point c,so that they may ascend and descend 
from it continually : and find the velocity of b at that point. 

13* Find the Uuents of ^ 

e . (P + px), of — — — , and of 

[a + cr")'^ . [e+fz^^y 



14. If the middle points of any two edges of a triangular py- 
ramid which do not meet, be joined ; shew that the middle point 
of the connecting line is the cimtre of gravity of the pyramid. 

15. If parallel rays be incident on a spherical surface of a 
plano-convex glass mirror, whose thickness is a semi^-diameter 
and a half of the spherical surface, prove that they will, after 
having been refracted at the convex and reflected at the plane 
surface, converge to that point where the axis intersects the 
convex surface. 

» 

i6. Two plane reflectors being inclined to each other at a 
given angle^ determine the diameter of a circular arc, in which 
a luminous object must move between them, so that the ray, 
which has been reflected by any given point of one of them, 
may, after reflection at the second plane, always intersect the arc 
in the point in which the object is. 
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17. If the circle of curvature to the vertex of a paraboh be 
described, and another circle touch that» and the arms of a 
parabola ; and so on continually ; prove that the radii of the 
circles will be in the proportion of the numbersv I9 3» j> 7$ 
9, &c. 

i8. If the force vary according to any law of the distance; 
9hew that in any orbit , at the point where the centripetal and 
centrifugal forces are equal, the velocity towards the centre of 
force is a maximum. 

19. Determine the nature of the curve by the revolution of 
which round its axis a solid will be generated, such that a 
corpuscle placed on its surface will be attracted towards the 
centre of gravity with a force varying as the distance \ the solid 
revolving round its axis in a given time. , 

so. Find the horary increment of the area^ which the Moon, 
by a radius drawn to the Earth, describes in a circular orbit. 
(Newton, Boc^ III. Prop. 26.) 

21. The cxcentricity of P's orbit (Sect. XL) being smaU; 
find the variation of the major axis in a whole revolution of P, 
if the force at i' be augmented or diminished by a small quantity 
in the ratio of 1 : 1 -f- a. 

22. If the co-Iatitu3e of the place of observation be equal to 
the Moon's declination, or less than it, there will be no inferior 
or no superior tide, according as the latitude and Moon^s de- 
clination are of the same or different denominations. 

23. Let a spherical body descend from rest in a fluid whose 
specific gravity is to that of the body as 1 ; ii. Determine the 
velocity of the sphere at any point of its descent ; and shew that 
the greatest velocity which it can acquire is equal to that which 
would be acquired by it in descending from rest, in vacuo, by 
the constant force of its comparative gravity through a space 
which is to f of its diameter xi nix. 

24. A given cylindrical rod falls by gravity towards a hori* 
zontal plane, whilst at the same time its extremity moves freely 
along the plane : determine the pressure upon the plane in any 
position; and the velocity of the moving point. 

TtJESDAT Morning. — Mr. Blanoi 
First and Second Classes* 

1. If the terms of the series arising from the expansion of 
(a -f h)n be multiplied respectively by the terms of the arithmetic 
series ox, xx, 2;r, 3X, &c. find the sum of the resulting series. 

2. If a polygon has (« + 4) sides; prove that the angles 
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formed ai the points of concourse of these sides produced are 
together equal to (21) right angles. 

S* if a body moves in a curve round a centre of force, and 
the force by. which it is retained in the curve vary in a less ratio 
than the inverse cube of the distance, prove that the body cannot 
fall into the centre. 

4« Sh^w that in the spiral, where the angle described by the 
radius vector SP oc SP directly ; the number of revolutions 
which have been made by it varies as the square root of the 
subtangent to the point P. 

5. Transform the equation sx' — 2«' + 3* 4- 6=0 into one 
which shall have its signs alternately positive and negative. 

6« Two bodies A and B move in Opposite directions with 
Velocities, the sum of which is given, ohew that the sum of the 
products of each body into the square of its velocity is a 
minimum^ when the velocities are reciprocally proportional to 
the quantities of mauer in the bodies* 

7* If from one extremity of the diameter of a circle, chords 
are drawn intersecting the radius which is perpendicular to the 
diameter or that radius produced, and from the points of inter- 
section ordinates be erected, always equal to the cosine of the 
;irc measured from the opposite extremity of the diameter to the 
chord ; determine the nature of the curve which is the locus of 
the ordinates, 

8. Find the fluent of — ;— 3 , and of kjififi in in- 

finitum ; and find the relation oi the abscissa and ordinate of a 

curve when e* = g*-^""*, e being the base of hyp. log., and t 
and X the arc and abscissa respectively. 

9. When parallel rays are incident upon a spherical reflector, 
shew that the radius of the least circle of aberration varies 
directly as the cube of the semi-aperture, and inversely as the 
square of the focal length of the reflector. 

10. A particle P is attracted to a sphere by forces oc -y^. If 

on the line joining P and the centre of the sphere a semicircle 
be described and made to revolve ; it would cut out a portion of 
the sphere, the attraction to which is equal to the attraction of 
the remaining part. 

11. Find the sum of the series cos. A -^^ \ cos. ^A + 7 cos. 
3^ 4- 7 cos. 4/f -f-&c. and resolve 1+5 +19+ 65 + 211 -f&c. 
whose scale of relation is J-^g^ into two geometric series whosQ 
corresponding terms added together will give the proposed series. 
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12. Prove that the mean tides are equally afTected by the 
northerly and southerly declination of the Moon. 

13. The quadrant ot a circle is impelled by a stream in its 
own plane in the direction of the extreme radius. Find the 
direction in which it will begin to move* 

14. Find the equation to the section of a solid generated by 
the revolution of a given algebraical curve about its axis. 

Tuesday Apternoom.-^-Mr. Bland* 
Fifth and Sixth Classes. 

1. Prove that the opposite sides of an equilateral and equian« 
gular hexagon are parallel. 

2. Determine the roots of the equation a?* — 4a?*. v^ (2) +- &r*. 
V(4)"^4*' V(8)-J"a = o, and find the equation whose roots 
are-la-hv^ (— :Ja»); l a — .^ {—\ a") \^a. 

3. It two equal forces, inclined at any angle, act upon a body> 
prove that the compound force bisects that angle. 

4» Given the meridian altitudes of the upper and lower limb 
6f the Sun 18°. 39^. 39'^ and i8^ 7'. 3^''. Determine k& dia» 
iheter, and the altitude gt its centre. 
5, Find the sum of the series, 
6 + 2 — ^ — 6 — &c. to 1 9 terms ; 
8 -f 20 + 5o + 125 to 15 term's ; 

^ 1- ^ &c. to n terms. 



1.2 2.3 3.4 

6. If a body revolves in a circular orbit about the eartb at a 

distance from its surface equal to ao radii of the earth ; what 
is the measure of the subtense of the arc described in x^' ? 

7. It from the extremity of the diameter of a circle a straight 
line be drawn touching the circle and equal in length to the 
circumference, and a triangle be formed by jpining its extremity 
and the centre. Prove, that if from any point in this line a per- 
pendicular be drawn to the base, the circumference of the circle 
described with this as radius, shall be equal to the part of the 
base intercepted between the perpendicular and the acute angle. 

t q 

8. The equation x^ a^ 4 -^ — o has two equal roots. 

Find all the roots. 

9. Prove that the periodic times of bodies revolving in 4if» 
ferent ellipses round different centres of force in the foci are in 
the sesquiplicate ratio oi their nvajor axes directly and the 911b- 
duplicate ratio of xhe force* inversely* 
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'^ 10* Construct Newton's telescope ; and find the magnifying 
power, and greatest field of view. 
II. Find the fluents of 



X 



tx^t/ [x^ — fl*) x^ — 2tf;c«4-^* 
where a is less than unity : and the fC^ fluxion ofv' [x). 

12. If a body move in a conic section acted upon by a force 
tending to the focus S^ shew that the velocity at the distance 
SP is to the velocity at any other distance SQ as a mean pro* 
portional between HP and Sj2 is to a mean proportional between 
SP and Hjg, H being the other focus. 

13. Determine the arc of a given circle, the rectangle under 
whose sine and excess of sine above the cosine is a maximum. 

14. The radius of a circle whose area is equal to the surface 
of a given cone is a mean proportional between the side of the 
x:one and the radius of its base. Required a proof. 

, tgm Compare the absolute forces in the centre and circum* 
ference of a circl6» so that the periodic times may be the same. 

16. An {»*'') part of a hollow paraboloid with its vertex 
downwards is filled with a fluid of known specific gravity; and 
aspheroof given size and substance is immersed. Find how 
high the fluid will rise* 

Tuesday Afternook. — Mr. Hustler. 
Third and Fourth Classes, 

1. If the two sides of a spherical triangle together = l8o^ the 
arc which bisects the vertical angle, bisects the base also. 

a. One root of the equation ;ip* + x' — 8x* — i6x — 8 = O 
is 1 — \/ (5)- Find the other roots. 

3. Two bodies are projected towards each other in the same 
vertical plane from two given points* so as to describe the same 
parabola. Find the point where they meet. 

4. Given the right ascension and declination of a Star and the 
'latitude of the place, determine the day of the year when the 

Star rises the same instant with the Sun. 

5. In the parabola, the normal.is the least line which can be 
*4rawn from a given point in the axis to the curve. 

tan. « 

6. Required the fluxion of « X s , and the following 

fluents* ^ 

/ ' . i r bx^x fxhA.x 

x^Vit — x^y Jv^{a'—x')* J X 
'Bhtfw also thaty i cosec. sx = 4^ h. 1. tan. x. 
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7* If the bases of a cylinder^ and oi a cone, have \he 
saipe radius as a sphere, and each of their ahitudes = the dia« 
meter of the sphere, the solidity of the cone = the excess of the 
cylinder above the sphere. 

8. A body revolving in an ellipse at the mean distance, is 
projected perpendicularly to the distance with the velocity with 
which it is there moving. Shew that it describes a circle, and 
in the same periodic time in which it would have described the 
ellipse. 

9. The equation to a curve is y =ax + « ; draw its 
asymptote, and determine the angle which it makes with the axis. 

* 10. Compare the time of emptying a cone and its circum- 
scribing cylinder, the vertex of the cone being downwards and 
coinciding with the orifice. 

11. If an object be seen through a double convex lens, de« 
termine the proportion in which it is magnified, when the dis- 
tances of the eye and object from the centre are each equal to 
half the focal length. 

12. Sum the following series, 

1 h to n terms and ad inf* 

* • .5 3-7 5-9 

1.4 + 2.5+ 4.6 + &c. to n terms, 

— --— - — + —2—.—. &c. ad inft 
1 . a 2.3 3.4 

13. Suppose two bodies fall towards a center of force, one 
acted upon by a force varying as the distance, and the other by a 
constant force which is half the variable force at the beginning 
of the motion. Shew that the velocities acquired at the centre 
(Will be equal. 

14. Give Cotes's construction of the elliptic spiral, and she\r 
in what cases it cuts itself. 

15. In the ordinate iPJV of an ellipse, whose center is C, a 
point Q is taken so that CQ always =, PN> What is the curve 
which passes through the points Q 7 

16. It a body describes an epicycloid, the force tending to the 
centre of the globe, required the law of the force. 

17. If p and q be two weights applied at the circum- 
ferences of a wheel and axle, find the proportion between'thjt 
radii, so that the time of 9 ascending through a given space may 
be a minimum, th^ inertia of the wheel and axle being con- 
sidered. 

Tuesday Evening.— Mr; Hustler. 

i. A pays P £. to B, on condition that he receives an 
annuity during the life of an individual^ who, according to tbt 
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tables, may be expected to live n years. What must be the 
annuity? 

Q. In an uidimited problem, mx+ ny := p; if m and n both 
measure py m is the least integral value of y, and n of a:. 

3^ A cylinder of indefinite length is placed before a convex 
reflector, and their axes coincide. Shew that its image is a 
cone, whose vertex is the principal focus of the reflector, 

4* Determine the situation of a fixed Star, so that its right 
ascension may be unaffected by the precession of the equinoxes. 

g. Investigate Taylor's Theorem, by the method of dif- 
ferences. 

6. A sphere of given radius is suspended in the ain At a 
given place, day, and hour, determine the figure ot its shadow 
on a horizontal plane ; and shew that the length of the shadow 
Varies as the secant of the Sun'& zenith distance, 

7. Shew that the variation of the radius of curvature of any 
ineridian of the Earthy is as the square of the sine of latitude* 

8. Prove that the value of a vanishing fraction ^ maybe founi 

by taking successively , if necessary, the first, second, and third, &c. 
fluxions of the numerator and the denominator ; and investigate 
the method of finding the value of such a fraction when the 
indices are fractional. 

9. TBy Be are the subtangent and ordinate of a curve whose 
'Vertex i« A^ and the tangent of the angle TCA is to the tangent 
of the angle ACB in a jsjiven ratio. What is the nature of the 
curve ? 

10. For any position of the line of the nodes, construct for 
the inclination of the Moon's orbit to the plane of the ecliptic. 
(Newton, Vol. III. Prop, xxxv.) 

1 1. ABCD is a section of a four-sided glass pri^m perpendi* 
cular to its axis, having one angle D == 96% and the opposite 
angle B zz 13^**. Shew that a ray of light entering the prism 
perpendicularly to AD^ and reflected by AB^ BC^ will pas3 
through CD without refraction, and thence explain the Camera 
lucida. 

12. A paraboloid has its axis parallel to the horizon, and a 
'flexible chain is wound round its greatest circular section ; find 
the length which will be unwound after t^^ have elapsed, a given 
"part being unwound at the beginning. 

13. Two equal distances CA^ CB are drawn at right angles 
to each other from a centre of force €• In CA any point D is 
taken^ and DE is drawn to CB so that DE may equal CB or 
CA. Two perfectly elastic balls fall from A and B at the same 
time, the force varying as the distance, and are reflected at D 
and E by two planes inclined to their motion at Z. 4^;^ .In* 
vestigate their subsequent motions. 
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14. Find the fluents of ■ . ,, , — -jr, of -^ r-, and of 



(1 +a?*)^(i H-i2X*4.a?'y 

•• • 

ig. Find the relation between x and/ when y v^(ay)=a?*, and 

shew that / — r ,- = / — r— -r- — -\ $ 

between the values of x = o, and x z=z !• 

16. ACB is a quadrant, and one extremity 2) of a line CD 
which equals its chord AB^ moves along the radius OB pro- 
duced, while the other extremity C moves in the periphery of 
the quadrant. Find the equation and area of the curve described 
by a point P in the middle of the line CD. 

17. If ^ be any prime number, and x any other number 



m 



prime to m. Then x and x being severally divided by »i, leave 
the same remainder* 

i8« Sum the series^ 

,3 



1 + ^ — - -{--^ — ^3 ^ 3 + &c. ad inf. 



2' 

2.3 3-3' ' 4~3 

& + 5 4. JLB . + &c. to n terms, 

1.2.3.4 3-4-5-0 5.6.7.8 

and ad inf. by the method of increments. 

19. A paraboloid floats in a fluid, the axis not being perpen* 
cicuiar to the horizon. Determine the position in which it 
Tests ; the specific gravities of the paraboloid and the fluid being 
given. 

20. CP^ CD, are two semi-conjugate diameters of an elUpse, 
whose center is C £P, which is perpendicular to CD, is pro- 
duced to L makincr PL equal to CD, and through K the middle 
point in CX, MKPN is drawn so that KM and KN may each 
equal CK. Shew that ihe semi-axes major and minor equal PM 
and PN respectively, and determine their positions. 

21. A person turning up three cards from a common pack^ 
undertakes that the number of points upon them shall be either 
29, 19, or 9, reckoning 11 or 1 for the ace, and 10 for each of 
the court cards. What are the odds against him ? 

22. If a body A be attracted towards two centres of force S 
and 7*, and Ke projected in a direction oblique to the plane STAt 
the solids generated by the motion of the triangle joining S, T» 
and the body, shall be proportional to the times ot description. 

23. A and J3 are two ships at sea ; B moves in a given straight 
• line, and A endeavours to overtake B by always moving towards 

it. Having given the velocities of A and o, investigate ibe 
curve traced out by //, 



CAMBRIDGE PROBLEMS. 



THE SENATE-HOUSE PROBLEMS, 

Given to the Candidates for Honors during the Examination 
Jor the degree ofh.A. in January ^ i8i6, 

BY THE TWO MODERATORS. 

MoMDATy January 15, 1816. 

Monday Morning — Mk. Fjiench* 
First and Second Classes^ 

I ; Gi VEN the logarithms of 6 and 7, shew how the logarithm, 
of 1767 may be computed. 
- 2. If the digits composing any number, be inverted, the 
difference between the number, so formed, and the original 
number, is divisible by nine. 

g. In the oblique impact of an imperfectly elastic body upon 
a plane, co-tan. incidence : co-tan. reflection ; : force of com^^ 
pression : force of elasticity. 

4. In Gregory's telescope, the aberrations, produced by the 
two reflections, are in the same direction. 

5. At a given place, on a given day and hour, the Sun*s 
azimuth is double that of a known star ; required the distance oi 
the Sun from the star. 

6. An imperfectly elastic ball being projected from P, a 
point in the periphery of a circle P^B, whose centre is CJ, 
after impinging at Q and R returns to F ; required the value of 
the angle CPQ. 

. 7. Investigate an expression for the length of a caustic by 
reflection, and apply it, in the case of parallel rays incident upon 
a concave spherical reflector. 

8. In the common pump, given the height of the fixed sucker 
above the surface of the reservoir, and the space through which 
the piston descends ; required the altitude of the water in the 
tubeahcr n strokes of the piston. 

9. To determine the radius of curvature in the curve, whos^ 
ordinate is equal to the circular arc, of which its abscissa is the 
versed sine. 



JO CAMBRIDGE PROBLEMS^ 1816. 

to* To find the sum of all the powers of the roots of an 
equation. 

11. To draw a diameter to a curve of n dimensions* 
(M*Laurin's Algebra.) 

12. Compare the curvatures of the Moon's orbit in quadrature 
and syzygy» supposing that the orbit, independently of the Sun's 
disturbing force, would have been a circle. 

13. To determine the number of given points^ through which 
a curve line of the m^^ order, may be drawn. 

■ 

Monday Afternoon.— Mr. French. 

Fifth and Sixih Classcsi 

d 

I. What decimal of a pound is 1 1||- ? 

9. Investigate the rule for finding the least common multiple 
of two quantities, and apply it to find the least common multiple 
of 177 and 2982. 

3. Required to express the sum of the alternate terms of a 
binomial raised to the m^^ power, beginning with the second. 

4. If one side of a triangle be bisected, the sum of the squares 
of the other two sides is double of the square of half the line 
bisected, and of the square of the line drawn from the point of 
bisection to the opposite angle. 

5. Compare the area of the bexaron inscribed in a given 
Tircle with the area of the circumscribing hexagon. 

6. Given the figure of an ellipse^ find practically its centre 
and its foci. 

7. In an ellipse, if the line 1 ihe drawn parallel to the axis 
minor BC D^ and Qoq, parallel to the axis major ^CM ; then 
lay. oi : Qa X oq:: BC* : A C*. Required a proof. 

8. Prove, geometrically, that in any plane triangle, the sum 
of the sides is to their difference as the tangent of half the sum 
of the angles at the base to the tangent of half their difference. 

9. Shew that tan.' 60 = 3 tan. 60 to rad. zr i. 

10. P and ^ being in equilibrio on an inclined plane, if the 
whole be put in motion, then P*s velocity : fy*s velocity : ; 
IV: P. 

I I. A perfectly hard body is let fall from a given height (a) 
upon a halF-elastic horizontal plane; required the height to 
which it will rise after impinging the third time upon the plane. 

12. Compare the time down— th part of a given inclined plane 

with the time down the remainder. 

13. Explain the principle of the syphon* 

14. Determine the visual angle in Cassegrain's telescope* 
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15. Given the latitude of the place, and the altitude of the 
Sun in the equinoctial, find the hour-angle. 

16. The force tending to the focus of an hyperbola varies 
inversely as the square of the distance. 

i^. Required to express the fluxion of the arc in terms of the 
fluxion of the co^secant. 

18. The roots of the equation ay'— 6j^*— cy +1=0, are in 
harmonic progression, find theni. 

19. Required the fluents of ^,^^77^ *„ J^^li^f, 

9C X^X ZZ 



Monday Afternoon. — Mr. Bland. 
Third and Fourth Classes, 

1. Prove that the sectors of two different circles are equal, 
vhen their angles are inversely as the squares of the radii* 

2. If a circle be described about the centre of gravity of a 
tystem of bodies A^ B, C, &c., and any point S be taken in the 
circumference; shew that^xS^* + B X SB'+ C X SC^Suu 
is constant. 

3. The radius of curvature of the common parabola has to the 
normal the duplicate ratio that the normal has to the semi^para- 
meter. Required proof. 

4. Find the centre of gravity of the solid generated by a 
quaidrant of a circle through one-fourth of a revolution about the 
radius. 

5. Given {a) and (b) the (tw)* and («)*•* terms of an arithmetic 
progression ; determine the value of the (sy^ term. 

6. Find the fluents of 

di dk»Jx , x^k 

■- and 



a* — «ia?** */\^~x) " [x—aY • (a? + a) 

7. From a given right cone cut off a parabola such, that its 
area shall be double the rectangle contained by the segments of 
the diameter of the base, formed by the section. 

8* If the force oc-^, and a body be projected in a given di-» 

rection with a velocity which is to the velocity in a circle at the 
same distance in a less ratio than y^a : i ; determine the nature 
of the orbit described. 

9. If an object be placed between two plane reflectors inclined 
10 each other at any angle, and the eye of a spectator be in any 
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point between the planes, tlie distance of the eye from any of 
the images seen by him, is equal to the length of the path de« 
scribed Dy the rays which form that image. 

10. Prove that no fraction can be represented by a terminating 
decimal, unless the denominator be 2 or g, or the product of 
some powers of 2 and g, 

11. The angle included between the hour-lines of is and 3, 
is equal to the angle included between the hour^lines of 4 and 6, 
in a liorizontal dial. Determine the latitude for which the dial 
is constructed. 

12. What roust be the nature of a parabolic curve which re- 
volving round its axis would generate a solid, such that the time 
of emptying it would be to the time of emptying the circum*- 
scribing cylinder in the ratio of i : 9. 

13. If the attraction of the earth and moon be as their quantities 
of matter directly and the squares of their distances inversely ; 
what is the nature of the curve in which a body being placed 
would be equally attracted to both. 

14. Compare the ablatitious force with the mean force of jP 
to r (I I Sect.) ; the periodic times of P and T being as i:n» 

15. Prove that if two bodies be projected in similar directions 
with velocities which are in the subdupHcate ratio of the force 
and distance, they will proceed in similar curves. 

Monday Evening. — Mr. Bland* 

1. Given the sum {s) and the sum of the squares (5) of a 
geometric series continued in infinitum* Determine the series. 

2. If the bases of two equal cycloids be parallel, and the 
vertex of one in the base of the other ; prove that the angle 
formed by the intersection of the curves will be a right angle. 

Q. If two conic sections be described on the same axis majcn*, 
and have the same abscissae, the ordinates will be in the sub- 
duplicate ratio of the latera recta. Required proof. 

4. In a system of wheels moveable by teeth aQd pinions, 
having given the ratios of the number of teeth in each wheel and 
pinion, determine the number of tiroes the (n)^ wheel torns 
round its axis, while the first perforros (m) revolutions* 

5. Trace the curve whose equation is a , (y— 6)*:r a? • {x — fl^?, 
and determine the angle at which the curve cuts the axis when 

6. If the altitudes of the Sun be taken at the same place 00 
the-same day, wbenheisin the same .vertical in opposite di- 
rections ; shew that the sum of their tangents will be to the suip 
of their secants, as the sine of the Sun's declinatioa is to the 
sine of the latitude of the place. , . 



7. Prove that the sams of tke reciprocaAi of the f sr)*^ fmwim 
of the odd anil even nmnbeir ace taeadi other m the pfdporriM' 

of ft"— r : I. 

8, Find the sum of Ae series: -r-; — nrra + 

^ ^ + &c. to « terms by the me- 



**4-7 4/7-10 7-,io.i3 
tbod of mcrexnems. 

and 1- ;: -r, + {- &c. in inf. 

4.7^1^/' 6.10.16 8.43,20 

9* DetermiBe the inclination af a plane of given length., so ' 
that a cylinder of known dimensions and uniform density, may^ 
roll freely down it in a given time. 

to. A barometer having some air in the tube, stands at an 
altitude of (a) inches ; hut being put under the receiver of an 
ah'-pump which contains (») times as much as its barrel^ affer 
M turnj ft stands at an altitude {b). Find the standard altitude^^ 
and the quantity of air in the tube at first. 

1 1. An aperture of given ar^a is cut from the top to the 
bouom of the side of a regular vessel fulF of water. Required 
Its nature and dimensions, such that the velocity of the descend- 
ing surface may be as the (n)"' power of its distance from the' 
lowest point ; the velocity of every particle of the issuing ffuid 
being, supposed to vary as the square root of its depth below the 
surface. 

12. Shew that in the spiral where the angle described by the 

radius vector sr oc sp** the areas diescribed by sp in one, two,, 
three, • . . .» revolutions, measuring from the. centre, will be a$^ 

the numbers, r, 2, 3 . . . .» raised to the power ^. 

.3. Find the i«emi bf ^^ff//*, ^VC^^'*-^^) "^^ 
nn an even number, and ^,^^^J,^,^^^^^^ ' 

14. Two imperfectly elastic bodies a and b are 9k a given 
distance in the same vertical Itis^ : A, the higher is, acted on by 
gravity, which is supposed to have no efiect on B« Shew that 
if A faHs and strike a succcswveiy, the intervalA beftweeft the 
strokes decreaaein geometric progression; aad determine the-; 
space passed over after any. number of strokes^ 

15. If a unall pencil of diverging raya be incident, nearly 
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perpendicularly on the spherical surEace of a plane convex glass 
mirror, the radius of which is known ; determine what must be 
its thickness, so that after refraction at the convex, and reflection 
at the plane surface, they may converge to that point where the 
axis intersects the spherical surface ; the focus of incidence 
being given, and at a greater distance from the surface than the 
diameter of the sphere. 

16. Determine the nature of the curve which will refract 
|)arallel rays to or from one focus, when the cosine of incidence 
IS to the sine of refraction :: i «+-«': k 

17. Given the greatest and least apparent diameters of the 
Moon, find what would be the apparent diameter corresponding 
to the meSn distance; and shew that it is less than the mean 
apparent diameter. 

18. If any number of bodies be retained in horizontal circular 
orbits by means of strings of unequal lengths, and the distances 
of the centres from the points of suspension be equal> the times 
of their revolutions will be the same. 

* 19. Determine the nature and area of a curve such, that it a 
right line be drawn from its vertex making an angle of 45** with 
the axis, the portion of the ordinate intercepted between this line 
and the curve shall always have to the sub-tangent the inverse 
ratio that the ordinate has to the given line (a). 

20. Let a sphere of a given diameter be projected in a fluid, 
the specific gravity of which is to that of the sphere as i in; 
having given the velocity of projection, determine what part of 
it is lost during the time the body describes any given space. 

21. Shew that the effect of the Sun upon the matter of the 
Earth exterior to the inscribed sphere, to turn it about its centre, 
is equal to the effect which would be produced if one-fifth part 
of that matter was placed at that point of the Earth's equator 
which is opposite to the Sim. 

22. Required the area of the rhumb-line considered as a spiral ; 
and shew that its orthographic projection on the plane of the 
equator is an hyperbolic spiral. 

23. If the particles of air be moved from their places by a 
force which varies according to any given law ; it is required 
to find the law of. the force with which they will continue to be 
agitated, supposing the elasticity of the atmosphere to be pro- 
portional to its density. 

S4. If a chain of given weight reaching to the centre of the 
Eanh be suspetided from a cylinder at the surface, round which 
it is made to wind itself by the descent of a weight {w) unwinding 
a string supposed to be without weight ; determine the velocity 
of to at any point, and also where it is the greatest. 
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Tuesday Morning.— -Mr* Bland. 
First and Second Classes* 

1. If a series of arcs be taken in arithmeuc progresw'oti, the 
radius of the circle will be to twice the cosine of the common 
diflerence as the cosine of any arc taken as a mean is to the sum 
of the cosines of any two equidistant extremes. ' , - r 

2. Find the sum of a recurring decimal '/fppfi &c. m int., 
Iq) and (p) containing (m) and [n) digits respectively. 

3. In the direct impact of perfectly hard bodies, the difference 
between the sums of the products of each body into the square 
of its velocity before and after impact, is equal to the sum ot the 
product of each body into the square of the velocity gained or 
lost. 

4. If S, a, r, n be respectively the sum, first term, commoa 
ratio and number of terms of a geometric progression ; find the 

sum of the series, i 

(S -f a)-+'{S -^ a + ar)^(S + a + ar+ar'')^8cc. 

5. Prove that if contiguous aad parallel rays of light fall upoa 
a refracting sphere, the hbmogeneal rays will emerge parallel 
after n reflections and two retractions, when the least cotem^ 
porary variations of the angles of incidence and refraction are 
to each other as n + 1 : 1 • 

6. If aii equilateral triangle be inscribed in a circle^ and 
the adjacent arcs, cut off by two of its sides, be bisected ; the 
line joining the points of bisection will be trisected by the 

sides. 

J. The sum of the distances of a star from two known stara 
is a minimum, and its declination, which is greater or less 
than that of each of the others is known ; determine its righA 
ascension. t 

8. Let y = A + Bx + Ca?* + i>^' + &c. where A, B, C, 

D, &c. are constant quantities j then if [)^], f-:!, {""^a J» ^^* • 
be the values of y, ^, ^, &c. when x = o ; Prove that 



X X 



' = w+K]-i-B] 






&] 



-^— -1- &C. 
.2.3 

t 2 



'■f 



|C <;aiii9](iih»q ^rO;Blem$, iBi6. 
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2 . r orx 



Q. Find the iluent of ' .. , 1, and of ; — s., the 



;c''x 



fluent of betn^ zz a. 

to* The velocity of a body descending from an infinite 

distance towards a centre of force, is — th part of the velocity 

in a circle at the distance of that point. It is required to de« 
temine the law of the force* 

11. II p be thepiaceof a oomet in itsparsdbolic orbit, anda 
circle be described through p, the vertex and the £ocus ; shew 
that the lime of moving from perihelion to p will be proportional 
to the perpendicular drawn froia the centre of the circle to the 
axis. 

12. liajTy = cx^y — cyx*^^ k ; determine the algebraic i«- ' 
lation of x and jr. 

- 1 3* In latitude 45^ the mean altitude of the tide is always the 
same whatever be the declination of the Mooiu 

14. From two bags, one of which cootains (m) and the other 
in) bails, marked a, 4, r, d^ &c« {m) being greater than (n j, two 
balls ane drawn ; What is the probability that they have both the 
same letter ? 

Tuesday AFTtRNOQN, — Mr« Biand. 
Fijik and Sixth Classes. 

!• Extract the square root of a + a? ■\-i^{2ax + op*). 
'9. The «um o\ {n) terms of any arithmetic profpression whose 
eommondiSerence is equal to the least term, will bec<|uai to 
the sum of (11-4-4) magnitudes* each of which is half, the greatest 
term of the progression. 

. g. If four quantities of the same kind be proportional ; the 
first shall have to the third the same ratio that the second has to 
the fourth. (£uc» B. j.) 

4. If A oc B, and B oc c ; prove x\\^% A a mB ± no, where 
(971) and (72) are known quantities. 

5. In the sleel-yard, if the weight in^reiise in arithmetic pro- 
gression, the divisions ot the scale will be at equal intervals; 
and if each of these intervals be equaj ^ the shoitef acm, the 
moveable weight will be equal to the difference of the Arith- 
metic progressionals. 

6« Two bodies descend, one verticaily tbiough 400 feet, and 



« ^ ^ 



ihc other dowa an iodined piane ,500 feet long, and inclined at 
s^n ax3gle of 30® tp Uie horiecm, compare the time of their de- 
scents. 

y^ The solidvcpnteiut of a cone whose base is e4|ual to a great 
circle of a sphere^ and akiftibde c^uaA to the diameter, is half the 
sQltd content <yf the sphere. 

S* If the force oc --^, determine how far a body must fall 

externally to acquire the velocity in the ellipse. 

o. Find the fliients of - — --; — ^ and — ; ,1 — »i* 

lo. Construct Newton'a telescope, investigate its magnifying 
power, and find the linear magnitude of the greatest field of view. 

It* If a.verticaJ straight line be placed before a plane miiror 
inclined at an angle of 4$^ to the h^riz 00, determine the image 
and lis position* 

12. Given A/ — = a minimum. Find the value of jj. 

13. A fluid issuing from the side of a vessel (k) feet high, 
struck the horizontal plane at a distance of (d) feet from the 
bottom* Determine the point in the side of the vessel where 
the orifice is made, 

14* If the force oc — ^, and bodies fall from difTerent altitudes 

towards different centres of force, determine the projHirttoas of 
the times in which they fall through any space. 

15. II the force oc ■ > 3 ; find the angle between tbe^ 

apsids. 

16. If A, a', a'\ represent the areas of three similar recti- 
lineal polygons described on the hypothenuse and sides oi a 
right-angled triangle, a =z A^Hh ^^\ jRequired a proof. 

•Tuesday Afternoon. — Mr. French. 
Third and Fourth Classes. 

,. ;!. Pfove, g^ipetrically , that a + cos. 28 = 2 cos.*0. 
. a. At perfectly elastic ball, projected frpm a directly up, an 
inclii^d plane ab, strikes a vertical plane passing through b 
^ndrpti^rns to 4; required its velocity at a, the length of the 
iplviil bi^n^ 8« fee^ and iu elevation 30^. 

3. In an hemispheroid emptying itself, by a 3maJl orifice in 
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Ae vertex, compare the time in which the surface of the fluiJ 
«tesceiuls through the upper halt of its axis, with the time through 
the lower. 

4. To find the variation of the angle, which a given object 
subtends at the eye when viewed through a convex lens, the 
object being farther iromthe lens than its principal focus (f), 
snd the eye nearer to the lens than it« principal focus (/)• 

5» The precession in right ascension is positive when the 
angle of position is acuie^ and negative when it is obtuse. Re- 
quired a prooi* 

6. The least error in time due to a given error in the altitude 
of a known star being y^; to determine the latitude of the place,, 
and the true zenith-distance of the star. 

7. To find the area of the Conchoid of Nicomedes. 

8. If the moveable orbit be projected in anUcedentia, with a 
velocity equal to that of p in consequential shew that the velocity 
oi p vanishes, when cp becomes the least distance in the ellipse* 

9* Investigate the equation between the perpendicular and 

the distance, in the lituus I Z. oc fy— ^ j and determine the 

point of contrary flexure in the curve. 

li. The roots of the equation^ y* — 8j'^+i4^*+8y — 15 =0* 
are in arithraeiical progression. Find them. 

1 1. Required the fluxion of the arc whose sineriayy'f 1— ^*K 

12. Apply Newton's method of making a body oscillate m a. 
cycloid, tothe common cycloid. 

13. Find the following fluents : 

14. Sum the following series : 

&c. in inf. 

»-3 3-<5 

i+3 + 7-hi5+ &c. to n terms. 

^ -|. &c. to n terms by increments^ 



Tuesday Evening.— Mr. French. 

1. If a sum p, at compound interest, in n years amounts to 
m, in what time nill the same sum amount to M, at the same 
rate ? 

2. A cylindrical vessel, of given thickness, is required to be 
of a certain capacity, find the least quantity of material with 
.which it can be made. 
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3. A thin rod j formed of the arcs of two efitife, Unequal 
tycloids, lying in the same plane, and on opposite sides of the 
line of their bases, floats upon a fluid, sinking to the point .at 
v/hich the arcs are united ; to determifte its position when at 
rest. 

4. To find the surface of a sphere by the method of indi- 
visibles. 

5. Kequired the time of oscillation in a finite circular arc. 

6. To determine that point in the periphery of an ellipse, at 
which the angle contained between the normal and the distance 
irom th^ centre, is a maximum. , 

7. The place of the Earthy when a Star's aberration in de- 
clination zn o, being d^^ and a^ (lying to the eastward of tbe 
point of syzygyj being the place of the aberratic point, whea 
its aberratiofi in right ascension ir o ; required the position of 4^ 
with respect to a^. 

8. Solve the following equation a:^-— 9X+28— o by a process 
similar to that employed by Cardan. 

9. If a small pencil of parallel rays fall upon a concave 
spherical surface, :and every ray be reflected, the density of the 
incident pencil is to the density (supposed uniform) of rays aa 
the least circle ok aberration, as the area of the circle, whose 
diameter is the versed sine of the aperture, to the whole surface^ 
of the sphere, very nearly ; Required a proof. 

« 10. Find the n roots of unity, and shew how the quadratici 
combine, when n is an odd number. 

11. The weight of a given globe being inconsiderable, whea 
compared with the weight of an equal bulk of fluid, proveihat^ 
in its ascent, the velocity is uniform, and equal to the velocity 
by gravity through ^ds of its diameter. 

12. Investigate an expression for the pressure on the axis of 
a mechanical power in motion, and apply it in the case of (he 
single fixed pulley. 

13. Sura the following series : 

^i 4 ^^ h — rr-^ + &c. to n terms, 

1.2.3.4 4.5.0.7 7. e.g. 10 

— 5 X -i- H X -^ + &c. to n terms, 

1.2.3 2^ 2.3.4 2^ 



1 



? 1 — &c. in infinitum. 

1.2 4.5 7.0 

14. Explain D'Alembert's principle; and apply it to find the 
accelerating force on a body drawn up an inclined plane, by the 
action of a power parallel to the plane. 

J 5. In any square number, 4 is the only digit which can 
occupy both the units and tens places. 
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f 6. To fiiKl the whole number of equal and regatar figures^ 
which may be described upon the surface of a sphere so as 
exactly to cover it. 

I/. BM is a chord of a circle, whose centre h c, and CEP any 
radius cutting bm in the point £ ; at every point s, ep is erected 
perpendicular to bm and equal to £F ; required the locus of p. 

18. In the catenary, the horizontal tension is the same at 
every point, to determine its actual value. 

19. Find the following fluents : 






(a — xf 



n m 

if 2 = (6 4- cy ) 



Jazi X y y lit zz{0 ^ cy ) x >. 

so. A body, acted upon by gravity* is projected horizentatly,- 
with a given velocity, along the interior surlace of a cylinder ; 
required to trace its path upon the surface of the cylinder. 

21. To calculate the probability of throwing . two assigned^ 
Btunbers, a and b« with m dice, in n throws* 

92* Solve the following fluxional equations : 
{x —y) . *> = _y . x» + (a — X) .>« 



«• 



and -.T -f ac 4- cos. mz zz o. 

ir3. If an equilateral polygon of 2* sides be inscribed kt a 
circle, whose rad. ir 1, the value of each side is ^''[a— • 
y(2+v'(2 + &c.))] where the numeral 2 is repeated {«— ij 
times. 

24. ADC is a common parabola, aq a tan* 
gent at the vertex, and pq a tangent at P, 
meeting it in q ; to determine the point p, such, 
that the resistance on the solid, generated by the 
revolution of dpqa about c A, when moving in 
the direction of its axis, may be the least 
possible. 
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THE SENATE-HOUSE PROBLEMS. 

Given to tk$ Candidates for Honors during the Examination 
for the degrees of B. A* in January^ 1817. 

BY THE TWO MODERATORS, 

Monday, January IS, 1817. 

Monday Morning. — Mr. Peacock. 
First and Second Classes. 

1. What Hecimal of ,£1. is 3J. 3|rf. ? 

s. Find the integer values of a^'and^, which satisfy the equa* 
tion 13 a? 4- 14 y — 200 

a. Prove that fl zz tan. B — *. tan. fl' + -tan 6* — &c, 

doc 
4. Find the integral of =. 

j. Explain what is meant by the particular solutions of dif* 
ferential equations. Give an instance in the equation 

y dx — X dy zzn y/ \ d x^ \- <7y*fji 

6. Find expressions for the range and time of flight of 1 body 
projected from a given point alot>e a given plane. 

7. Two vessels filled with air of different densities commu- 
nicate by a tube. Find the velocity with which the si^ir will ruth 
into the vessel containing the rarer air. 

8* Explain the causes of the following lunar inequalities : 

(1.) The evection, 
{2.) The variation. 
(3.) The annual equation. 

9. The aberration which arises from the spherical surfaces of 
ienses is very small, compared with that which is caused by th^ 
unequal refrangibility of light. 

10, Prove that in the Calculus of Variations, 

idv = dSv^ 
V being a function o{ x. 

Monday Afternoon*-— Mr* Paacociu 

Fi/tA and Sixth Classes. 

1. Find the quotient of 7^*04 divided by g.oatOl to ^ret 
pUces of decimals. 
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s* Tini the amount of ^/o* in three years, at 3f per cent, 
allowing simple interest. 

3« Shew that 

4 The number N is divisible by 7, if «o + ^^ • 3"l"^a*3* 
4- tf . q' 4- &C. + fl . 3", be divisible by 7 ; a . tf a &c. 

being the digits of the number reckoning from the place of units* 

5. The middle term of the expansion of (i -h x]°, when n is 
even, is 

— «i 1 *3 ' 5 (^ — *) ^2 

6. Explain the method of constructing a table of sines* 

7. Solve the equation 

x^ -I- px^+ qx* +px + 1 = 0. 

8. There are at least as many impossible roots in the original 
equation, as ip the equation of limits. 

9. Ekplain fwhat is meant by the modulus of a system of loga- 
rithms and shew how it is determined. 

^d. If 4r = 3.i4ia;9, t =: time of oscillation, and / the 
l^gth (>f pendulum, then 

/n^rl/— L.. 

^ 2mf 

1 1 . Explain the method of determining the right ascensions of 
the fi^ed stars. 

12. Enumerate and explain the phaenomeha exhibited by the 
moon in the course of a month. 

13. Explain the method of determining the specific gravities 
of bodies. 

14. A given rectilinear object is placed at a given point in the 
axis of a concave mirror. Required the nature and position of 
its image. 

15. Find the fluxion of sin x* 

^ "^--A the values of *, which make the function x^ — «• 
ima:^imum or a minimum. 

(1 + ^j^ by means of Maclauria'ath^rem* 
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Monday Afternoon. — Mr. White* 

Third and Fourth Classes. 

1. A sum p is due at the end of m years ; find the difference 
between its amount at the end of (7» + n) years, and the amount 

of its present value at the end of (w-j-») years, at simple inte« 
rest. 

2. It is required to find twohariiionic means between gand 12« 

3. If two circles intersect each other in a, 3 ; any twp paral- 
lel lines CD, ef,. drawn through A, B, respectively, and cutting 
the circles in c, d ; E, f ; are equal. Required a proof. 

4. An object is placed before a concave' spherical reflector. 
Required its positiojn, when the image is inverted^ and equal to 
twice the object. 

5* It is required to find the principal focus of a concavo*con« 
Vex lens, of a rarer medium, whose thickness is inconsiderable* 

6. A body falls down a given length of an inclined plane, and 
impinging upon the horizontal plane moves along it ; required 
the elevation of the pJane, when the time of moving upon the 
horizontal plane, over a space equal to the height of the plane, 
is equal to the time down the plane. 

y. Prove that when a body oscillates in a cycloid, the wihodc 
force which stretches the string, varies as the length of that psurt 
of it ^which is not in contact with the upper cycloid* 

8. The length of the shadow of an upright rod at noon on ^he 
shortest day : its length at noon on the longest day ix i^i i. 
Prove that the sine at twice the latitude : the sine of twice .the 
obliquity : : (« + 1) : (« — 1). 

9. A hemispherical vessel standing upon its base is ,filled with 
fluid ; compare the pressures perpendicular to its pl^ne and 
curved surfaces. ^ 

10. Compare the times of emptying a vessel iin the form pf a 
parabolic frustum, by a small orifice in its base, when it 4«pUce4 
with the vertex of, the parabola downwards, and when it is pliic^^ 
with the vertex upwards. 

11. Compare the time of descent in a given logarithwic spiral, 
IO:thex:entre«, from a. given point p, v/ith the periodic time^iix 
axiiK:k» at the distiince sp. 

12^ ifa body fall .down. the radius of a circle, f v^aryingas 
(distO^ and ascend on the other side through radius. by a repul- 
sive force ; ^hew tb^t.it will acquire the velocity of revpliitipiji 
in the circle. 

^^. yln ^y;y>hc£i^al. triangle. whose aides ?ire ^i^,c, and pppp- 
^^iV>gtes j<v,#,c 4 ,if ,^ =: ,c, .shew th^t 

f 2 
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14. Sum the series 

' ? ^ + r^ — i + * — ^ — t + ^^ to n terms* 
1.2.3 8.3,2* ' 3.4.3*^ 

and •- + + 1- &c. to n terms. 

1.5 5.7 5.9 



1^. Find the fluents of 



■^ rn, and 



* 

X 



V {X). ^/ (fl — bxY ;t 1/ (1 + a/ [x))' 

l6. Find the centre of gyration of the plane of a semicircle» 
revolving about its diameten 

Monday Evening. — ^Mr. White. 

1. The present value of a freehold estate of <£i 00. per annum^ 
subject to the payment of a certain sum (a) at the end of every 
two years, is «£iooo. allowing 5 per cent, compound interest. 
Required to determine the sum a. 

ft. 1' = 1, 2? rz 3 4- 5, 3' - 7 4- 9 + 11, 4^ = 13 + n 
•^17-1-19, &c. = &c. Prove the formula for nK 

g. Two equal hard bodies are projected at the same instant 
towards each other, from the two extremities of a vertical line, 
each with the velocity which would be required by falling down 
it. Required the interval of time, between their impact and 
their arrival at the lower extremity of the line. 

^! 4. A hemispherical vessel, of given weight, floats upon a fluid, 
with one third of its axis below the surface* Required the 
weight which must be put into it , so that it may float with two* 
thirds of its axis below the surface. 

5* A ray of light passes through a prism of a denser medium, 
and the ray within makes two acute angles with the sides of the 
prism ; if i, i, be the angles which the incident and emergent 
taysmake with the perpendiculars to the surfaces, and r, r, the 
angles which the ray within makes with the same perpendicu- 
lars, prove that when the deviation is a minimum, i = i, and 
K =: r. 

6. If the Moon and Sun be upon the meridian at the same 
instant, and A^a^ht the increases of their right»ascensions (sup- 
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posed uniform) in one solar day ; A, a^ being reckoned in time 
at 15° to one hour; shew that the exact interval between their 

next following transits == ^^^ — ! X 24 hours, solar 

^ 24 — (A — a) ^ 

time. f . 

7. Prove that by means of the series of weights 1, 8, 4, 8, i6« 
&c. any weight not exceeding the sum of the weights, can be 

weighed. 

« 

8. Prove that a circular arc of given radius, will oscillate 
through a given angle, in its own plane, about its middle point, 
in the same time, whatever be its length. 

9. When a body oscillates in a 
hypocycloid, as in the tenth section ; 
if T B P be any poskion of the strings 
shew that the time of describing a p : 
the time of describing p L : : the arc 
A B : the arc B L. ^ — — ^^ 

10. Prove that the roots oi the equation, a?^ + 1 =r o,wbem 
m is an odd number, are, ^r~j i., i, r, r^ 




r"-% r", where r = { cos.— +(•—!) sin.- ) andr" = — u 

\ wi * m/ 

11. Prove that a regular octahedron inscribed in a sphece 
: the cube of the radius : • 4 : 3* « 

12. A body is projected, at a given distance r, at an angle of 
30% with the velocity acquired from infinity. Find the time 

elapsed when the body is at the distance -from the centre ; sup- 

posing the force to vary as ■- ,. i^ , and to be equal to twice 

the force of gravity at the point of projection. (Newt. Sect. 8.) 

13. The sides of a spherical triangle are ^, 3, c; and the oppo- 
site angles a, b, c ; if a and c be invariable, and i be increased 
by a small quantity, shew that a will be increased or diminished, 
according as c is less or greater than a quadrant. 

14. The mean motion of tlie node^ of the fourth satellite of 
Jupiter, caused by the disturbing action of the third, ought, ac« 
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cordleg tothe principles of the eleventh section, to be regressive; 
^Mlst this regression takes place, can the node of the orbit qi 
the fourth satellite be progressive upon Jupiter's orbit ? 

15. When rays 4iverge, from a point beyond its principal 
focus, upon a double convex lens pf a denser medium ; if q^ be 
the distance of the focus of refracted rays from the second sur* 
bee, the ihickness (/) being small ; and ^ that distance whjen i is 

ncdected ; shew that ^ n - f- -i "^ ., a • ^» nearly ; where 

f ts the Taditts of the first surface, d the distance of the focus of 
incidence from it, and 1 4- » : 1 :: sin i : sin k. 

16. A ball, whose elasticity : perfect elasticity : : m i^ i$ 
projected obliquely upwards, from a point in the horizontal 
plane, upon which it impinges and rebounds continually. Prove 
that the ranges and times of flight in the successive pacabolaa 
described, form geometric progressions | and find their sum* 

17* If the resistance vary as (vel.)^* and a body fall by the 
Action of a constant force ^ find the time in \yhich it will acquire 
a given velocity, 

18. Find the fluent of ^ ■■ ■;, and in the fluent of 

(a* + «»)~2~ 

^^ ^„.,^%;_,, • .«bei„ggreaterthan„.shew 

jc -^px -^ gx — &c* 

that the coefficients of all the terms which involve higher pow- 
ers of X than the {m — w + 1) will vanish. 

19, Sum the following series, 
t 2.3 



3-3 3 -5 -3' 5-7-3' 



_l o — — ^^^ 2d infinitum. 



also, 4 ^ — -- ^ — i + &c. to n terms by 

1-3-3 3-5-3 5-7-3 

the method of increments. 

2o. An isosceles right-angled triangle isiifimer^d ina fluid* 
having one of its sides coincident with the surface ; find the 
jdistance of the centre of pressure from the side immersed. 

2J. (Sect. XI. Prop. 66.) Cor. 14, If s x and the absolute 
force of s be changed, the periodic linear errors of p « 

;p ^ V T .. 7 — :?• Cor. 15. If ST, PT, be changed in any 

(Per%Timeof Tj o * ^ q j 
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proportion, and also the absolute forces of s and t be changed in 
the same proportion, the periodic linear errors of p vary as pf^ 
Required proof : and hence to compare the periodic linear errors 
of p in different systems of s, T, p, where the form and incli- 
nation only of the orbits remain the same. 

22. If out of 86 persons born, one dies at the end of every 
year ; and rriy «, be the complements to 86 of the ages 6i two 
individuals A, B, m being less than », prove that the probability 

of A s surviving b zr — — — . 

23; In a system of two pullies, where each siring is attached 
to the weight, p draws up w ; find the accelerating force on p, 
the tensions of the strings, and the pressures upon the centres of 
the pullies ; taking into consideration the weight ani inertia o( 
the pullies. 

Tuesday Morning. — Mr. White. 
First and Second Classes. 

1. The logarithm of 37852 is 4.5787767, the logarithm dl 
37853 is 4.5787882. Required the number, corresponding to 
the logarithm 6.5787836. 

2. If the sides of a spherical triangle, ab, AC, be produced to 
i, c, so that b6, cc, shall be the semi-supplemeiMs of ab^ ac, 
respectively ; prove that the arc b c will subtend an angle at the 
centre of the sphere, equal to the angle between the chords of 
ab, AC. 

3. If the radii, ot thetube, and of the basin^ of a barometer, 
be 1 and 3 ; and the index shews, at sight, the height of the mer- 
cury in the tube, above that in the basin ; prove that the inch 
upon the scale : a real inch : : 8 : 9, the thickness of the tube 
being neglected. 

4. The altitudes of a circum.polar star are observed at two in- 
stants, when it has the same azimuth, before it passes the meri- 
dian : and also the time between those instants ; from these data« 
determine the latitude of the place. 

5. Having given the distance at which a short-sighted person 
can see distinctly, it is required, to find the distance between a 
given object-glass, and given eye-glass, in an astronomical tele- 
scope, when adapted to such an eye, and to distant objects. 

6. The periodic times of the first and second satellites' of 
Jupiter, are, (i**. i8\ 27". 33'.) and (3*^. I3\ 13". 42\). If ii,a'; 
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be their mean distances, prove that; a : a^: : i : 2^ x (1 4 — ^ ^ 

7. If the -/ ^tan, C45 ) ) — ^^^' ^' P^^ve that 

V (tan. « + sec. z) + 1/ (tan. z — sec. z) =1 8 cot. 2 i/. 

8. Determine the weights which must be selected out of the 
series, 1, 2, 4, 8, &c. pounds, in order to weigh 1317 pounds. 

9. If a body be projected obliquely upwards, shew that the 
square of its velocity, will always be equal to the square of the 
velocity of projection, diminished by the square of the velocity 
which It would acquire by falling down its perpendicular height^ 
above the horizontal plane passing through the point of projec- 
lion. 

10. A body describes a circle, the centre of force being in the 
circumference ; another body describes an equal circle, the cen« 
Ire of force being in the centre of the circle, and the absolute 
force being one fourth of its former value. Compare the times 
in which the circles are described. 

h 



11. Prove, that ( a + ly =z a" + n . a"" .•: — 7— tt + 

(a nr v) 



a (a + A) ft 3 {a + by 

+ &c. 
and, by this Theorem, sum the series, 

^ + !- • ^ +~^^; •^ + 3-11:15 . i^+ &c. ad infinitum- 

tp. Upon one side of the given straight line ab describe a 
semicircle, and upon the other side an equilateral triangle 
ADB ; if a solid be generated by the revolution of this figure 
about i>c, c being the centre of the semicircle ; prove that it 
lyill rest upon the horizontal plane, upon any point of its sphe- 
rical surface. 

TuEsfcAY Afternoon. — Mr. White. 
Fifth and Sixth ClasseSm 

t. It is required to express 23^ 27 ^ 53^^ in hours, minutes, 
and seconds. 
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1. Find the discount upon ^^125. los. orf. payable at the end 
of three years, at 4^ per cent^ simple interest^ 

3. It IS required to determine the point c, in the semicircle 
ACS, such that the three sides oi the triangle ACBthall be in 
geometrical progression. 

4. Two bodies 1, 2, moving with velocities 1, 2, whose elas* 
ticity : perfect elasticity : : 1 : 2, impinge upon each other, 
making the angles of 30®, and 90°, respectively, with the plane 
touching them at the point of contact. Required the directions 
in which they will move, and their velocities after impact. 

5* A body is projected down an inclined plane, with the ve* 
Jocity acquired in falling down its height, and 4escribes the 
length of the plane in the time of falling down its height^ Re« 
quired the elevation of the plane. 

6. In a quadrantal triangle, the angle opposite the quadrant, 
and one of the other angles, are given ; find the remaining 
angle. 

7. Prove that the illumin^sd phase of Mars is the least, when 
he is in quadrature. 

8. If an object be viewed through a glass plate of given thick* 
ness, determine how much the apparent distance is less than 
the true. 

9« It is required to determine the brightest part of the visible 
area in Galileo's telescope* 

lo. A circle and its inscribed hexagoui^ move with equal ve^ 
locities, in directions inclined at angles of 30^ and 60®, respec- 
tively, to their planes. Compare the resistances perpendicular 
Xo their motions. 

« 

II* Sum thf; following series to n terms, , 

r +— .-_&c. 

and i.a + 2*5-h3.8 + 4.ti + &;c^ 
{2. Find the fluents of 

pi , or^i 

13, Having given the ratio of the periodic times in two cir- 
icles, described about different centres oi force situated in thieir 
centres, and also the ratio of the radii, it is required to find the 
ratio of the absolute forces. 

14. Determine the angle between the apsides in an orbit near- 
ly circular, the force being constant; takin|{ w ellipse about tb^ 
/^eatre iot the revolving grbit. 



V. ' 
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Tuesday Afternoon. — Mr. Peacock. 

Third and Fourth Classes. 



fi : 



!• If rr^ and •^' be two consecutive terms in a series of frac- 
tioiis convei'ging towards j-; then 

*^. Explain what' is meant by the conjugate points of curve 
Imes.* 

3. If « =/ J X, y ? , shew that 

d*u d*u 

dxdy "" dydx* 

^4. find t^he Integral or Vuent'of 

dx 
a?' — ^70?* + 12.x 

5. If a body be projected perpendicularly upwards with a 
^ velocity (a), its height (af), at the end of the time (/), is determi- 
ned from the equation 

'6. Enumerate' the different practical'methods of deterftiitinig 
the latitude of a ship at sea. 

7. Explain the method of measuring altitude), by tneaAs of 
the barometer and thermometer. 

8. A given rectiliriear object is placed before a spherical re* 
Sector of fLiVJ^ti radius* Find the equation to the conic section 
which is its image. 

9. Find an expression for the whole time of descent of a body 
from a distance (a) to the centre of force, when the force varies 
inversely as the square of ihe distance. 



' 10. Mention some of the problems, upon which the frisec- 
^'iion of an angle^ by common Geometry, may be hiade to'de|)ehd. 

Tuesday Evening.— Mr. Peacock. 

1. Demonstrate the rule for th& extraction of the sqi^slr^ Mot 
in numbers. 
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e. Every prime number of the form 4 n -+- 1 is the sum of two 
squares. ' 

3. Approximate to the value of x in the equation 

x^ — 20? — ' g ZZ Ot 

and explain the defects of the methods of approxiniation, ai^ 
given by Newton and Ralpbson. 

4. Prove that 

An ^ 1^ f'* *) 5r^ ' 

f » 

5. Integrate the differentials 

p 7-. — '-T-^* and »ap cos'of sm'o?. 

x' • J 1 + ^* f ^ ^ ^ 

6« Integrate the diSerences or increments 

0?' arid ^* cos x &. 

7. Integrate th^ diffefential equation^ 

(2) d*y f ^y 4x* = x ^ jc*, ^^^re 5^ is a fuijctiOQ of x. 

^?' d X Ic d y X** 

.^* Integrate the equatiou'of diffisrences, 

9. Given the length of the curve ; required its nature when 
its centre of gravity is most remote from the axi?. 

10. If two lines intersect each other within a parabola, the 
ratio of the rectangles contaified by their respective segments will 
ht the same with the ratio of the rectangles made by the segments 
p( apy other two Jines which intersect each other, and w^hich are 
respectively parallel to t)ie forper. 

11.V Apply D'Alembert'fi principleto the determination of the 
diH^npe of the centres of oscillation and suspension iti a com* 
jppundpenduluip- 

12. A triangular prism being immersed in a fluid of greater 
specific gravity than itself, it is required to detfermihethd difie?- 
ent positions in which it will rest in equilibrium. 

ig. A machine, driven by the impulse of a stream, produces 
the greatest effect, when the wheel moves with one-third of thr 
velocity of the water. 
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14. At a place whose latitude is 48^. $0', \^\ the meridian 
Altitude of the sun's upper limb was observed to be 62^ 29^. 56^^; 
it is required to determine the sun^s declination, the refraciibn 
being 29^^, the sun's parallax and apparent diameter of their mean 
Values, and the sine of 27°. 30'. ^' = .4617. 

15. Explain the method of correcting an error in the loDgiiude 
of a place, by means of the occultation of a giv^n fixed fitar by 
the moon. 

16. If r be the radius of an isosceles lens, whose focal length 
is equal to that of a lens whose radii are r and r ; then 



^ 2 It^ t\ 



17. If o be the length of a degree of the meridian at a point 
whose latitude is X, a the length of a degree of a curve perpen- 
dicular to the meridian at that point, a the axis major of the meri* 
dian, and t the difference of the semi-axes ; t)^en 

- = , (nearly). ' 

a 2 A cos ' X. ^ ^ 

18. The moon is retained in her orbit by the force of gravity* 

Newton. Lib« III. Prop. 4. 

19. The sum of the sides of aright-angled triangle remaining 
the same, required the nature gf the curve to which the hypo* 
thenuse is always ^ tangent. 

so. Explain the method of drawing a normal to a given curve 
surfade. 

21. Give an account of the controversy between the followers 
of Newton and Leibnitz, concerning the measure of motion, 
and reconcile the experiments and results to which the latter 
appealed, with the measure assumed by the former. 

22. If two chords of a circle intersect each other at right 
angles, the sum of the squares described upon the four segments 
is equal to the square described upon th^ diameter. 

23. Give some account of the Analysis of the Ancient Geo- 
meters. Exemplify it in the solution of the following problem : 
*' To bisect a triangle bv a straight line drawn through a given 
point in one of its sides. ^ 
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Monday Morning. — Ma. French, 

JIFirsi and SefQtid Classes* 

1. The present value of an annuity, to continue for a terni' 
of years at a given rate of compound interest, =r «» X the pre* 
sent value of the same annuity, to be paid only during the tatter 
balfof the same t^rm; required to find when t|ie annuity will 
cease ? 

2. To determine the numerical value of the arc A which wil) 
satisfy the following equation : 

sin. B 4- sin. (a — b) + sin. (aA + b) rat 

^in. (a + b) + sin. (2 A — ► B). 

g; Prove that the sum of all the coefficients of a binomial 
raised to the (a«)**^ power ; the coefficient of its middle term 
; : 2 . 4 • 6 • &c. to n factors : 1 • 3^- 5 • &c. to n factors. 

4." A body is suspended from a given point in the horizontal 
plane, by a string of known length, which is thrust out of it;s 
vertical position by a rod (supposed without weight) acting 
from a given point in the plane, against the body ; shew that the 
tension or the string varies inversely as the tangent of theinclina^' 
tion of the rod to the horizon. 

g. Two equal hollow paraboloids have a common axis, 
which is vertical, and such a quantity of water is poured in be- 
tween them, as just to touch the lowest point of the inner figure; 
demonstrate that the surface of the water will be a tangent plane 
to this figure, in any position of the common axis. 

6. In Gregory's telescope, the focal length of the larger re- 
flector, the position and focal length of the eye-glass, and tl^e 
distance between the two images of a remote object being given i 
feqilired to find the position and focal length of the sm^Ter r^^ 
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flector» which will cause the telescope to magnify the object in 
any proposed ratio. 

7. Having given ni -=: u^^e, sin. u ; required the first four 
terms of the series expressing n in terms of nt ? 

8* A spherical body descends in a fluid by gravity ; to de- 
tenninc tbe q^^tity of the resistance^ when the body has 
described a given space. 

9. The force varying inversely as (dist)' and th<i velocity 
being that which wovld be acquired from infinity, a body is 
projected from ^n apse ; compare the time of its descent to the 
centre with the periodic time in a circle, whose radius m half 
|he apsidal distance. 

^ Sjpt To find the fluent of 

ai» Sum the following series 

~i^ + — i- -J — -4- &c. in inf. 

1-1 8*5 5-9 i 

12. A body described by a parabola about the focus, and at 

same time the figure moves uniformly in a direction perpendicU" 

lar to its axis, which continues parallel to itself; to detennine ^ 

ihe path described by the body in fixed space. | 

Monday Avternoon^ — Ma. FR£Xi:a# 
Fifth and Si^th Classes, 

1. . , z- — -z- ^ Required the values qi x? 

x + 2 Qx — 20 13 ^ > . 

2. Required the ratio which is onfs half of the ratio 

3. The sum of an arithmetic series is 5, thje first term %$, 
9$xi the comiOQn difference — j ; find the pumber of terms. 

4. To determine the value of tan. 3^** to two places of decs* 
jpals. (rad . = i aoop). 

5. p being any point in an ellipse, whose semi-axis major 
is AC, prove, that, if the normal {pG) be produjced to med 
4he conjugate diameter in f and the minor axis in v, > 

pj . PV =: (AC)*. 

6. Two circles touch each other internaHy, and the area of 
the June cut out of the larger is equal to twice the area of the 
'smaller circle. Required the ratio of ^e diameters of these 

circles. 
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7. A body is projected perpendicularly upward ti^kh a velo- 
city of 64 feet per second, find the time of ^scetit through '6>^ 
feet. 

8. The length of the gage of a condenser is. is incheg, and 
the space occupied by the air in it, after two descents of the 
sucker, is half its whole length ; to determine the space which 
the air will occupy after the third descent of the sucker* 

^. Having given the focus of incidence of a. pencil of -rays 
which passes nearly perpendicularly through the sides <>f a 
prism, and sin. i : sin. r : : n : i out of the ambient medium 
into the prism; required (» being a proper fraction) to find the 
focus of emergent rays, 

10. If a star be situated nearer to the pole of the ecliptic than 
to that of the equinoctial^ shew that its right ascension exceeds 
180°. 

11. A body is revolving in a given circle iibout Its centre, 
if the absolute central force be increased in a given ratio^ whkt 
changef must be made in the velocity of the body that it may 
still describe the same circle ? . 

12. Deriiolnstrate, as Newton has done (Cor. '2. Prop. 10.), 
that the periodic times m all ellipses about the same centre are 
equal. 

13* Assuming the velocity to vary as JJ' • , a beidg 

the initial distance, iind'x the variable distance of the body from 
the centre of force ; to determine the law of the centripetal force. 

i 4. One root of the equation (* ' — 1 1 x* -4- .37 jr ^^'^^ z:. o) 
if 3 + V^ » required the remaining roots. 

15. Required the fluxion of \ — r^ • 



16. Find the fluent of 



9 * 



c-Jz' 
Monday Afternoon. — Mr. Failows. 

Third and Fourth Classes. 

t . What part of half-'a-crown is equal to -f of ts.s\d. ? 

2. Of all triangles under a given perimeter, and ydeterminatc 
side, shew that to be the greatest in which the two indeterminate 

' sides are eqiial. 

3. If the^*^ and q^^ terms of an arithmetical progression be f 
and Q^ find the sum of n terms of the series. 



fj6 CAMBRIDGE PROBLEMS, iSlS* 

« • 

4* Tran«f6nn the cubic equation a?* + px' + j^a? + r i= o, 
whose roots are a, b^ c, into another whose roots are 

5. A ship sails directly north at the rate of (a) miles an hour« 
and the velocity of the wind is (6) miles an hour; find the di- 

.rection of the wind so that the vane may point due west. 

6. Find the quantity of water discharged from a small gfven 
orifice in the side or bottom of a vessel in a given time ; the vessel 
being kept constantly full. 

7* Having given the radius oC an arc of any colour in the 
secondary rainbow, find the ratio of the sine of incidence to the 
sine of refraction when ray$ of that colour pass out of air into 
water. 

^ 8. If a body revolve in an ellipse (whos^ major and minor axes 
are given) with the force tending to its focus, and the time of re- 
volution be given ; find the actual velocity of the body at any 
given point in its orbit. 

g. If the hyp* log. ^ ,,^ " J = if find a?. 

10. Find the surface of the solid generated by the revolution 
#f a common cycloid about its axis. 

] 1. Explain why the effect of aberration on a^ star not situated 
in the solstitial colure at six o'clock, either evening or mornings- 
is partly in declination, and partly in right ascension. 

12* A luminous point is placed in the axis of a glass lens, 
which is plane on one side and curved on the ijth^r ; find the 
- nature of the curved surface so that rays diverging from the lumi- 
nous point may, after passing through the lens, be refracted ac* 
xurately to another given point. 

ig. The right ascension and declination of a star b^ing given, 
as also the time of the year when it rises with the sun ; find the 
JUtitude of the place. 

14. The increment of the hyp. log. (x) =: » 
1^. Find the following fluents : 

« a? • • 

j{^ . j>«\i ; / IT 5 J ^^» ^b«r« a is an arc whose K.v^ 

gent — ;r. 



Monday Even inc.— Mr. Fallows. 

I. If ^1. «£8. •£27. &€. be lent at the beginning of the £rst, 
second, third, &c. year; find the whole amount due, at simple 
interest, at the end of n yc»r«, at r rate per cent. 

s. Given the four sides of a quadrilateral figure inscrilked m i 
circle ; to find its diagonals. 

3. A string passing over a fixed pulley is coilcdii on each 
«tde of it, round two cylinders of equal weight (o;^,. the one 
being of uniform density, the other collected in the circum** 
ference; find the tension ol the string when they are a^ libiSKty 
to mpve ; the inertia of the string and pulky not being ta^tea* 
into account. 

4. Given the area of a rigbt-angkd triangle ; tx> find the curve 
to which the hypothenuse is always a tangent. 

5. At what angle must two plai>n reflectors be inclined, so 
tkat a man standing in a given position, may see his face in ffo^ 

Jilt in the image of one ot them ? 

6. The ages of two persons Being equad ; find the value ol an 
annuity of <£i. tor their joint lives. 

7. A body revolves in an ellipse, the force being in the focus ; 
shew that if an additional velocity be communicated to i^ in its 
descent from the higher to the lower apse, the apsides are regres- 
sive^ and if communicated in its a&eent from the tower to the* 
higher, they are progressive* 

8. Two barometers whose lengths are a, a^ inches, eontaia 
6, V inches of air respectively ; if on account of some change 
in the weather the former barometer falU one inch, what will be 
the depression in the latter ; supposing a perfect barometer to 
stand at 30 inches before the depressioiT? 

9. Equal altitudes of the sun are taken before and alter it$ 
passage over the meridian and the times of observation noted 
by a chronometer ; find its error when the change of declination 
is taken into accouht. 

10. Find the integral of cos. z; 3ind from thence, sum the 
aeries cos. a+cos. (a + 6)4-cos. (a + 2ft) + cos. (tf+ni),- 

1 1. Find the following fluents : 

>»x . arc. (sm. = x\ J ^—-^ ^^ ^ ^^ ^ ^,^ . 

12. Find the relation between x and y in the following, 
equations : 

^y—y^ — U* + i)« = o; 

(A* + y^)^ + 2«* /(a — a?) . x y =: o. \ 
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13. IF the mean density of the earth (Gonsidered im a sphere) 
be to the density at the surface as 1 : m ; find that power of the 
dtttance from its centre according to which the density of it^ 
parts varies* . 

14. Explain the construction of Mercator*$ Chart, and from 
^dwnce find the distance of two places projected on the chart 
vhose latitudes and longitudes are given. 

15. If a prolate spheroid be cut by a plane passing through 
the focus, the section will be an ellipse having its focus in the 
focus of the spheroid* 

16. Prove that the sum of the terms of Taylar*n Series com- 
mencing with any given term, can always be rendered less than 
the term immediately preceding it. 

17. If a small pencil of parallel homogerieal rays be refracted 
into a sphere of water, and emerge parallel ; shew that after two 
refractions and one reflection, the ai^le contained between the 
incident and emergent rays is a maximum^ and after two refractions 
and two reflections it is a minimum. 

i8* A circle has the greatest triangle inscribed in it^ a circle is 
inscribed in the triangle which has the greatest triangle inscribed 
in it, and so on ; find the sum of all the circles and triangles* 

19. If FOC -^ and be attractive; shew that six different' 

kinds of orbits may be described with proper velocities and 
angles of projection, and only six ; and^when repulsive, only one. 

no* A paraboloid rests upon a horizontal plane with its axis 
^vertical and vertex downwards : What must be the length of its 
axis in order that the equilibrium may be that of indifference f 

* SI. If the resistance of the medium vary partly in the simpTe 
and partly in the duplicate ratio of the velocity, and a body urged 
by the force of gravity ascend or descend in the medium; shew 
haw the spaces described by the body in different times may be 
compared. Newton^ Prop. 14. Book. II. 

a a. A rigid prismatic bar of uniform density and given 
length is placed in the straight line joining two centres of rorce, 
^hose distance is given* and whpse intensities are in the ratio 
of 9 to 1 ; find the position of the bar so that it may rest in 

equilibrium, supposing Fa — • 

23. The lunar orbit being supposed circular ; compare the 
nioon*s velocity in quadratures with its velocity at any given 
place of its orbit, takinff into consideration that the earth and 
moon revolve about their common centre of gravity. Ntwtbnt 
Prop. 26. Boojl^ III« 
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%f. Investigate the follovrhig formula for deaciog themoon't . 

J. ^ . , X . / % I COS. A COS. B 

distance : ver. sm. (d) = vcr. sm. (a — b) + tt . 

* ' COS. a COS. u 

< vcr. sin. {J) — vcr. sin. (a — 1)1 where a, b ; a, J, are the 

true a)id apparent altitudes; D» d the true and apparent dis*^ 
tances. 

Tuesday Morning. — ^Mr. Fallows* 

Firsi and Second Classes^ 

t. Find two fractions whose denominators are prime to each 
other and their sum i\* 

9. The area of a trapezium is equal to the product of its two. 
diagonals multiplied by halithe sine of the angle formed by 
their intersection. 

3. In the expansion of -— — ^^ ■ ^ 5-; find thege* 

neral term. 

4* Given the lengths of two ordinates of the logarithmic curve, 
and the portion of the abscissa intercepted between them : to 
construct the curve. 

5. Find the position of the centre of gravity of any number 
of bodies situated in different planes^ 

6. If a body fall by the action of an uniform force and de* 
ncribe [a) and {b) feet in the m}^ and n^ second respectively, 
(reckoning from the beginning of the motion) ; find the space 
described m the x^ second* 

7. Two given glass meniscuses of the same diameter and the 
tame focal length being joined together with their convex 
sides outward, and the included space being filled with water 7 
find the focal length of the lens; ita thickness not being con* 
sidered. 

8. If an oblate spheroid whose axes are given, be filled 
with water and placed with its major axis perpendicular to the 
horizon : find the time of emptying through a small given orifice 
at the extremity of the vertical axis . 

9. Prove, strictly, that v = F/, iw =r Fx, and t- =: !•• 

t* 

10. In a given latitude and longitude, a vertical plane ^ 
dines (a°) ^om the south towards the west; find the place to 
whose horizon the plane is parallek 

x^. If a body tall from rest through a given space ab towtrde 

})a 
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a^iven oeatrcof force c, iijt ^ seconds ; c<Mopftre the force a 
with gravity, siippositig Fa -j. 

. iQ» Investigate the nMure of <^ ciirve, in which lines drawn 
from a given point perpendicular to the tangent may always be 
equal. 

13, Find the integral of • 

14. If an elastic chord of uniform density, whose length Is 
(l) and weight (w), be stretched in an boriswntal position by a 
given weight {to) and the increment of length be (/) ; find the 
length of the chord when suspended by one of its extremities ; 
the increment of its length being always as the weight which 
stretches it. 

Tuesday Afternoon. — Mr. Fallows^ 

J5/ij4 and Sixt^ Classes. 

1. A person sold goods to the value of <£iooo atid gained 
«o per cent. What was the prime cost ? 

s: Surd roots of the form ±^ ^(h) enter equations by pairs. 

3* If two triangles are to each other ^s their bases ; prove that 
they have the same altitude. 

^. A body is projected up a plane inclined to the horizon at 
an angle of 30*^ with a velocity of 20 feet per second, find where 
it will be at the end of four seconds. 

5. If sin, (a — b) z: I rad. and sifi. (A — 9) =: a^. (A + M) 
find A and b« 

6^ find how far a body will fall from rest ; while a pendulum 
wbfk&e /length is so i<nches.makes so vib^r^tionsp 

7. I^dfine iogarkinas, and ^benr ttom tbedefiattion that log. 
(fib) zz Jog. a + log, b ; lo^. ( | j = log. a — log. b ; log, a"^ = 

h !og. a. 

8. A hollow globe is filled with fluid ; compare the internal 
pressure with tlie weight of the fluid. 

9.. In ihe.niiagic Jantero« pcove that no ime^e will he,fiprmed 
upon the screen, unless the distance between the lantern and 
ibc screejB he gr^^ater tlian four times the focal len^ oi tjbe leas. 

' so. The Sim m at^tiie same altkuide at equal intervala of iimo 
before and afier its passage vbver the iiieiWiffJ]^ sj)i(;ipo«ag flu 
fjli^ge ia def linatioA to have taken jplape during the iuterval. 



" 11. FQC -^ ; a body revolving in 2i circle at a given distance ^ 

from the centre will by its motion at any ppint <;urae4 vpwardft 
a^ceod to twice its distance from the centre. 

I2« Find the following fluents : 



y^ ax r xi 



1 3. The circumference of a circle tp its dijimeter is nearly is 
the ratio of a 2 to 7. 

14< Inscribe the greatest paralt^Iopipedin a sphere. 

15. Every inscribed triiangle formed by iany tangent and the 
two intercepted parts of the asymptotes ot a hyperbola^ is equal 
to a given area. 

i6. Find the radius of curvature' at the vertex of a common 
^rabola. 

17. .If a body revolve in a logarithmic spiral, find the law of 
centripetal force tending to the pole of the spiral. 

, • ■ 

Tuesday Afternoon. — Mr. French. 

Third and Fourth Clashes* 

^^ 1. If A| By c, be three angles of a plane triangle, having ^ 
given cos. B = f -r-^ — j prove the triangle to be isosceles. 

60^ 1 \' 

s. Prove that the arc ^ = (»* r- ^A seconds =;: ^«^^ 

3. If a body be projected perpendicularly upwaied, the time 
of its ascent through any space is determined from the quadratic 
equation (vst'— - V • t + s =1 6); shew that the least root is that 
which answers the conditions of the problem.' 

^. If a given pendulum be made to oscillate in a cycloid ; its 
greatest velocity in the cycloidal arc : its greatest' velocity in 
the circle •: : the cycloidal arc described 'in its descent : the 
chord oi the circular arc described. 

* 5. A solid of revolution, whose axis is perpendicular to the 
horizon, empties itself by a small given orince ; required its 
Biturct w3>ea the velocity of the descending surface varies in- 
versely as the ofidinatfiof the generating figure. 

6. An eye being placed so as just to see the. lowest point 
of an hcmisfheiicai vessel, when empty; it^ is required to<ie.i 
tennine the perpendicular depth of that point.of its inner surface 
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nearest to the eye» which^is brought into view wheh the vessel 
it filled with water* 

- 7. To a spectator in the northern hemisphere, the snn^ 
whoke declination =r I5**, rises just two hours betore noon;* 
prove that tan. latitude of the place of obaervatioa s= 

8. A cylinder, whose weight = 133.6ft). and rad =10, re- 
iFolves about its horizontal axis ( to determine the time in which 
a weight of so)b*' acting by means of a string at the circum- 
ference of the cylinder, will generate a velocity of t foot per 
aecond at a distance = 1 from the axis, (m = 16 feet). 

, ^' If bodies move in a logarithmic spiral from different 
points to its pole, shew that the times of their motion are as the. 
aquares of the spaces which they respectively describe. 

lo* According to what power of the distance must the force 
vary^ that the areas^ data tempore^ in all circles uniformly de- 
acribed about the centre of force, may be equal ? 

11. If the point A (Prop, 41. Sect. 8.) be removed to an 
infinite distance from the centre oi forc^^ shew from NtwtorC% 
construction (Cor. 3.), that the hyperbolic spiral will become 
a circle. 

%%• The length of the catenary =: a f — 4* -. ) » » being 

t t * 
ks greatest ordinate and a the lateral tension. Required a proof. 

13. y zz i ^^ • Required the maximum value of ^. 

Tuesday Evening.— -Mr. Fbenck. 

1. A person transfers ^1000 stock from Hbs five per cents, tcr 
the three per cents, when the iormer are at 110, and the latter 
at 84; if» at the end of six months, the five per cents, have 
risen to 112^ what must then be the price of the three per 
cents, that he may sell out without having gained or lost by the 
transfer ? 

8. Having given two distances from the focus of a parabola 
and the angle between them, to construct the parabola. 

3. To determine the greatest straight line which can be 
drawn from a given point in the minor axis of an ellipse to ita 
periphery. 

^. A ball is projected from a given point in the horizontal 



plane at an angle of 30^, and after <le8Crtbi]ig two-tbiirds of- tU 
horizontal range, strides against a sonorous body ; havii^ gtvai 
the whole interval between the instant of projection, and the 
instant when the sound reaches the point of projection, to find 
the initial velocity. ' 

5. The periodic times of four bodies being 24, 22, 20 and 
18 days, respectively; in what time, after leaving a conjunc- 
tion, will they all be again, in conjudtioii, and what number td 
revolutions will each have performed ? 

6. If rays fall nearly perpendicularly upon a -spherical re- 
fracting surface of a denser medium convergiifg to a point be- 
tween the surface and its centre, and sin. i : sin. r :: mz ni 
$hew that the greatest distance between the conjugate loci :=: 

^ — ~ ^ . r. {r being the radius of the refracting surface.) 

7. The values of an ounce of platina, gold, and silver beii^ 
^, g and J respectively, and their specific gravities a^ b^ c; com- 
pare the value of a coin, made of platinaand silver, and which 
equals a guinea in weight and magnitude, with the value of a 
guinea. 

8. Shew that the n*^ term in the series of hexagonal numbcfs 
is the same with the (2» — 1)^^ term in the seriei of triagojal 
numbers. 

9* The point c is such that all straight lines drawn from it to 
two given points a, b, are in a giveii ratio ; prove that the iocus 
of c is the circumference of a circle* 

lo. A small object is placed at stich a point in the diameter 
of a sphere of water as to be distinctly- seen, after one reflecttoa 
and one refraction, by an eye in that diameter produced ; com* 
pare its visual angle with the visual angle oi the same object wbe9 
placed in the principal focus of the sphere. 

. ti. Find the following fluents : 

r ax ^ r(cr±x^.x 

, of /ll^*) J (hyp. log. ^r 

12. A wheel, in 36 revolutions, passes over 29 yards, and in 

yds.' feet inches 

X of these revolutions it describes « + y + 5 ; to find the 
values of x, y and z. 

13. To find the place of a body in an elliptic trajectory atanjr 
given time. (N^wian, Vol. L Sect, 6.)* 

14. Deduce Kepler's law of the equable detcription of areas 
about the centre pi force from the three fluxional equations of 
motion. 
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15. invHtigiiic iht expression for the preccwiOit f h right aii- 
l^ension of d star, whove right astension i» greater than 180^ and 
less than 270^ 

lo. Required the sum of the terms of a binomial fa-f jp) » a£ 
' intervals of n from each otheri beginning with the (p 4- t)*^ 
term. 

. 17* A given hemispherical vessel, whose thickness is e, rest* 
ing upon its base, is filled with fluid to a depth sn half of its 
inoef radius; required the ratio of the specific gravities of the 
vessel and the fluid, when the vertical pressure of th^ fluid «3 
the weight of the vessel. 

i8. To resolve (a*— a J . 2 cos. fl-hJ') into a series of 
cosines of arcs; the multiples of d, by meanis of the formula 

% COS. ^ :t: af* -f- n^^ , and the binomial tlieoretii» 

m 

ig. A body moves in a logarithmic spiral, the centripetal 
force varying inversely as (Dist.)*» and the resistance as the 
density of the medium and the square of the velocity jointly ^ 
from these data determine the law of the density. 

20. Sum the following series : 

^ ■ •+• ' — -' *---* + ■■■ ,. ■ ^ ,, . : ■■ + 4cc. ton terma 

by increments, 

a ,. a+3 a+20 

«# +(tf-+-t^)« +(a+fib)» -f- &c. to ft terms. 

21. If seven balls be drawn from a bag containing eleven iti 
all, five of which are white and six black ; what is the probability 
that three white balh will be drawn ? 

22. Prove that the sum of all the numbers of n places, which 
can be formed with the n digits a, h^ c, &c. : sum of all the 
numbers of n places which can be formed with the n digits p^ 
y, r, &c. of the same scale :: tf+^+e+ &c. ip-\'q-\'T'\' &c* 

23. In a revolving fluid spheroid of small eccentricity, shew 
that, if sin.' lat. :r j-, thir distance from the centre (cp) =r the 
radius of an equi- capacious sphere, and that the central attrac. 
tion of p arising from the mutual gravitation of the particles of- 
the spheroid, is equal to its attraction to the same sphere at rest. 

. 24. ABCOE is a pentagonal billiard table, with unequal but 
given sides and angles ; it is required to find that point in one 
of its sides, and the direction of impact, such, that an elastic 
ball may continually describe the same path, sinking every aide 
of the table in succession. 



CAMBRIDGE PROBLEMS- 



THE SENATE-HOUSE PROBLEMS, 

Given to the Candidates for Honors during the Examination 
for the degrees of B. A. in January ^ 1819. 

BY THE TWO MODERATORS, 



Monday, Januakt 18, 1819. 



Monday Morning. — Mr», Peacock. 
First and Second Classes. ^ 

!• What number of degrees^ minutes and seconds are con« 
tained in an arc equal to radius ? 

2. If from a point without a parallelogram, lines be drawa 
to the extremities of two adjacent sides and of the diagonal 
vhich they include ; of the triangles thus formed, that, whose 
base is the diagonal, is equal to the sum of the other two* 

3« If Mx^^^ be the first negative term of the equation 

jrn + ^«»—l + .... — ilfj^n— m — .... =; O. 

and if P be the greatest negative coefficient^ then 1 + ^ P is . 
greater then the greatest root of the equation. 

4. If the inverse ratio of any two consecutive coef&cients^ot 
the series 

flo + tf,* + ^*' + a^x^ + &c. 

be finite, it is always possible to assume x so small, that any onC: 
term of the series may exceed the sun) of all those which fol« 
low it. 

5. In the direct collision of bodies, the velocity of the centre 
of gravity i^ the same before and after impact. 

6. The bulb of a thermometer is successively plunged into 
boiling water and melting ice^ and the mercury in the tube falls a 
inches : given the diameter of the tubcj and the diminution of 
bulk, due to one degree of temperature, to find the capacity of 
the bulb. 

7. If rays nearly parallel, are incident upon a concave 
spherical reflector, whose radius is r, and if ^ and d' be the dis* 
tances of the foci of incident and reflected rays, then 

i 
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. 8* Explain what is melint by the line of collimaHon ; and shew 
by what me^ns any error .arising iron it, may be compensated in 
the circular transit instrument with an azimuth motion, 

.9. Explain the method of finding the longitude, by observ* 
ing the increase of the moon's righ( a^censiuHi iq xhfi interval of 
ber transit over two meridians. 

lO. Two lines AP and BP in the same vertical plane, pass 
through two points A and jB situated in the same horizontal 
line: find the locus of tUe point P, %q that the time of a body's 
descending down jIP and ascending up BP with the velocity 
acquired, may be constantly the same. 

!!• Integrate the differential equation 

tfl. All epicycloids, the radii of whose generating circles 
bear an assignable numerical ratio to the radii of their bases, are 
expressible by finite algebraical equations. 

43. The cycloid is the curve of quickest descent, between 
two points which are not in the same vertical line \ 4emonstrate 
this L) the Calculus of Variations. 

MONBAY ArTBAMOOV.t-rMR. PsACOfK, 

Fifth i^nd Sixth Classes. 
> 
!• What is the purchase money of £\^6* s j^. i^. 3 P^ 
cent, annuities, at 7^^ per cent ? 

9. Give the reason why quadratic equations admit of two 
Jblutions. 

3* Investigate an expression for the number of combina* 
lions oi n things, taken m and m together. 

4* Explain in what case and for what reason. Cardan*^ 
formula for the solution of a cubic equation, does not enable us 
to determine the roots. 

^ Sum the seriest 

|/ft (1 + /2) "^ (1 + v^a) (g + t/fi) ~ 

—-, . + &c. in infinitum. 

(a + V^) (3-»" V^) 

6« Prove that if » cos ,4 =: * 4- - 5 then 8 cos m ^ = 
1 



7* Explain th6' method of determining the height of an in« 
accessible object ; give the formulae of solution of the tHailgies 
and adapt them to logarithmic computation* 

8. The lines drawn from the angles of a triangle, to the 
bisections of the opposite sides, all meet in one point. 

9. A body descends 400 ft* down a plane inclined at an angle 
of 30^; Calculate the actual time of desceint to 3 place! o( 
decimals. 

16. If /iT be the weight sustained by the wheels of a carriage^ 
what is the force necessary to keep k at rest, upon a road inclined 
at a given angle to the horizon, the line of draught being parallel 
to the road ? 

11. Explain fully the construction and principle of the com* 
fhdh pUihp. 

as. The periodic times of the planetary bociies are indepenl^ 
cm of the eccentricities of their orbits. 

1 3. Explain the phases of Venus* 

14. What is the Cause of twilight? Within what limits of 
fH>tar difitanc^, ts there at least one sky of the year, when it will 
continue all night ? 

1 j. When {iat^ltel rGiys are incident Dearly pei^^ndicul«rly 
u^bn a spiil^Hcal refracting surface^ find the geometrical focul 
oi retracted rays» 

16. Investigate ikt tu\t for finding the muxtma and mnims 
talues*of a function of one vari^ble^ and fthew in what manner 
they are distinguished from each other. 

17. Find lift expression for the radiut.ef curvature of the 
ellipse^ 

18. Find the centre of gravity of the arc of a cycloid. 

19. In the collision of perfectly elastic bodies the relative 
velocity is the same before and alter impact. 

fio. Given the weight of a body in water and in air, to find 
its true weight. 

21. Compare the forces by which the Moon is Sittratted hf 
the Earth and Sun. 

idoNDAt A^t£RNOON.— MR.GWAtitir* 

Third and Fourih Classis. 

i. Extract th« jquarfc root of ^ **- */ •*• aac -j^f— .ZV 

i « 
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2. Solve the eauation ^— -i ^ ^ = c, 

and find x and j^ from the following 

*♦ — ;t« +/ — / = 84 

«• + «•/*+>* = 49 

3. Produce a given straight line to that the rectangle under 
the given line, and the whole line produced may equal the square 
of the part produced. 

4. Findhy the method of continued fractions a series of 
fractions converging to v^3. ^ 

5. Prove that the third term of the equation ** — pa/* + qx 
— • r = o, cannot be taken away if ^* be less than 3^. 

6. P and. j2 sustain each other on two inclined planes, which 
have a common altitude, by meansof a string parallel tothe planes. 
Shew from geometrical as well as mechanical considerations that 
if they be put in motion, their centre of gravity describes a right 
line parallel to the horizon. 

7* Bisect thearc of asemicycloid ; and if a body oscillate 
through it, compare the times of describing the first and last 
half. * 

8. A right cone whose axis is vertical is just immersed in a 
fluid, first with its base, then with its vertex downward. Com- 
pare the pressure on its whole surface in each case. 

♦ 9. An object being placed between two plane reflectors in- 
dined at the angle sa^. 3o^ find the number of images, and shew 
that two of them coincide. 

10. The whole disk of the moon is faintly visible when she 
is near conjunction, and also when sufiering a total eclipse. 
Explain these phenomiena. 

11. Find ihe fluxion of arc whose tang. =: 

a/ fLZZJLj , and shew that / d x(t — x*) 2 

(takeii between the limits of ;r = o and x = 1) = 

1.3.5 .. . . (2 n — i) 7f 

— ^_ — . .^. 

a . 4 . o . . • . 2n s 

la.^ Find the area of the curve tr^c^d out by the intersection 
of the sine of an arc, and the secant of halt the arc, while the arc 
increases from o to a quadrant. 

1 3. Shew that the number of primes is infinite. 

i4. Find the polar equation to the ellipse, the centre being 
considered the pole. 
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15. Supposing the density of the air to vary as the compresi- 
ing force and gravity inversely as (dist.)' from the earth's centre ; 
find the density at any altitude, and shew from the result that the 
first of the above hypotheses is inadtnissihie* 

Monday Evening*— Mr. 6watkin« 

%p Extract the square root of 14 + 8 v^3* 

fi. Given the first a(nd last terms, and the sum of an arithmetic 
series, to find the common difference. 

3* It three straight lines not in the same plane are equal and 
parallel, shew that the triangles formed by joining their adjacent 
extremities are equal and their planes parallel. 

4. Shew that the convex surface of a spherical segment is 
equal to the area of a circle whose radius is the distance orom the 
pole to the circumference of its base. 

5* The bodies A, B% C are acted on in parallel directions by 
the accelerating forces a, i, c ; Find the point on which, if con- 
nected, they would balance. 

6. Define a mean solar year, an apparent solar year, an 
anomalistic year and a sidereal year. Explain whence' arises the 
difference between the two first, and write down the three last in 
order of their length. 

7 . With a single die, find the chance of throwing the six faces 
in six trials. 

8* Given the base of a triangle, and the exterior angle always 
equal to three times the interior and opposite angle at the base, 
required the area of the curve which is the locus of the vertex. 

9. Find the principal focus of a concavo convex lens of 
inconsiderable thickness. 

10. If a hemispheroid and a paraboloid have the same base 
and altitude, shew that their solid contents are as 4 : 3. 

11. A paraboloid of given dimensions and specific gravity 
floats with its axis vertical on a fluid whose specific gravity is 
known. How far may the axis be increased before it tends to 
(all from its vertical position. 

12. If the difference of two numbers be invariable, shew 
that as those numbers increase the difference of their logarithms 
diminishes. 

13. Integrate the quantities, 

d X J d X 

QO%AX .e,dxt 



-^ 5 , co».« ^ . c, a *, -7-7 . ^ 
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^ji. ^t-./ di^ 1 h^d.cbs.x 

Va + 6«co<;ic y^ U* -— 6') a + ^.cos.jt 

« being greater than 6i 

14. Two planes equal in length are inclined at 45"* and 30^ 
to the hori:6t>h« A bddy i§ projected da#ntrard from the top of 
the first, and another upward from the bottom of the second, 
each with the velocity acqilifed down a Vehit^all liii^ #qtia> in 
length to either pli^ne* Compare the times of deseribidg e«ch 
plane^ and the velocities at the end of the motion* 

15« Shew that Newloa's trochoid in the sixth seitioti has a 
paint of coalrary flexure, and fiiid its posittofi, 

i6. Find the kHgth bf th^ meridian fo^ any btitiidi^ iif 
Merealer^s charts the crblate figure of the earth being considered 

if* t^dve tbatf ih ih^ etbit de^cHbed rdund tbfe lun by th^ 
centre of gravity of the earth atld moon^ (he ^lli^tttal fortti and 
th^equJBtble delsciiption of areas are miicb m^re li^iy preserved 
than itl that wbieh the earth itself describes^ 

l8. Newton, Sect. 9. Prop. 44. Find thi^ uHin^atfe int^fy 
potion of Cp the radius vector of the moveable orbit And of Hie 
line m h which measures the difleremial forc^ 

i^i Imegrate the ^qiiation^, 

V^r . d y :z ^y. d X ^ v>y . dy ; 

dz dz , 

20; Ij|e(ine the circle of curvature, and thence deduce the ex- 
pressions for its radius and co-ordinates of the centre.' Determine 
whether the circle oi curvature cuts the curve at the point 01 
toiit^Ct or ih^rely touches it ; and apply your result to the tase 
of the ellipse at any point and at the extremities of the semi-axes. 

^1. The l^arth being supposed spherital and all its matter 
collected in the Surface, in which a circular aperture of givenr 
i^difi$ is made^ atid from whose middle point a body being let 
fall diesisends to the ctnti^ ot the eaith, find the velocity aequiretl 
ai atiy point of the desceiit. 

22. Explain what is meant by the particutat Ablution of a' 
differemial equation, and hov^ \\ arii^es. Give the method of 
deducing it, first faro^ the complete mtegral, and next from tl»b 
differential equation ; and sLew that the results thua obtained' 
coincide. . ^ 

23. Point out the method of determining the max. and min; 
rallies of an expression containing two vatiablesr; and give 
tlie eriterion which decides whether the value thus obtained iii a 
maximum^ a minimum^ or neither* 



I 

94. Sfaenr th^ft tb« planes of tlie ctrclnf whieh meisuif ibe 
greatfiit 4pd Isa^t eurvatiire of a surface at any poini ^0 at right 
angles to each other ; and having givon the radii of theae deter^ 
mine the radius of curvature in a plane which is ii^clined it ^pf 
^Bgle to Che former* 

Tuesday Morning.— Mr. GwAfKiK. 
First 4Md S^gpn4 Cl^sfs* 

1 • Find the price of a marble slab jft. /in. long, and 3ft. 510* 
wide, at 6s. per square foot. 

ft. Construct a tetrahedron upon a given straight line, and 
find the radius ot thf sphere described abou^ it. 

'3. A fraction in its lowest terms whose denominator it 
prime to 10 produces a €irci|Uting decimal. Required proof. 

4* Find the right line of quickest descent from' a jii^ht line to 
^ point) the latt^c Hn^ and po^nt bieiqg given in i^osiuon^ but iq( 
in the same vertical plane. 

^ ^. Shew how the focus of 9 given parabola may be found. 

6. Find the weight and maguitude of 9 $olid hy weighin|^ 
it ip two fluids whose specific gravities are knpwn. 

7. A small rectilineal object is placed before a spHerica) 
reflector at a given disiance froqi it and inclined at a given angle 
to the axis. * Required the position and inclin^ition of the image. 

8. Qiven the base of a triangle ^n4 ratio of the angles at $h^ 
base, draw an asymptote to the curve traced out by the veiteiif:^ 

9* Iotegr4te the following expressions 

^(1^*'), dx , , . 

^^■^? ^*^ ^ (^ 4- Jx -h C^^) ' ^°^ ^^'^^^^^ ^^"^^^^'^ 

X* d^ y =: ay dx*. 

! SO. Force oc , ,. , 7 ,, ; shew, that if a particle of matter be 

(dtst*r ^ 

attracted to a straight liiie, the direction in which it begins to 
move is determined by bisecting the angle formed by the lines 
which Join the parttf:ie and the extremities of the attracting 
line. 

, %t. Irj the expansion of (t rj- ^t + «•)* write down the 
cpefficient of jjr'. 

19. Find the centre of gyration of a cube revolving ro.u)i4 
an axis which passes through its centre of gravity* 

IS* Sttwthe WW iv^4 + i. bw. i 4 + i ua.i ^ + &c# 

ad infin« 
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14. Shew how a plane may be drawn taucMng the surface of 
any solid; and draw a plane touching in a given point the 
surface of an ellipsoid whose equation is 

\a)^ (i) "*"(7y = M *,*•«• being tht co-ordinates^ 
and a, b, c^ the semi-axes. 

Tuesday afternoon.— Mr. Cwatkin. 
Fifth and Sixth Classes. 

1. Extract the square root of *♦ — 2x^ + ?.a?' x + -^ 

8. Solve the equation, — I ^ ^ zz v-, 

and find the values of x and y in the following equations 

;r" y* zz a^ x'' y zz h. 

3* Draw through a given point a straight line making a given 
angle with a given straight line. 

4* A straight line can cut a circle in only two points. Re« 
quired proof. 

5* Trace the changes of the algebraic sisn, in the sine of an 
arc, the tangent and secant ; and explain why sec. A and stc. 
(i^o^ + A) which coincide should be one positive and the 
other negative. 

6. In the direct impact of a row of perfectly elastic bodies 
Ai'Bi C» &c. decreasing in magnitude, shew that the momentum 
communicated to each is less than that communicated to the pre- 
ceding body. When is the impact of two bodies said to be 
direct ? 

7. Shew that the time in which a heavy body descends down 
the straight line drawn from any point in the surface of a sphere 
to the lowest point z= the time of descent down the vertical axis 
of the sphere. 

8. A straight line is immersed vertically in a fluid. Divide 
it into three portions that shall be equally pressed. 

9. A straight line passes through the principal focus of a 
spherical reflector at right angles to the axis. Determine the 
cbnic section that forms the image. Where must the straight 
line be placed that its image may be a circle ? 

* to.' Given an- ellipse, shew how its centre may be foundt 
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. fi. y IT ax^ + *'. Trace out the curve. Draw an 
asymptote to it, and find tlie magnitude and position o£ tbo 
greatest ordinate. 

1 2m Find the fluxion of the log. of . , ]^ \ ^^cl ^^ ^ ^^ 

^ ^1 + ST) 

whose sine := ax y^ (1 — «•). 

ig. Integrate the following expressions 

k^ dx ^ g* dx , dx 

*• + a** (i_*«)i* (« — «)• • (JP - */ 

14. Describe thie transit instrument and adjust i|t to the p1an« 
of the meridian. 

1 j. Find the centre of gravity of a spherical sector^ 

i6. Two bodies fall to a centre of force from the same dif« 
tance, one acted on by a force varying as the distance, and the 

other by a force a rr~rvt • '^^^ forces at first being supposed 

aqual, compare the times of descent* 

17. Given the velocity, distance, and direction of project ioti» 
when the force varies as the distance, shew that the body des« 
cribes an ellipse ; and find the magnkude and position of ita 
#emi-axes. 

Tuesday Afternoon.— Mr« Peacock. 

Third and Fourth Classes. 
t» If the roots of the equation tx? — px + q zz o ht rtA^ 

and if we assume cos = ^^^ v ^ # ^^ on^ of the roots =: 

a cos -• V ^* 
8 8 

8. Determine the conjngate diameters of an ellipse, whlcli 
snake the least angle with each other. 

3. The radius of curvature is a tangent to the evolute* 

4. Investigate a general expression for the co-ordinates of 
the centre of gravity of the area of a curve, included between 
a given ordinate and abscissa. 

5. Given the quantities and directions of three forces acting 
vpon a material point in different planes, to determine the quan* 
^ity and direction of the resultant or eompound force. 

6. In the interior rainbow, the tangent of the angle of ix^ 
aidence is twice that of the angle of refraction* 

ft 
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7*. A sphere of less specific gravity than waller, ascends from 
the depth a ; what is its velocity at the moment it reachei^ the 
surface ? 

8. Explain the method of determining the heliocentric 
latitude and longitude of a planet. 

9* Enumerate the principal pha&nomena of Satum^s ring. 

lo. Find the centre of oscillation of a cylinder' of given 
length and diameter, suspended by its extremity. 

tu Frove^ that « 

n tan yf — -^ '-^ (tan Ay + &c, 

iznnAzz — ^ r-^ — * ^ 

, _ l(?jrii> (tan .<)« + &c. 

ia« Find the whole area <^ the curve whose equation is 

tf*y ' — a* *■ + ** =• o. 

ig« Find the locus of the points, in the plane of the Moon's 
t>rbit, where a body will be equally attracted by the Earth and 
Moon* 

Tuesday Evening. — Mr. P£aco€k. 

1. If two spherical triangles have two sides of one triangle 
iM|ual to two sides of the other^ each to each, and the included 
angles equal, the triangles are equal in every respect. 

R. The modulus of tabular logarithms or 

Af=: 4342944819; 
thew in what manner this number is determined. 

3* It is always possible to find those roots of numerical 
liquations, which are whole numbers or rational fractions, with- 
out the aid of formulae of approximation. 

^. Explain the method of determining the position of the 
nodes of the Moon's orbit : What is the physical cause of their 
retrograde motion ? 

5. The friction of a body being supposed independent of 
velocity, to find an expression for the time of a body's descent 
down a given inclined plane, the friction 'being equal to i*^ part 
of the pressure. 

6. A cubical iceberg is 100 feet above the level of the sea, 
its sides being vertical : given the specific gravity of sea 
water = 1*0263 and of ice == *g^i^f at the temperature of 32% 
to find its (fimensions. Is this position one of stable equili* 
t^rium? 



i 
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7* Prove that the centres of- oscillation and suspension are 
reciprocal. Of what use is this property^ in the determination of 
the length, of a pendulum whiqb vibrates seconds in any givon 

latitude ? 

8. Explain the method of determining the ratio of the sine 
of incidence and refraction both in liquid and solid bodies. 

9 Given the latitudes and longitudes of two places, where 
the inclination of the magnetic needle is nothing, f o find the point 
of the terrestrial equator, which is cut by the magnetic equator^ 
supposing it a great circle of the earth. 

iQ. Of all equal quadrilateral figures, the square has the least 
perimeter. 

Ii. Integrate 

(»•) J.y.A^2 r\ and 



jTj/TJ^cV— a) *"" (sin d/ cos d* 
fcj^ ^ Vl >3 fro"^ ^ = o, to = a. 

43*i jsy— - — • 



t4-) TTT^zr^j + / (I -/; - ^ 

IS. Find the equation of the curve which is the locus of 
the extremities of the perpendiculars from the centre upon the 
tangents of the equilateral hyperbola, and determine the position 
of its tangents at the points where it cuts the axis. 

13. Given 

l<>g 510 = 1.70757018 
log 511 = 2.70842090 
log 613 = 2.71011737 
log ^»4 = fl.71096312 
to find the logarithm of 512, by the method of interpolations, 

14. Explain the principle and construction x>f the Achromatic 
Telescope. 

15. • What is the least velocity with which a body must be prol 
jected from the Moon^in the direction of a linejoiningthe centres 
of the £arth and Moon^ so that it may reach the £anh ? 
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• 

|6* tf the hu\h of a thermometer be a sphere^ whose diameter 
i» 1 inchy and if the diameter of the tube be ^^^ of an inch» what 
is the fHressure i;pon the imerior of the bulb, whea the mercury 
Stands at the altitude of 10 inches above it, exclusive of that 
|K)rtton of the. pressure which sustains- the mercury in the tube ? 

17. If 9/ = » + « sin Uf where u is the eccentric and nt the 
. mean anomaly^ apply Zagrange^s Theorem to the developement 
of a (t .*— ^icos tt), m terms oi cosines of nt and its multiples* 

i8. Prove, that in going from the equator to the pole, the in* 
crement of gravitv vanes .very nearly as the square of the sine 
of the latitude. In what manner does this variation affect, ist. 
the length of a pendulum vibrating seconds ; and ^dfy. the aiti* 
lude of the barometrical column ? 

1 g. Prove, that there can be no more than five regular solids s 
and find At angles which their terminating planes make with 
each other* 

to. Given the weight of the key .stone of a circular arch, in 
a state of |)erfect equilibration, and the angles formed by each of 
its faces with a vertical line, to find the horizontal pressure upoii 
the abutments. 

81* Prove, that 

tan — * - = tan— 1 ^ + tan— ^ 



^ ey + X ee^ + 1 

lan-i 4iJ=i^ 4. ...... + Utr-^J^=l!L=± + tan-t i. 

Where tan — l — represents an arc whose^tangeiit is ^, and 

where ^, ^ ^, , /^, • « .. ^« are any numbers whatever* 

22. A spherical shell with a small orifice at its lowest point, 
is filleil with air of thedensityof the atmosphere, and immersed 
in water to a depth a : With what velocity will the water rush 
intqi the shell, and what portion of the sphere will, it occupyi 
when the motion ceases ? . ^ 

23. Develope ~ — In a series involving ascending powers 

of ;if ; Of what use are thj? coefficieigs.of this series in express- 
in? the law of the coefficieats of the series for tan 6 in terms 

Ota? 

24. Enumerate, as N^ewton has done, the principal proofs of 
the truth of the theory of universal gravitation. . ' / 



